STAT 24400 Lecture 17
Section 9.1-9.4 Testing Hypotheses

Yibi Huang
Department of Statistics
University of Chicago
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Introduction to Hypothesis Testing

2/46



Can Dogs Smell Cancer?

Dogs Can Smell Cancer | Secret Life of Dogs | BBC
» https://youtu.be/eOUK6kkSO_M
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https://youtu.be/e0UK6kkS0_M

Case Study: Can Dogs Smell Bladder Cancer?

» A study® by M. Willis et al. considered whether dogs could be
trained to detect if a person has bladder cancer by smelling
his/her urine.

» 6 dogs of varying breeds were trained to discriminate between
urine from patients with bladder cancer and urine from
control patients without it.

> The dogs were taught to indicate which among several
specimens was from the bladder cancer patient by lying beside
it.

» Once trained, the dogs' ability to distinguish cancer patients
from controls was tested using urine samples from subjects
not previously encountered by the dogs.

1Olfactory detection of human bladder cancer by dogs: proof of principle
study, British Medical Journal, vol. 329, September 25, 2004.
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Case Study: Can Dogs Smell Bladder Cancer?

» The researchers blinded both dog handlers and experimental
observers to the identity of urine samples.

» Each of the 6 dogs was tested with 9 trials. In each trial, one
urine sample from a bladder cancer patient was randomly
placed among 6 control urine samples.

» Qutcome: In the total of 54 trials with the 6 dogs, the dogs
made the correct selection 22 times.

» The dogs were correct for 22/54 ~ 41% of the time,
> not fabulous

» |f the dogs just guessed at random, they were only expected to
be correct for 1/7 ~ 14% of the time
> |s this difference (41% v.s. 14%) surprising?
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Two Competing Hypotheses

Let p be the probability that a dog makes the correct selection on
a given trial.

» Null hypothesis (Hp): p=1/7
“There is nothing going on."
The dogs just guessed at random.
> “null” means “nothing surprising is going on".
» The dogs were just lucky to make more correct selections than
expected.
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Two Competing Hypotheses

Let p be the probability that a dog makes the correct selection on
a given trial.

» Null hypothesis (Hp): p=1/7
“There is nothing going on."
The dogs just guessed at random.
> “null” means “nothing surprising is going on".
» The dogs were just lucky to make more correct selections than
expected.

» Alternative hypothesis (Ha or H1): p > 1/7
“There is something going on.”
Dogs can do better than random guessing.
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Weighing Evidence Using a Test Statistic

The next step of hypothesis testing is to weigh the evidence
— how likely the observed data could have occur if Hy was true?

> If the observed result was very unlikely to have occurred under
the Hg, then the evidence raises more than a reasonable doubt
in our minds about the Hg.
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Weighing Evidence Using a Test Statistic

The next step of hypothesis testing is to weigh the evidence
— how likely the observed data could have occur if Hg was true?

> If the observed result was very unlikely to have occurred under
the Hg, then the evidence raises more than a reasonable doubt
in our minds about the Hg.

The test statistic is a summary of the data that best reflects the
evidence for or against the hypotheses.

» For this study, the test statistics we choose is
X = the total number of correct selections in the 54 trials

» A larger X value is a stronger evidence for H; and against Hg
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Distribution of the Test Statistic Under Hy
For the “Dogs Smell Cancer” study, if Hg is true, then
X ~ Bin(n=54, p=1/7) (Why?)

which implies

54\ (1 /6)\>*K
P(X =k) = - = k=0,1,2,...,54.
(X = k) (k>(7) (5) . k=orz.,
evidence for Hy evidence for Hy
Observed
X=22
1 T T J/ T T T
0 10 20 30 40 50

X = Number of Correct Selections in 54 Trials
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Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis Hy will be rejected if and only if the test
statistic falls in the rejection region.

9/46



Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis Hy will be rejected if and only if the test
statistic falls in the rejection region.

E.g., for the “Dogs Smell Cancer"” study, as the strength of
evidence for the two hypotheses are reflected by the test statistic

X = # of correct guesses in the 54 trials.
A sensible rejection region is of the form

X > k for some cutoff k.

and the test procedure is | reject Hg if X > k|.
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Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis Hy will be rejected if and only if the test
statistic falls in the rejection region.

E.g., for the “Dogs Smell Cancer"” study, as the strength of
evidence for the two hypotheses are reflected by the test statistic

X = # of correct guesses in the 54 trials.
A sensible rejection region is of the form

X > k for some cutoff k.

and the test procedure is | reject Hg if X > k|.

How to choose the cutoff value k for the rejection region?
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of Hg or H;
might be true, but our decision might be incorrect.
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of Hg or H;

might be true, but our decision might be incorrect.

Decision
fail to reject Hg

reject Hg

Ho true

Truth
u Hq true
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of Hg or H;
might be true, but our decision might be incorrect.
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fail to reject Hg reject Hg
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Truth
u Hq true

v
v
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of Hg or H;
might be true, but our decision might be incorrect.

Decision
fail to reject Hg reject Hg
Ho true v
Truth
Hq true v
> A is rejecting the Hp when it is true.
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of Hg or H;
might be true, but our decision might be incorrect.

Decision
fail to reject Hg reject Hg
Ho true v
Truth
Hq true v
> A is rejecting the Hp when it is true.
> A is failing to reject the Hg when it is false.
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Significance Level o = P(Type | error)

The significance level a: of a test procedure is its probability to
reject the null hypothesis Hg when Hy is true.

a = P(Type | error) = P(reject Ho | Hp is true)
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Significance Level o = P(Type | error)

The significance level a: of a test procedure is its probability to
reject the null hypothesis Hg when Hy is true.

a = P(Type | error) = P(reject Ho | Hp is true)

For the “Dog Smell Cancer” Study, if the test procedure is
’rejecting Ho if X > 15 ‘ the significance level would be

a = P(Type | error) = P(Hg is rejected when Hqy (p = 1/7) is true)
= P(X > 15 when X ~ Bin(n =54,p =1/7))

54 k 54—k
4 1
35 (5 (4 (&)™ ~ oo
k=15 7 [
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Significance Level o = P(Type | error)

The significance level a: of a test procedure is its probability to
reject the null hypothesis Hg when Hy is true.

a = P(Type | error) = P(reject Ho | Hp is true)

For the “Dog Smell Cancer” Study, if the test procedure is
’rejecting Ho if X > 15 ‘ the significance level would be

a = P(Type | error) = P(Hg is rejected when Hqy (p = 1/7) is true)
= P(X > 15 when X ~ Bin(n =54,p =1/7))

54 k 54—k
54 1 6
= <k> () () ~ 0.0073
k=15 ! !
If we reject Hy when X > 15, there is a chance of 0.0073 to falsely
reject a correct Hg (Type | error).
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Ho when X > k ‘

P(Type | error) = P(Hy is rejected when Hg (p = 1/7) is true)
= P(X > k when X ~ Bin(n =54,p =1/7))

54 0.076 if k=12
_y 54 (1>X (6)54‘X . )0038 ifk=13
=\ k)J\7) \7 70017 ifk=14
0.007 if k=15
critical
value' =12
Reject Hy: p=1/7 : Not Reject Hy: p=1/7
>
Bin(n=54, p=1/7|
|
:P(Type I error) = 0.0761
T 1 T T T T T
0 1012 20 30 40 50 54

X = Number of Correct Selections in 54 Trials
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Ho when X > k ‘

P(Type | error) = P(Hy is rejected when Hg (p = 1/7) is true)
= P(X > k when X ~ Bin(n =54,p =1/7))

-y 54 (1>X (6>54‘X o038 ifk=13
T \k)\T) 7 ~ 0017 ifk=14
0.007 if k=15
critical
value': 13
Reject Hi:p=1/7 | Not Reject Hy: p=1/7
>
Bin(n=54, p=1/7) :
|
:P(Type | error) = 0.0379
|
: o ' ! l L
0 10 13 20 30 20 50 54

X = Number of Correct Selections in 54 Trials
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Ho when X > k ‘

P(Type | error) = P(Hy is rejected when Hg (p = 1/7) is true)
= P(X > k when X ~ Bin(n =54,p =1/7))

0.076 if k=12
_ i 54 (1>X (6)54‘X . )0038 ifk=13
=\ k)J\7) \7 70017 ifk=14
0.007 if k=15
critical
value' =14
Reject Hy: p=1/7 : Not Reject Hy: p=1/7
>
Bin(n=54, p=1/7) |
|
:P(Type | error) = 0.0173
|
T T T T T T T T
0 10 14 20 30 40 50 54

X = Number of Correct Selections in 54 Trials
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Ho when X > k ‘

P(Type | error) = P(Hy is rejected when Hg (p = 1/7) is true)
= P(X > k when X ~ Bin(n =54,p =1/7))

54 0.076 if k=12
_y 54 (1>X (6)54‘X . )0038 ifk=13
=\ k)J\7) \7 70017 ifk=14
0.007 if k=15
critical
value' =15
Reject Hy: p=1/7 : Not Reject Hy: p=1/7
>
Bin(n=54, p=1/7) |
|
:P(Type | error) = 0.0073
|
T T T T T T T T
0 10 15 20 30 40 50 54

X = Number of Correct Selections in 54 Trials
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Setting Rejection Region Based on the Significance Level

For the dogs study,

0.076
0.038
0.017
0.007

P(Type | error) =

if rejecting Hyp when X > 12
if rejecting Hp when X > 13
if rejecting Hyp when X > 14
if rejecting Hyp when X > 15
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Setting Rejection Region Based on the Significance Level

For the dogs study,

0.076 if rejecting Hp when X > 12
0.038 if rejecting Hp when X > 13
0.017 if rejecting Hp when X > 14
0.007 if rejecting Hp when X > 15

P(Type | error) =

To determine the cutoff value k for the rejection region {X > k},
we can first choose a significance level « , which is the maximal

P(Type | error) we can tolerate, and then choose the cutoff value
so that P(Type | error) does not exceeds the significance level .
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Setting Rejection Region Based on the Significance Level

For the dogs study,

0.076 if rejecting Hp when X > 12
0.038 if rejecting Hp when X > 13
0.017 if rejecting Hp when X > 14
0.007 if rejecting Hp when X > 15

P(Type | error) =

To determine the cutoff value k for the rejection region {X > k},
we can first choose a significance level « , which is the maximal

P(Type | error) we can tolerate, and then choose the cutoff value
so that P(Type | error) does not exceeds the significance level .

» If we can tolerate a @ = 5% chance of Type | error, the test
procedure can be “rejecting Hp if X > 13"

> If we can tolerate a @ = 1% chance of Type | error, the test
procedure can be “rejecting Hp if X > 15"
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by
setting a tiny significance level. However,

smaller significance level = smaller P(Type | error)
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One might want to avoid a Type | error as much as possible by
setting a tiny significance level. However,

smaller significance level = smaller P(Type | error)

= less likely to reject Hop
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by
setting a tiny significance level. However,

smaller significance level = smaller P(Type | error)
= less likely to reject Hop

= more likely to make Type Il error
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by
setting a tiny significance level. However,

smaller significance level = smaller P(Type | error)
= less likely to reject Hop
= more likely to make Type Il error

= higher P(Type Il error)
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by
setting a tiny significance level. However,

smaller significance level = smaller P(Type | error)
= less likely to reject Hop
= more likely to make Type Il error

= higher P(Type Il error)

Suppose the sample size is fixed and a test statistic is chosen,
choosing a rejection region with a smaller P(Type | error) would
lead to a larger P(Type Il error).
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P(Type Il Error) & Power — Dogs-Smell-Cancer Study

Using the rejection region X > 13, then
P(Type Il error) = P(not Reject Hy | Ho is FALSE)

12
=P(X<13|p#£1/T)=> <5X4> p*(1—p)*

x=0
Power = 1 — P(Type Il error).

Both P(Type Il Error) and power are functions of p.

critical
valug = 13

Reject Hy: p=1/7 ! Not Reject Hy: p=1/7
< L

|

Bin(n=54, p=1/7),

P(Type Il error) 'Bin(n=54, p=0.2)
=0.726 !

Power = 0.274

I T T T
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials
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P(Type Il Error) & Power — Dogs-Smell-Cancer Study

Using the rejection region X > 13, then
P(Type Il error) = P(not Reject Hy | Ho is FALSE)

12
=P(X<13|p#£1/T)=> (?) p*(1—p)*

x=0
Power = 1 — P(Type Il error).

Both P(Type Il Error) and power are functions of p.

critical
valug = 13

Reject Hy: p=1/7 ! Not Reject Hy: p=1/7
< L

}
Bin(n=54, p=1/7),

P(Type Il error)
=0.1348

Bin(n=54, p=0.3)
Power = 0.8652

T T T
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials

15/46



P(Type Il Error) & Power — Dogs-Smell-Cancer Study

Using the rejection region X > 13, then
P(Type Il error) = P(not Reject Hy | Ho is FALSE)

12
=P(X<13|p#£1/T)=> (?) p*(1—p)*

x=0
Power = 1 — P(Type Il error).

Both P(Type Il Error) and power are functions of p.

critical
valug = 13

Reject Hy: p=1/7 ! Not Reject Hy: p=1/7
< L

}
Bin(n=54, p=1/7),

P(Type Il error)
= 0.0046

Bin(n=54, p=0.4)
Power = 0.9954

I T T
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials
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Failing to Reject Hy # Accepting Hg

In the conclusion of a hypothesis test,

> we only say “we reject the Hp" or “we fail to reject the Hy"
» we do NOT say “we accept the Hy" or “we accept the Hp"

» When we fail to reject the Hp, we might have made a Type Il
error

16 /46



Failing to Reject Hy # Accepting Hg
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» P(Type Il error) can be large as it's not controlled.
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Failing to Reject Hy # Accepting Hg

In the conclusion of a hypothesis test,

> we only say “we reject the Hp" or “we fail to reject the Hy"
» we do NOT say “we accept the Hy" or “we accept the Hp"

» When we fail to reject the Hp, we might have made a Type Il
error

» P(Type Il error) can be large as it's not controlled.

» Recall so far we've only controlled P(Type | error) by the
significance level but haven't taken any measure to control
P(Type Il error)
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Conclusion of the Dogs Smell Bladder Cancer Study

>

>

>

There is strong evidence that dogs have some ability to smell
bladder cancer,

However, the dogs were only correct 40% of the time, too low
for practical application

Another study (M. McCulloch et al., Integrative Cancer
Therapies, vol 5, p. 30, 2006.) considered whether dogs could
be trained to detect whether a person has lung cancer by
smelling the subjects’ breath. In one test with 83 Stage | lung
cancer samples, the dogs correctly identified the cancer
sample 81 times.
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Summary: Hypothesis Testing

1.

We start with a null hypothesis (Hp) that represents the
status quo.

. We also have an alternative hypothesis (H; ) that represents

our research question, i.e. what we're testing for.

We then collect data and often summarize the data as a test
statistic, which is usually a measure gauging whether Hg or
H, are more plausible

. We then determine the sampleing distribution of the test

statistic assuming Hpg is true.

» |If the test statistic is too far away from what the Hg predicts,

we then reject the Hg in favor of the Hj.

We choose a significance level o = maximal P(Type | error)
that we can tolerate
we set the rejection region based on the significance level
we reject Hg if the test statistic falls in the rejection region,
and do not reject otherwise
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Likelihood Ratio Tests
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Simple & Composite Hypotheses
For X ~ f(x | 8), a hypothesis is called a simple hypothesis if it

completely specifies the distribution f(x | #) of X; otherwise it is
called a composite hypothesis.
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Simple & Composite Hypotheses

For X ~ f(x | 8), a hypothesis is called a simple hypothesis if it
completely specifies the distribution f(x | #) of X; otherwise it is
called a composite hypothesis.
Ex. for Xi,..., X, f(x | )
» Ho: 6 =1vs. Hi: 6 =2 = Hg & H;y are both simple
» Ho: #=1vs. Hi: 61 = Hpis simple; Hy is composite
» Hp: 6 <1lvs. Hi: 6>1 = Hg & Hy are both composite
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Simple & Composite Hypotheses

For X ~ f(x | 8), a hypothesis is called a simple hypothesis if it
completely specifies the distribution f(x | #) of X; otherwise it is
called a composite hypothesis.
Ex. for Xi,..., X, f(x | )
» Ho: 6 =1vs. Hi: 6 =2 = Hg & H;y are both simple
» Ho: #=1vs. Hi: 61 = Hpis simple; Hy is composite
» Hp: 6 <1lvs. Hi: 6>1 = Hg & Hy are both composite

In some cases, hypotheses might not be about parameters.
e.g., observing i.i.d. pairs (X, Y;) from some joint distribution

» Hg: X & Y are independent
» Hi: X & Y are NOT independent

In this case, both Hg & H; are composite
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Likelihood Ratio Tests (LRT)

If Ho: 8 = 09 & Hy: 6 = 67 are both simple, one can test Hg v.s.
H; by comparing their likelihood.

» Higher values of likelihood of 8y +» Hp seems more plausible
» Higher values of likelihood of 87 <+ H; seems more plausible

A reasonable test statistic is the ratio of their likelihood

_ Likelihood of 6o
~ Likelihood of ;"

We will need to set some threshold c:

> If LR < c then reject Hg
» If LR > c then not to reject H;

(Or use < c and > c, for discrete cases.)
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Example — Normal Likelihood Ratio Tests

Given Xi,...,X, are i.i.d. N(u,0o?) with known o2, recall the
likelihood of p for normal is

L) = (2r0) Fexp (53 307 (K= wP)

o2
_n -1 n — _
— @ro?) Fexp (o [S7 06— X+ n(X - 7))
The LR statistic for testing

Ho: w=pp v.s. Hi: p=p where ug < pz.

LR — L(po) eXP(%(Y - Mo)z) Lo [(X—p1)2—(X—110)?]

= — = @20

— erz (X (o= )13 —115)

As o < p1, LR < c if and only if X > some constant.
Using LR is equivalent to using X as the test statistic.
We would reject Hg if X > some critical value xp.
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As X ~ N(uo,a?/n),

X X0 — Ho
(Type l error) = P(X > xo | Ho : 1 = po) < N
P(Type Il error) = P(X <xo | H1: pp= 1) = & <X0 2 Ml)
o/v/n
critical
value x0
Not Reject Ho: u=Ho 1 Reject Ho: p=o
< 2 ) > >
|
N(ko, %) : N(ul,%)

P(Type 1l error) P(Type | error)

Ho Xo M1
Sample Mean X

)
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As X ~ N(uo,a?/n),

X X0 — Ho
(Type l error) = P(X > xo | Ho : 1 = po) < N
P(Type Il error) = P(X <xo | H1: pp= 1) = & <X0 2 Ml)
o/v/n
critical
value x0
Not Reject Ho: u=Ho 1 Reject Ho: p=o
< 2 ) > >
|
N(ko, %) : N(ul,%)

P(Type 1l error) Power

y T
Ho Xo W1

Sample Mean X

)
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Generalized Likelihood Ratio Tests

How to perform likelihood ratio test if Hy or Hy or both are
composite?

General framework: for Data ~ f(- | §), we test
Ho: 0690, Hi: 0 ey
where Qg, Q; are sets of possible parameter values.

» Ex1: for N(u, 1), testing Ho: p=0vs Hy: n#0
> 0=pu, Qo ={0}, Q; =(—00,0)U(0,00)
» Ex2: for N(u,0?), testing Ho: jt =0 vs Hy: pu #0, 02 is

unknown
> 0= (u,0°), Q= {0} x (0,00)
Q1 = ((—00,0) U (0,00)) x (0, 00)
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Generalized Likelihood Ratio Tests

How to perform likelihood ratio test if Hy or Hy or both are
composite?

General framework: for Data ~ f(- | §), we test
Ho: 0690, Hi: 0 ey
where Qg, Q; are sets of possible parameter values.
» Ex1: for N(u, 1), testing Ho: p=0vs Hy: n#0
> 0=pu, Qo ={0}, Q; =(—00,0)U(0,00)
» Ex2: for N(u,0?), testing Ho: jt =0 vs Hy: pu #0, 02 is
unknown

> 0 = (p,0%), Qo = {0} x (0,00),
Q1 = ((—00,0) U (0,00)) x (0, 00)

> Ex3: for Exponential()), testing Ho: A=1vs Hi: A #1
> 0=2X Q={1}, % =(0,1) U(1,00)
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Generalized Likelihood Ratio (GLR) Tests

One might intend to define the generalized likelihood ratio test
statistic to be

maxgpeQ, L|k(9) <— max likelihood under Hg

N =
maxpeQ, L|k(9) <— max likelihood under Hy

However, it's mathematically easier to calculate

maxgeq, Lik(0) 4 max likelihood under Ho

A= .
max@G(QoUQﬂ le(e) <— max likelihood under Hg or Hy

Using A* or A makes no difference:

» Usually we reject Hg only if A* is small
» Note A = min(A*,1). A # A* only when A* > 1, and we
won't reject Hy when A* > 1
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Example — Normal LRT (Two-Sided, 02 Known)

For X1, ..., Xy 9 N(u,o?) with known o2, we want to test

Ho: o= po, against Hi: p+# pio.
Recall the likelihood of p for normal is
L(p) = (2m0°) 2 exp(—5m . (X — 1))

Under Ho, the max L(p) is simply L(10).
Under Hg or Hy, the max L(u) is L(X). The GLR is thus

_ L(po) _ exp(5s 2o (Xi — 110)?) eXp(_n(X—uo)2>
LX) epl(ot Y01 — X)) 202

Rejecting Hg if A < k is equivalent to rejecting Hg if

X —
|Z| = ‘ H01 < some constant.

a/v/n

This is the usual two-sided z-test.
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Example — Normal LRT (Upper One-Sided, o2 Known)
For X1, ..., Xn % N(u, 02) with known o2, we want to test

Ho: p = po, against Hi: g > po.

Under Ho, the max L(u) is again L(10).
Under Hg or Hy,

max L =
12> o (M)

{L(X) if y > Mo
L(ko) if X < po.
The GLR is thus
Ao exp(—n(X — po)?/20%) if X > po
B 1 if X < 1o-
Rejecting Hg if A < k is equivalent to rejecting Hg if
_ X — o
o/vn

This is the usual upper one-sided z-test.

Z

> some constant.
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Example — Normal LRT (Lower One-Sided, 0> Known)

Similarly, one can show that the GLR test for
Ho: p = po, against Hi: p < po.
is the usually lower one sided z-test that rejects Hp if

_Y*Mo

‘=]

< some constant.
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Example — Normal LRT (Two-Sided, 02 Unknown)
For X1, ..., Xn % N(u, 02) with unknown o2, we want to test

Ho: 1= po, against Hi: p# po.
Recall the likelihood of (i, o2) for normal is
_n n
L(p,0%) = (270%) "2 exp(— 52 D, (Xi — p)?)
Under Hg, the likelihood L(j,0?) is maximized when

L, 1

n
p=po, ot=0g="73 (Xi—po)
and thus
~ ~D\— 1 n
L(uo,35) = (2m35) 2 eXP(—ﬁ > (Xi = no)?)
= (2n63)"2e7"/2,
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Under Hyp or Hy, the likelihood L(u,a2) is maximized when

N n
p=X, nZ,1

and thus

BV A2\ D1 n —
L(X,5%) = (215%) 2 exp(—55 ., (Xi = X)?)
= (2r62)"2e7 "2,

The GLR is thus
_ L(/ﬁ),&%) _ (2753)~
L(X,02) (2752)”

and consequently
A2/ — Sa(Xi = po)® _ Si(Xi = X)? + n(X — po)?

Y- X)2 S (X — X)?
n(X — po)?
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X )2 2
(n—1)82 n—1

n(Y— uo)2 —1g

/\—2/n:1_|_—7_
Y (Xi = X)?

where

) SLa(Xi - X)?

5 n—1

is the sample variance, and

X —
T = Ho is the usual t-statistic
\/S?/n

Rejecting Hg if A < k is equivalent to rejecting Hg if

X — pio
\le‘

\/S?%/n

The GLR test is equivalent to the usual two-sided t-test.

> some constant.
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Example — Binomial LRT
For X ~ Bin(n, p), we want to test
Ho: p=po, against Hi: p+# po.

Recall the likelihood of p for Binomial is
n
L _ X(1 — p)"x.
(p) <X>p (1-p)

Under Ho, the max L(p) is simply L(po).
Under Hg or Hy, L(p) is maximized when p is the MLE p = X/n.
The GLR is thus
A_ Lpo) _ P —po) X (npo)x <n(1 - po))”‘x
L(p) pPX(1-p)" X X n—X
The GLR statistic is different from the typical one-sample z-stat
for proportions:

/=

VPo(1—po)/n
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Example — Two Sample Problems

Consider two normal random samples of size n; and n, respectively
iid 2
X117X127---7X1n1 NN(M]JO- )

Xo1, X202, ..t s X2n, " N(p2,0?)

} — indep., same 2.

The parameters fi1, 12, and o2 are unknown.
We want to test whether the two means are equal

Ho: p1 = pp  against  Hi: pg # po.
using GLR as follows.

1. Find the MLE's for 1, jt2, and 0 and the max likelihood
under HoU H;

2. Find the MLE's for pi1, 12, and 0 and the max likelihood
under Hg

3. Take the ratio of the two max likelihood
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The likelihood and log-likelihood of (p1, 12, 0%) based on the two
samples are

L(p1, p2,0%) = (27r02)7n1J2m2 e_ﬁ[Zinil(X“_’“)erZjnil(X2f_“2)2]
ny+m
o, 112,0%) = ~ "2 tog(aro?)

1 n
_ @ (Z[ll X1 — Ml + Z XQJ )
To solve for the MLE
:3‘%:022 1(X2:_ )
0= 2 = <3hm) 4 o [ (X — i) + 2 (X — 1i2)?]

The first two equations immediately gives
IS XX, and o= S Y X X
T i i = Al Mz—nz o172 = A2
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Plugging 11 = X1 and pup = X3 into the 3rd equation, we get the
MLE for o2

~2 _ Z,r‘ll(xli - y1)2 + Zfil(XZj — YQ)Z
ny+ no ’

Plugging the MLEs back to the Likelihood, we get

:(n1+n2)?t\2
— — ny+n m J— 2 —
L(X1,X2,6%) = (276%)" 2 exp (27;12[Z(Xli—xl)2+Z(X2j_X2)2]>
i—1 =

= (2r62) " e M
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Under Hp: p1 = po, the problem reduces to the MLE and max
likelihood with ny + n» observations

X1ty Xipgs Xo1, .05 Xon,.

The MLE's for 1 and o2 are respectively
Zijﬁil_)<1i%-iilﬂi]_)<éj . mX1+ mXs 4 def

a n + no  omtm
52 — Z?Q(Xli_y)2+2fi1(x2j_y)2
70 ny+ n '

and the max likelihood under Hg is
=(n+n2)o?

n n

LX.X,5%) = (275%) "5 exp (2]
0

_ (na) R

i=1 Jj=1

(X XY+ (%=X )
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The GLR is thus

_ = 7n1+n2 7n1+n2 M

L(X,X,55) (2163) "z e "z _(ag e

- ny+np _n1+n2 -

L(YLYZ,&z) (27r82)_Te 2

and consequently

A i — 5 _ 27;1(X1i—3<)2+2]i1(xzj_i)2
7 T T (X T (X —Xa)?

Using the useful identity

S (X —X)? = 2 (X1 —X1)* + m(Xy — X)Z
Y21 (Xoj—X)? = 3072 (Xoj—X2)? 4+ m(X2 — X

we get
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As
nlyl + n2Y2 _ nz(yl — Y2)

X1 —X =Xy — =
1 ny+ np n+nm
= m(%H-X
X, X = X2 =X,
ny + n2
we get
Y Y. 3\2 mnm  — 2
nl(Xl—X) +n2(X2—X) = n1+n2(X1—X2)
and thus o o
Afﬁzl_i_ niny (X1:X2)
n +n 62

Rejecting Hg when GLR= A is small is equivalent to rejecting Hg
when (X1 — X»)?/52 is large.
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Distribution of the Two-Sample T-Statistic (Equal o?)

The two-sample T -statistic is defined to be

e
1 1yg2
(o + )5

where

S (X = Xa P+ T (X~ X2l

S2 — =
n1+n2—2 n1+n2—20’

which is proportional to (X1 — X,)?/52.
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Distribution of the Two-Sample T-Statistic (Equal o?)
The two-sample T -statistic is defined to be

T X1 —Xo
2
(= +2)S
where
@ D (X = Xa? + 3200 = X2 m+n 2
n1+n2—2 n1+n2—2 ’
which is proportional to (X1 — X,)?/52.
= Z (X = X1)? ~xp } (m+nm-2)$*
1 indep. = V=~—-""_~ i
S22 (X — X2)? ~ xh, P 02 Xos =2

Moreover, under Ho: 1 = po,

B — 2 2 X1 —X
Xl—X2~N<o,”+”> = z7=—21"72 L N(O,1).
n - n (L + Lyg2
ny ny
Putting everything together, we have
V4

T = ~ tn4np—2.
Viim+tm_2) "tm?
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Example — Exponential

Data: Xq,..., X, S Exponential(\).
Testing Ho : A = Ag vs Hi : A # Ao.

» likelihood:

L()\) = H Ae XA = \" eXP(—)\ZXi) — )\nefn)\y
i=1 i=1

» Under Hg, max L(\) = L(Ao)
» Under Hp or Hy, L(\) is maximized when A is the MLE
X =1/X.
» The GLR is thus
_ L()\Q _ /\78?7”)\0)( _ en()\OY)ne—n)\oY_
L(1/X) X ewn
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Null Distribution of GLR

To use the GLR as a test statistic for testing Hg vs Hj. ..

> A <1 always
» If A~ 1, data are consistent with Hg
P no reason to reject Hy

» A <« 1 is evidence for H;

How small does A need to be to reject Ho? Our goal:
P(A < (the threshold we choose) | Hp is true) = «

We need to know the (approximate) null distribution of A
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Null Distribution of GLR

Under some regularity conditions, the large sample distribution of
GLR is

d= di [ fQouUQ
—2log(A) ~ x5 _4,» Where { mension of 230

do = dimension of €

Part of the conditions:
Qo is interior to o U Q4, not at the boundary

iid

» Data: Xi,...,Xp~ N(u,1)

testing Hp : p=0vs Hy : u#0 ..., valid
» Data: Xi,..., X, id N(u,0?) where o2 is unknown

testing Ho : pu=0vs H : u#0 ..., valid
> Data: Xi,..., X, Exponential()\)

testing Hp: A=1vs Hi : A#1 ... ... valid
» Data: Xi,..., X, i N(u,o?) where o2 is known

testing Ho : p=0vs Hy :p >0 ... ... NOT valid
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How to Determine d & dj?

» Data: Xi,..., X, g N(u,o?), with unknown p & known o

test Ho: u=0vs Hy : u#0
=dy=0,d=1

» Data: Xi,...,X, g N(u, o?)with 1 & o unknown,

test Hp: p=0vs Hi : un#0
=dy=1d=2

2
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How to Determine d & dj?

» Data: Xi,..., X, g N(u,o?), with unknown p & known o

test Ho: p=0vs Hy : p #0
=dy=0,d=1

» Data: Xi,...,X, g N(u, o?)with 1 & o unknown,
test Hp: p=0vs Hi : un#0
=dy=1d=2

» Data: Xi,..., X, g N(u,o?) with 1 & o2 unknown,
test Ho : (i1,02) = (0,1) vs Hy : (u,02) # (0,1)
=dy=0,d=2

> Data: Xi,..., X, < Exponential()\),
test Ho: A=1vs Hi : A #1
=dy=0,d=1

2
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Back to the GLR for Exponential

Data: Xi,..., X, g Exponential(\),
testing Hp : A = Ag vs H1 : A # Xp.

Recall the GLR is -
A= e”()\OY)”e_")‘OX

Then
—2log(A) = 2nlog(AoX) — 2n(XeX — 1) ~ X3.

At the a = 0.05 significance level, we reject Hp: A = A if

—2log(A) > 3.84.
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Back to Normal LRT w/ Known o2
For X1,..., X, g N(u, 02) with known o2, we want to test

Ho: p = po, against Hi: pu# po.

Recall the GLR is

o lon) BT, (g
LX) exp(gz e (Xi — X)?) 202
Observe X ?
n(X — pio
—2log(N) = -
Under Ho,

_ y_ Y_ 2
X ~ N(/'L070-2/n) = M ~ N(O, 1) = w ~ X%
g

g

In this special case, the asymptotic approximation is the exact
distrib.
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Back to Normal LRT w/ Unknown &2
For X1, ..., Xy S N(u,?) w/ unknown o2,

testing Ho: 0 = o, against Hyi: p # po. Recall the GLR is
— —n/2
Ao (14 "X =po)®
=1 (Xi = X)?

and consequently

X — 10)2 X — )2
—2log\ = nlog <1+n('u0)>:n|og <1+ ( Ho)

X (X = X)? (X = X)?/n,
Under Hg, X — g and 371 (Xi — X)?/n — 02 as n — oo, we
know o
(X — p0)?

= — 0 in prob. as n — oo.
Y (Xi = X)?/n

and log(1 + x) ~ x when x =~ 0, we have
—2logA=n- (Y—H(f —>"(Y_“°)2~x2
S (X = X)2/n o )
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