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Abstract. We show that unconstrained quadratic optimization over a Grassmannian Gr(k, n) is
NP-hard. Our results cover all scenarios: (i) when k and n are both allowed to grow; (ii) when k
is arbitrary but fixed; (iii) when k is fixed at its lowest possible value 1. We then deduce the NP-
hardness of unconstrained cubic optimization over the Stiefel manifold V(k, n) and the orthogonal
group O(n). As an addendum we demonstrate the NP-hardness of unconstrained quadratic opti-
mization over the Cartan manifold, i.e., the positive definite cone Sn

++ regarded as a Riemannian
manifold, another popular example in manifold optimization. We will also establish the nonexis-
tence of FPTAS in all cases.

1. Introduction

It is well-known that unconstrained quadratic programming is easy over the n-space Rn or n-
sphere Sn. The former is a simple exercise1 whereas the latter is polynomial-time solvable [42,
Section 4.3]. It is therefore somewhat surprising that optimizing a quadratic function over the
Grassmannian Gr(k, n) is an NP-hard problem, not least because the k = 1 case is intimately
related to Rn and Sn: Gr(1, n + 1) = RPn is a compactification of Rn and Sn is a double-cover of
Gr(1, n+ 1). We will prove three variations of this result:

assumption reduction section

k and n can both grow clique decision Section 4

k arbitrary but fixed, only n can grow clique number Section 5

k = 1, only n can grow stability number Section 7

We first establish these using the representation Gr(k, n) = {P ∈ Rn×n : P 2 = P = P T, tr(P ) = k},
and then extend them to all known models of the Grassmannian.

These hardness results for the Grassmannian form the mainstay of our article, accounting for
the choice of title. But by leveraging on them, we will also deduce the NP-hardness of optimization
problems over some of the most common manifolds in applied mathematics:

manifold hardness result reduction

Stiefel manifold V(k, n) unconstrained cubic programming is NP-hard QP over Gr(k, n)

Orthogonal group O(n) unconstrained cubic programming is NP-hard CP over V(k, n)

Cartan manifold Sn++ unconstrained quadratic programming is NP-hard matrix copositivity

Here the Stiefel manifold is modeled as the set of n×k matrices with orthonormal columns [40], and
the Cartan manifold is modeled as the positive definite cone Sn++ but equipped with the Riemannian
metric gA(X,Y ) = tr(A−1XA−1Y ) for A ∈ Sn++ [3]. Note that as V(1, n+1) = Sn and unconstrained
quadratic programming on the n-sphere is polynomial-time, we need at least cubic programming
(CP) to demonstrate NP-hardnesss over V(k, n) for all possible k, n.

Notations. We write Sn for the n-sphere and Sn for the set of n × n symmetric matrices. We
write Sn+ and Sn++ for the positive semidefinite and positive definite cones respectively. The operation
diag : Rn×n → Rn takes a matrix X to its vector of diagonal entries diag(X). We write O(n) :=

1Minimum of 1
2
xTAx− bTx is either attained at x∗ = A−1b if A is positive definite or else it is −∞. The common

refrain “QP is NP-hard” [41] refers to constrained QP over Rn.
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{Q ∈ Rn×n : QTQ = I} for the orthogonal group and GL(n) := {X ∈ Rn×n : rank(X) = n} for
the general linear group. A matrix group is a subgroup of GL(m) for some m ∈ N. A matrix
submanifold is a submanifold of Rm×n for some m,n ∈ N and a matrix quotient manifold is one
that is given by the quotient of a matrix submanifold by a matrix group; collectively we refer to
both as matrix manifolds. We identify Rn = Rn×1, i.e., an x ∈ Rn will always be a column vector;
row vectors will be written xT. We delimit equivalence classes with double brackets J · K.

2. Models of the Grassmann, Stiefel, and Cartan manifolds

As abstract manifolds, the Grassmannian is the set of k-dimensional subspaces in Rn, the non-
compact Stiefel manifold is the set of k-frames in Rn, the compact Stiefel manifold is the set of
orthonormal k-frames in Rn, and the Cartan manifold is the set of ellipsoids in Rn centered at origin.
We denote them by Grk(Rn), Stk(Rn), Vk(Rn), E(Rn) respectively, following standard notations in
geometry and topology, whenever we want to refer to them as abstract manifolds.

To do anything with these manifolds, one needs a concretemodel that parameterizes points on the
manifold, possibly also vectors on tangent spaces, that is convenient to work with. Put in another
way, a model endows the manifold with a system of extrinsic coordinates. In the context of this
article, without a model it would not even make sense to speak of quadratic or cubic programming,
as the degree of a polynomial function invariably depends on the coordinates used to parameterize
points on the manifold.

The models favored by practitioners, particularly those in manifold optimization, are typically
chosen with a view towards computational feasibility, and basically fall into two distinct families:

(i) quotient models: represent points and tangent vectors as equivalence classes of matrices;
(ii) submanifold models: represent points and tangent vectors as actual matrices.

As we will see in Section 6, the NP-hardness claimed in the previous section will extend to every
model.

The quotient models are matrix quotient manifolds M/G obtained from a matrix group G acting
on a matrix submanifold M through matrix multiplication. Table 1 lists all quotient models for the
Stiefel, Grassmann, and Cartan manifolds that we are aware of:

Table 1. Quotient models

M G M/G

O(n) O(k)×O(n− k) Grk(Rn)

V(k, n) O(k) Grk(Rn)

GL(n) P(k, n) Grk(Rn)

St(k, n) GL(k) Grk(Rn)

O(n) O(n− k) Vk(Rn)

GL(n) P1(k, n) Stk(Rn)

GL(n) O(n) E(Rn)

The submanifolds V(k, n) and St(k, n) are respectively models for the compact and noncompact
Stiefel manifolds given in Table 2. The group of 2×2 block upper triangular matrices with invertible
diagonal blocks,

P(k, n) :=

{[
X1 X2

0 X3

]
∈ GL(n) : X1 ∈ GL(k), X2 ∈ Rk×(n−k), X3 ∈ GL(n− k)

}
is called a parabolic subgroup of GL(n); and P1(k, n) is the subgroup of P(k, n) with X1 = Ik.
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The last column in Table 1 gives the abstract manifold that M/G is diffeomorphic to but note
that M/G inherits an extrinsic coordinate system given by M and the G-action that is absent in
its abstract counterpart. Some of the manifold in Table 1 are well-known homogeneous spaces
and some even symmetric spaces [17] but we will not use these properties. The first two quotient
models in Table 1 have formed the mainstay of Grassmannian manifold optimization with tens of
thousands of works, too numerous for us to identify any handful of representative articles, and we
will just mention the pioneering feat of [11].

The submanifold models are simply matrix submanifolds M diffeomorphic to one of the abstract
manifold in the last column in Table 2, which lists all such models for the Stiefel, Grassmann, and
Cartan manifolds known to us:

Table 2. Submanifold models

model concrete abstract

positive definite model Sn++ = {A ∈ Rn×n : AT = A, xTAx > 0 for all x ̸= 0} E(Rn)

orthonormal model V(k, n) = {Y ∈ Rn×k : Y TY = I} Vk(Rn)

full-rank model St(k, n) = {S ∈ Rn×k : rank(S) = k} Stk(Rn)

projection model Grπ(k, n) = {P ∈ Rn×n : P 2 = P = P T, tr(P ) = k} Grk(Rn)

involution model Grι(k, n) = {Q ∈ Rn×n : QTQ = I, QT = Q, tr(Q) = 2k − n} Grk(Rn)

(a, b)-model Gra,b(k, n) = {W ∈ Rn×n :W T =W, (W − aI)(W − bI) = 0,

tr(W ) = ka+ (n− k)b}
Grk(Rn)

As in the case of the quotient models, these submanifold models endow the abstract manifold
with an extrinsic coordinate system. The (a, b)-model for the Grk(Rn) is an infinite family of
submanifold models, one for each distinct pair of a, b ∈ R, that has only recently been discovered
[26, Theorem 6.1]. It contains both the projection and involution models as special cases:

Gr1,0(k, n) = Grπ(k, n), Gr1,−1(k, n) = Grι(k, n).

The projection model has a long history in applications including coding theory [2, 6], machine
learning [12], optimization [39, 44], statistics [5]; and is also common in geometric measure theory
[27] and differential geometry [35]. The involution model is more recent [21, 22, 26].

The submanifold models enjoys an advantage for our goal: It is clear what one means by a
polynomial function of degree d, namely, it is one that has degree d in the matrix variables. The
same task is considerably more involved for the quotient models and we will not attempt it in this
article. Nevertheless we will show in Proposition 6.1 that any two different models in Tables 1 and
2 for the same abstract manifold may be transformed to each other in polynomial-time.

By far the two most common models in pure mathematics are GL(n)/P(k, n) in Table 1 and
the Plücker model. For the sake of completeness the latter is the image of the Plücker embedding

Gr(k, n) → RP(
n
k) [16, Lecture 6]. It is hard to imagine it ever finding practical use due to the

exponential dimension of its ambient space. We will disregard it in the rest of this article.

3. Complexity theoretic assumptions

For our purpose in this article, it suffices to take an informal approach towards the optimization
theoretic terms used. “Unconstrained” simply means that we do not impose any constraints on
the optimization variables other than that the points must lie on the manifold M in question.
For submanifold models, we only consider real-valued objective functions f : M → R that are
polynomial in the entries of the matrix variable X ∈ M ⊆ Rm×n. In fact, every objective function
on submanifold models in this article will be a polynomial function f : Rm×n → R that is everywhere
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defined on Rm×n. By the degree of f , we simply means its degree as a polynomial in the variables
xij ’s.

For quotient models we will not use the notion of degree as a rigorous definition is beyond the
scope of this article. To see why it can be tricky to define “degree” over a quotient model, take
O(3)/(O(2)×O(1)) for illustration. We have

(1)

u

v

c 0 −s
0 1 0
s 0 c

}

~ =

u

v

c3 − cs2 −2c2s −s
2cs c2 − s2 0

c2s− s3 −2cs2 c

}

~

where J · K denotes O(2) × O(1)-cosets in O(3). In fact the matrix representative on the right can
be chosen to have arbitrary high powers in c and s, noting that it is really just the d = 2 case ofc 0 −s

0 1 0
s 0 c

c −s 0
s c 0
0 0 1

d .
It is easy to declare that we can always just pick a lowest-degree representative, but as the matrix
representive on the right of (1) shows, even in an example as simple as this one, it is rarely clear
that the given representative can be further simplified. Of course with a more careful treatment
we may circumvent this issue and still define degree rigorously for a quotient model. However we
do not wish to distract the reader with such tangential matters. The small price we pay is that we
could not speak of “linear, quadratic, cubic, quartic” programming or “degree” when discussing
quotient models.

Just as we need a model for an abstract manifold to discuss manifold optimization, we need a
model of complexity to discuss NP-hardness — Cook–Karp–Levin, Blum–Shub–Smale, Valiant, or
yet something else. We will use that of Cook–Karp–Levin, more commonly known as the Turing
bit model in optimization and widely adopted by optimization theorists; see [15, Section 1.1] and
[42, Chapter 2]. But on occasion we will instead use the oracle model [15, Section 1.2], also called
black-box model in [42, Chapter 6]. This is a dichotomy that we will need to highlight:

(a) In polynomial optimization, the input consists of the polynomial’s coefficients, assumed rational,
and thus bit complexity is well-defined.

(b) In convex optimization, the input is a convex function; and in general there is no way to quantify
how many bits it takes to describe an arbitrary convex function. The standard approach around
this conundrum is to use oracle complexity [32, 34].

Unless specified otherwise all of our NP-hardness results will be in terms of the more precise bit
complexity (a). In a handful of less important corollaries when a bit complexity version is out of
reach we resort to the oracle complexity model (b) — these will be clearly specified.

We will also reproduce [7, Definition 2.5] for FPTAS below for easy reference.

Definition 3.1 (Fully polynomial-time approximation scheme). With respect to the maximiza-
tion problem over M and the function class F, an algorithm A is called a fully polynomial-time
approximation scheme or FPTAS if:

(i) For any instance f ∈ F and any ε > 0, A takes the defining parameters of f (e.g., coefficients
of f when f is a polynomial), ε, and M as input and computes an xε ∈ M such that f(xε) is
a (1− ε)-approximation of f , i.e.,

fmax − f(xε) ≤ ε(fmax − fmin).

(ii) The number of operations required for the computation of xε is bounded by a polynomial in
the problem size, and 1/ε.

If A is an FPTAS that relies on an oracle of f for the value of f at some point, then we call it an
oracle-FPTAS.
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4. NP-hardness of QP over Gr(k, n) without fixing k and n

In this and the next two sections, we will use the projection model Grπ(k, n) in Table 2 to model
our Grassmannian. For notational simplicity we drop the subscript π and just write

(2) Gr(k, n) = {P ∈ Rn×n : P 2 = P = P T, tr(P ) = k}.
Given that the Grassmannian parameterizes k-planes in n-space, one might expect to find a relation
with the combinatorial problem of choosing a k-element set from an n-element set. This intuition
pans out — there is a natural correspondence between the two.

Let G = (V,E) be an n-vertex undirected graph with V = {1, . . . , n}. We denote an edge as an
ordered pair (i, j). For an undirected graph, this means that if (i, j) ∈ E, then (j, i) ∈ E, and so a
sum over E sums each edge twice. We do not allow self loop so if (i, j) ∈ E, then i ̸= j.

The clique decision problem asks if a clique of size k exists in G. The problem is one of Karp’s
original 21 NP-complete problems [20]. Let e1, . . . , en ∈ Rn be its standard basis. Consider the
following maximization problem

(3) max
P∈Gr(k,n)

f(P ) := max
P∈Gr(k,n)

[ ∑
(i,j)∈E

eTiPeie
T
jPej +

∑
i∈V

eTiPeie
T
iPei

]
.

As a manifold optimization problem over Gr(k, n), the problem is unconstrained, and clearly qua-
dratic, in fact homogeneous of degree two as f(cP ) = c2f(P ) for any c ∈ R.

Proposition 4.1 (Clique decision as Grassmannian QP). Any n-vertex graph G contains a k-clique
if and only if maxP∈Gr(k,n) f(P ) = k2.

Proof. Any projection matrix P = (pij) ∈ Gr(k, n) corresponds to the unique k-dimensional sub-
space im(P ) ⊆ Rn. Observe that pii = eTiPei = 1 if and only if ei ∈ im(P ). If G contains a k-clique,
we may choose P to be the diagonal matrix D with dii = 1 when i is a vertex in the k-clique and
zero everywhere else, then f(D) = k2. As P ∈ Gr(k, n) is automatically positive semidefinite, we
always have pii ≥ 0 for all i = 1, . . . , n. This implies

f(P ) =
∑

(i,j)∈E

piipjj +
∑
i∈V

p2ii ≤
∑
i ̸=j

piipjj +
n∑
i=1

p2ii = tr(P )2 = k2.

So when there is a k-clique, we have maxP∈Gr(k,n) f(P ) = k2. For any P ∈ Gr(k, n), we may also
write

f(P ) =
∑
i ̸=j

piipjj +
∑
i∈V

p2ii −
∑

(i,j)/∈E

piipjj = k2 −
∑

(i,j)/∈E

piipjj .

The diagonal entries satisfy p11 + · · ·+ pnn = tr(P ) = k and 0 ≤ p11, . . . , pnn ≤ 1. We may assume
that 1 ≥ p11 ≥ p22 ≥ · · · ≥ pnn ≥ 0. Then

k =

n∑
i=1

pii ≤ (k − 1) + (n− k + 1)pkk,

so pkk ≥ 1/(n − k − 1). If G contains no k-clique, then in particular the vertices 1, . . . , k do not
form a clique. So (i0, j0) /∈ E for some i0, j0 ∈ {1, . . . , k}. Hence pi0i0 , pj0j0 ≥ pkk,∑

(i,j)/∈E

piipjj ≥ p2kk ≥
1

(n− k − 1)2
,

and

f(P ) ≤ k2 − 1

(n− k − 1)2
,

as required. □
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Applying Definition 3.1 to the current scenario, the input data for M = Gr(k, n) is just k and n;
and the input data for an instance f ∈ F, the function class in (3), is just a graph G = (V,E). We
may deduce the following hardness result from Proposition 4.1.

Theorem 4.2 (Grassmannian quadratic programming is NP-hard I). Unless P = NP, there is no
FPTAS that is polynomial in n and k for maximizing quadratic polynomials over Gr(k, n).

Proof. If there is a k-clique in G, then fmax = k2 by Proposition 4.1. Take

ε =
1

2k2(n− k − 1)2
,

so that 1/ε is polynomial in k, n. Then an FPTAS gives a Pε ∈ Gr(k, n) such that

f(Pε) ≥ fmax − ε(fmax − fmin) ≥ k2 − 1

2k2(n− k − 1)2
k2 = k2 − 1

2(n− k − 1)2
.

If there is no k-clique in G, then an FPTAS algorithm gives a Pε ∈ Gr(k, n) such that

f(Pε) ≤ fmax ≤ k2 − 1

(n− k − 1)2
.

In other words, we can decide existence or non-existence of a k-clique in G in polynomial time if
there were an FPTAS for the maximization problem. □

5. NP-hardness of QP over Gr(k, n) with fixed k

We remind the reader that NP-hardness is a notion of asymptotic time complexity. In the last
section, we assume that k and n both grow to infinity. In this section we will prove a stronger
variant allowing k ∈ N to be arbitrary but fixed and only n grows to infinity.

We let G = (V,E) be an n-vertex undirected graph following conventions set in the last section.
For any n, k ∈ N with k ≤ n, we define the set

∆k,n := {x ∈ Rn : 0 ≤ xi ≤ 1, i = 1, . . . , n, x1 + · · ·+ xn = k},

and the function f : Rn → R,
f(x) :=

∑
(i,j)∈E

xixj .

Recall that S ⊆ V is a clique if (i, j) ∈ E for all i, j ∈ S. We will show that the clique number

ω(G) := max{|S| : S ⊆ V is a clique}

of G may be determined by maximizing f over ∆k,n. Indeed, for the special case k = 1,

∆1,n = {x ∈ Rn : x1 + · · ·+ xn = 1, xi ≥ 0, i = 1, . . . , n}

is just the unit simplex and we have the celebrated result of Motzkin and Straus [30] that

(4) max
x∈∆1,n

f(x) = 1− 1

ω(G)
.

Note that because of our convention of summing over each undirected edge twice, our expression
is slightly neater, lacking the factor 1/2 on the right found in [30]. We will extend this to ∆k,n.

Proposition 5.1 (Generalized Motzkin–Straus). Let k ≤ n be positive integers and G be an n-
vertex undirected graph. If ω(G) ≥ k, then

max
x∈∆k,n

f(x) = k2
(
1− 1

ω(G)

)
.
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Proof. Suppose S = {1, . . . , ω(G)} ⊆ V is a largest clique. Then setting x∗ ∈ ∆k,n with coordinates

x∗1 = · · · = x∗ω(G) =
k

ω(G)
, x∗ω(G)+1 = · · · = x∗n = 0

gives us the value

f(x∗) = k2
(
1− 1

ω(G)

)
.

So we only need to show that

max
x∈∆k,n

f(x) ≤ k2
(
1− 1

ω(G)

)
.

By a change-of-variable x = ky, the maximization problem becomes

max
y∈Θk,n

k2f(y).

where

Θk,n :=

{
y ∈ Rn : y1 + · · ·+ yn = 1, 0 ≤ yi ≤

1

k
, i = 1, . . . , n

}
⊆ ∆1,n.

So by the original Motzkin–Straus Theorem (4),

max
x∈∆k,n

f(x) = k2 max
y∈Θk,n

f(y) ≤ k2 max
y∈∆1,n

f(y) ≤ k2
(
1− 1

ω(G)

)
,

as required. □

While we will not need this, but the statement in Proposition 5.1 is really “if and only if.” We
may show that if ω(G) < k, then

max
x∈∆k,n

f(x) < k2
(
1− 1

ω(G)

)
.

In this sense the result in Proposition 5.1 is sharp.

Proposition 5.2 (Clique number as Grassmannian QP). Let k ≤ n be positive integers and G be
an n-vertex undirected graph. If ω(G) ≥ k, then

max
P∈Gr(k,n)

∑
(i,j)∈E

piipjj = k2
(
1− 1

ω(G)

)
.

Proof. Here Gr(k, n) is as in (2). By the Schur–Horn Theorem [18], the diagonal map diag : Rn×n →
Rn, when restricted to Gr(k, n), gives a surjection

diag : Gr(k, n) → ∆k,n, P 7→ diag(P ).

In other words, with a relabeling of variables xi = pii, i = 1, . . . , n, we get

max
P∈Gr(k,n)

∑
(i,j)∈E

piipjj = max
x∈∆k,n

∑
(i,j)∈E

xixj .

So the required result follows from Proposition 5.1. As in the previous section, the objective
function may be written

∑
(i,j)∈E e

T
iPeie

T
jPej , which is clearly quadratic in P . □

Note that our next proof will rely on the fact that for any fixed k, the time complexity of the
k-clique problem is polynomial in n. Even an exhaustive search through all subgraphs with k or
fewer vertices has time

(
n
1

)
+
(
n
2

)
+ · · ·+

(
n
k

)
, a degree-k polynomial in n.

Theorem 5.3 (Grassmannian quadratic programming is NP-hard II). Let k ∈ N be fixed. Unless
P = NP, there is no FPTAS that is polynomial in n for maximizing quadratic polynomials over
Gr(k, n).
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Proof. Given any n-vertex graph G = (V,E) as input, we may test all subgraphs with k or fewer
vertices and check if ω(G) < k in time polynomial in n. If ω(G) < k, this also yields the exact
value of ω(G). If ω(G) ≥ k, then we find an ε-approximate solution to

max
P∈Gr(k,n)

∑
(i,j)∈E

piipjj

using an FPTAS, assuming one exists, where

ε =
1

2k2n2
.

The maximum only takes finitely many different discrete values depending on what ω(G) is, and
these values have relative gaps of at least ε. So if the maximum value can be approximated to
ε-accuracy, then by Proposition 5.1 we get the exact value of ω(G) . Hence unless P = NP, there
is no FPTAS for maximizing quadratic polynomials over Gr(k, n). □

Since orthogonal projection matrices are always positive semidefinite, we have

Gr(1, n) = {P ∈ Sn+ : P 2 = P, tr(P ) = 1},
i.e., it is exactly the set of density matrices of pure states. Its convex hull is then the set of all
density matrices of mixed states [36, Theorem 2.5],

Dn := {X ∈ Sn+ : tr(X) = 1} = convGr(1, n).

From this we obtained the following slightly unexpected payoff.

Corollary 5.4 (Quadratic programming over density matrices is NP-hard). Unless P = NP, there
is no FPTAS that is polynomial in n for maximizing quadratic polynomials over Dn.

Proof. Following the proof of Proposition 5.2, the diagonal map diag : Rn×n → Rn, when restricted
to Dn, gives a surjection

diag : Dn → ∆1,n, X 7→ diag(X).

Relabeling xi = xii, i = 1, . . . , n, we get

max
X∈Dn

∑
(i,j)∈E

xiixjj = max
x∈∆1,n

∑
(i,j)∈E

xixj = 1− 1

ω(G)

by (4). Now it remains to repeat, with k = 1, the same argument in the second paragraph of the
proof of Theorem 5.3. □

Observe that we would not have been able to obtain this using the results in Section 4, which
do not allow k to be fixed.

6. NP-hardness for other models of the Grassmannian

We give a list of explicit, polynomial-time change-of-coordinates formulas for transformation
between various models of the Grassmannian, from which it will follow that our NP-hardness
results in Sections 4 and 5 apply to all models of the Grassmannian in Tables 1 and 2.

Proposition 6.1. There exist maps φ1, . . . , φ5 in the diagram below

(5)

O(n)/(O(n− k)×O(k)) V(k, n)/O(k) Grπ(k, n) Gra,b(k, n)

GL(n)/P(k, n) St(k, n)/GL(k)

φ1

φ5

φ2

φ4

φ3

that are diffeomorphisms of smooth manifolds, and polynomial-time computable.
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Proof. We will give each of these maps and its inverse explicitly. As there are multiple quotient
manifolds involved in (5), we distinguish them by labeling with self-explanatory identifiers in sub-
script.

The map φ1 : O(n)/(O(n− k)×O(k)) → V(k, n)/O(k) and its inverse are given by

φ1(JQKO) =
s
Q

[
Ik
0

]{
V

, φ−1
1 (JY KV) = JQY KO.

Here QY ∈ O(n) is the eigenvector matrix in the eigenvalue decomposition Y Y T = QY
[
Ik 0
0 0

]
QT
Y .

Note that multiplying an n×n matrix on the right by
[
Ik
0

]
∈ Rn×k gives an n×k matrix comprising

the first k columns. We check that

φ−1
1

◦ φ1(JQKO) = φ−1
1

(s
Q

[
Ik
0

]{
V

)
= JQKO,

φ1 ◦ φ−1
1 (JY KV) = φ1(JQY KO) =

s
QY

[
Ik
0

]{
V

= JY KV .

Here the last equality follows from the observation that ZZT = Y Y T for Z, Y ∈ V(k, n) if and only
if Z = Y P for some P ∈ O(k).

The map φ2 : V(k, n)/O(k) → Grπ(k, n) and its inverse are given by

φ2(JY KV) = Y Y T, φ−1
2 (P ) =

s
QP

[
Ik
0

]{
V

.

Here QP ∈ O(n) is the eigenvector matrix in the eigenvalue decomposition P = QP
[
Ik 0
0 0

]
QT
P . We

check that

φ−1
2

◦ φ2(JY KV) = φ−1
2 (Y Y T) = JY KV,

since the column vectors of Y are exactly the nonzero eigenvectors of the orthogonal projection
matrix Y Y T. We also check that

φ2 ◦ φ−1
2 (P ) = φ2

(s
QP

[
Ik
0

]{
V

)
= QP

[
Ik 0
0 0

]
QT
P = P.

The map φ3 : Grπ(k, n) → Gra,b(k, n) and its inverse are given by

φ3(P ) = (a− b)P + bIn, φ−1
3 (W ) =

1

a− b
(W − bIn),

which is obvious by inspection.
The map φ4 : V(k, n)/O(k) → St(k, n)/GL(k) and its inverse are given by

φ4(JY KV) = JY KSt, φ−1
4 (JSKSt) = JYSKV.

Here YS ∈ V(k, n) is the unique orthogonal factor in the condensed QR decomposition S = YSRS
such that RS ∈ Rk×k is upper triangular with positive diagonal. We check that

φ−1
4

◦ φ4(JY KV) = φ−1
4 (JY KSt) = JY KV,

φ4 ◦ φ−1
4 (JSKSt) = φ4(JYSKV) = JYSKSt = JYSRSKSt = JSKSt.

The map φ5 : O(n)/(O(n− k)×O(k)) → GL(n)/P(k, n) and its inverse are given by

φ5(JQKO) = JQKGL, φ−1
5 (JXKGL) = JQXKO.

Here QX ∈ O(n) is the unique orthogonal matrix in the full QR-decomposition X = QXRX where
RX ∈ Rn×n is upper triangular with positive diagonal. Since RX ∈ P(k, n), we have

φ−1
5

◦ φ5(JQKO) = φ−1
5 (JQKGL) = JQKO,

φ5 ◦ φ−1
5 (JXKGL) = φ1(JQXKO) = JQXKGL = JQXRXKGL = JXKGL.
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Each φi is smooth and its differential dφi is an isomorphism at every point. This is clear
for φ3 as it is an invertible linear map. This holds for φ2 as it is induced by the smooth map
φ2 : V(k, n) → Grπ(k, n), Y 7→ Y Y T; and dJY Kφ2 is an isomorphism as dY φ2 is surjective and its
kernel is isomorphic to the Lie algebra o(k) of k × k skew symmetric matrices. The arguments for
φ3, φ4, φ5 are similar to that for φ2. Hence φ1, . . . , φ5 are all diffeomorphisms since they are also
bijective [25, Theorem 4.14].

Finally, since these diffeomorphisms φ1, . . . , φ5 and their inverses can be computed with matrix-
matrix products, QR decomposition, and symmetric eigenvalue decomposition, all of which have
O(nω) time complexity, with ω the exponent of matrix multiplication — see [38] and [1, Re-
mark 16.26]. We conclude that these diffeomorphisms are all polynomial-time computable. □

By Proposition 6.1, every arrow in (5) may be reversed, allowing one to get from any model to
any other model in (5) by simply composing and inverting maps, with the resulting map remaining
a polynomial-time computable diffeomorphism. But the reader is reminded of the dichotomy we
highlighted on p. 4 — having a polynomial-time computable diffeomorphism does not translate
directly to polynomial-time reduction under the bit complexity model.

Take φ2 : V(k, n)/O(k) → Grπ(k, n) for illustration. Saying that it is a polynomial-time
computable diffeomorphism means that if we can evaluate f(P ) for some f : Grπ(k, n) → R
and any P ∈ Grπ(k, n) in a certain time complexity, then we can evaluate f ◦ φ2(JY K) for any
JY K ∈ V(k, n)/O(k) with an increase in time complexity of at most a polynomial factor. It does
not mean that we have a polynomial-time algorithm to transform the defining parameters of f into
the defining parameters of f ◦ φ2.

Corollary 6.2. Let f : Grπ(k, n) → R be a polynomial function of bounded degree. Then f can be
transformed in polynomial-time into:

(a) a polynomial function on Gra,b(k, n) of the same degree as f and whose coefficients are affine
combinations of the coefficients of f ;

(b) a real-valued function on O(n)/(O(n−k)×O(k)) or V(k, n)/O(k) defined by parameters given
by the same coefficients of f but repeated with some multiplicities.

Proof. From the proof of Proposition 6.1, φ−1
3 : Gra,b(k, n) → Grπ(k, n) is an invertible affine map.

So f ◦ φ−1
3 is a polynomial function of the same degree as f whose coefficients are given by affine

combinations of those in f .
For the map φ1 : O(n)/(O(n − k) × O(k)) → V(k, n)/O(k), observe that no matter which

representative Q ∈ O(n) we pick for JQKO, the matrix Q
[
Ik
0

]
∈ V(k, n) will always be a valid

representative for φ1(JQKO). For the map φ2 : V(k, n)/O(k) → Grπ(k, n), observe that no matter
which representative Y ∈ V(k, n) we pick for JY KV, it will always be mapped to the same matrix
Y Y T ∈ Grπ(k, n). So these functions are well-defined, i.e., they give the same value irrespective of
the representative picked.

The value of f ◦ φ2 on JY KV ∈ V(k, n)/O(k) is given by f(Y Y T) where Y ∈ V(k, n) is any
representative of JY KV. The value of f ◦ φ2 ◦ φ1 on JQKO ∈ O(n)/(O(n − k) × O(k)) is given
by f

(
Q
[
Ik 0
0 0

]
QT

)
where Q ∈ O(n) is any representative of JQKO. In other words the parameters

defining the map f ◦ φ2 or f ◦ φ2 ◦ φ1 are just copies of the coefficients of f . □

To explain the statement “repeated with some multiplicities” in Corollary 6.2(b) more precisely,
we provide a concrete example.

Example 6.3 (Quadratic case). Suppose f : Gr(k, n) → R is a quadratic function, i.e.,

(6) f(P ) =
n∑

i,j,r,s=1

aijrspijprs +
n∑

i,j=1

bijpij + c.
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We assume c = 0. Then on V(k, n)/O(k),

(7) f ◦ φ2(JY KV) = f(Y Y T)

=

n∑
i,j,r,s=1

aijrs(yi1yj1 + · · ·+ yikyjk)(yr1ys1 + · · ·+ yrkysk) +

n∑
i,j=1

bij(yi1yj1 + · · ·+ yikyjk)

where Y ∈ V(k, n) is any representative of JY KV ∈ V(k, n)/O(k). To be even more concrete,
suppose k = 2, then the (i, j, r, s)th term in the first sum takes the form

aijrsyi1yj1yr1ys1 + aijrsyi2yj2yr1ys1 + aijrsyi1yj1yr2ys2 + aijrsyi2yj2yr2ys2

and the (i, j)th term in the second sum takes the form

bijyi1yj1 + bijyi2yj2.

In general, the coefficient aijrs in f will be repeated k2 times in the defining parameters of f ◦ φ2

and the coefficient bijrs will be repeated k times. More generally, a degree-d term in f will see its

coefficient repeated kd times as defining parameters of f ◦ φ2. This discussion applies verbatim to
f ◦ φ2 ◦ φ1. □

We now state our main result of this section.

Theorem 6.4 (Grassmannian optimization is NP-hard I). Let k ∈ N be fixed. Unless P = NP,
there is no FPTAS that is polynomial in n for:

(i) maximizing quadratic polynomials over Gra,b(k, n);
(ii) maximizing real-valued functions over O(n)/(O(n− k)×O(k)) or V(k, n)/O(k).

Proof. If there were an FPTAS for maximizing real-valued functions on V(k, n)/O(k), we have an
FPTAS for maximizing any quadratic function f : Grπ(k, n) → R by maximizing

f ◦ φ2 : V(k, n)/O(k) → R,
contradicting Theorem 5.3. The same argument applies to f ◦φ−1

3 and f ◦φ2 ◦φ1 for the other two
models. □

Note that Theorem 6.4 is in terms of standard bit complexity. But for the next result we will
need to use the oracle complexity mentioned on p. 4.

Corollary 6.5 (Grassmannian optimization is NP-hard II). Let k ∈ N be fixed. Unless P =
NP, there is no oracle-FPTAS that is polynomial in n for maximizing real-valued functions over
St(k, n)/GL(k) or GL(n)/P(k, n).

Proof. By Proposition 6.1,

φ2 : V(k, n)/O(k) → Grπ(k, n), φ−1
4 : St(k, n)/GL(k) → V(k, n)/O(k)

are both polynomial-time computable diffeomorphisms. If there were an FPTAS for maximizing
real-valued functions on St(k, n)/GL(k), we have an FPTAS for maximizing any quadratic function
f : Grπ(k, n) → R by querying

f ◦ φ2 ◦ φ−1
4 : St(k, n)/GL(k) → R

as an oracle, contradicting Theorem 5.3. The same argument also applies to

f ◦ φ2 ◦ φ1 ◦ φ−1
5 : GL(n)/P(k, n) → R. □

The proof of Corollary 6.5 superficially resembles that of Corollary 6.2; the difference being that
φ1 and φ2 are simple polynomial maps, whereas φ−1

4 and φ−1
5 involve QR decompositions.2 While

2This is inevitable. The inverse of any isometry from St(k, n)/GL(k) or GL(n)/P(k, n) to Grπ(k, n) must neces-
sarily involve the QR-decomposition [13].
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polynomial-time algorithms for computing QR decomposition of a full-rank matrix abound (this
is why φ−1

4 and φ−1
5 can be evaluated on any specific input in polynomial-time), they invariably

involve extracting square roots and branching. There is no known rational map that can replace an
algorithm for QR decomposition; should one exists, it is expected to be exceedingly complicated so
that composing it with a polynomial f would likely result in the defining parameters blowing up
to exponentially high degrees.

7. NP-hardness for Stiefel manifolds and orthogonal group

As we mentioned in Section 1, unconstrained quadratic programming on V(1, n) = Sn−1 is
polynomial-time [42, Section 4.3]. On the other hand, it is an immediate corollary of Proposition 5.2
that for any fixed k ≤ n, unconstrained quartic programming on V(k, n) is NP-hard. In fact we
may also deduce the same for O(n), though not by simply setting O(n) = V(n, n) as k is fixed:

Corollary 7.1 (Stiefel and orthogonal quartic programming is NP-hard). Let k ∈ N be fixed.
Unless P = NP, there is no FPTAS that is polynomial in n for maximizing quartic polynomials
over V(k, n) and O(n).

Proof. Let Gr(k, n) be the projection model (2). We define the two maps

O(n) V(k, n) Gr(k, n),
π1 π2 π1(Q) := Q

[
Ik
0

]
, π2(Y ) := Y Y T,

noting that right multiplication by
[
Ik
0

]
∈ Rn×k gives a matrix in V(k, n) comprising the first

k columns of Q. Let f : Gr(k, n) → R be a quadratic function as in (6). Then the functions
f ◦ π2 : V(k, n) → R and f ◦ π2 ◦ π1 : O(n) → R are given by

f ◦ π2(Y ) = f(Y Y T), f ◦ π2 ◦ π1(Q) = f

(
Q

[
Ik 0
0 0

]
QT

)
,

i.e., quartic polynomial functions in Y and Q respectively. In particular f ◦ π2(Y ) is given by the
same expression in (7) and f ◦ π2 ◦ π1 is given by a nearly identical expression (with qij in place of
yij). By Theorem 5.3, we deduce that there is no FPTAS for maximizing quartic polynomials over
V(k, n) and O(n). □

It is not surprising that quartic programming is NP-hard, given that it is already NP-hard over
Rn [31], as well as in a variety of other scenarios [19]. So it remains to find out if unconstrained
cubic programming on V(k, n) is NP-hard. We will show that it is but this cannot be easily deduced
from any of our results up to this point — as we saw in the proof above, these give quartic programs
on V(k, n).

We will instead use a celebrated result of Nesterov [33], which shows that α(G), the stability
number of an (n−1)-vertex undirected graphG, may be expressed as the maximum of a homogenous
cubic polynomial f over the (n− 1)-sphere Sn−1. We will not need to know the actual expression
for f nor the definition of stability number, just that

(8) max
∥x∥=1

f(x) =

√
1− 1

α(G)

and that this implies there is no FPTAS for maximizing f over Sn−1.

Theorem 7.2 (Stiefel and orthogonal cubic programming is NP-hard). Let k ∈ N be fixed. Unless
P = NP, there is no FPTAS that is polynomial in n for maximizing cubic polynomials over V(k, n)
or O(n).
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Proof. Let e1 ∈ Rn be the first standard basis vector. Then π1 : V(k, n) → Sn−1, Y 7→ Y e1, takes
Y to its first column vector. Let f : Sn−1 → R be a polynomial function. Then f ◦π1 : V(k, n) → R
is a polynomial of the same degree. If f is Nesterov’s cubic polynomial in (8), then f ◦π1 is a cubic
polynomial on V(k, n) with the desired property. For O(n), note that same argument also applies
to π1 : O(n) → Sn−1, Q 7→ Qe1. □

Nesterov’s construction also yields an independent proof of the NP-hardness result for Gr(1, n).
We will record it below given that this is possibly the most important Grassmannian: As an abstract
manifold, it is the (n− 1)-dimensional real projective space RPn−1; and as we saw in Section 5, it
may also be regarded as the set of density matrices of pure states.

Corollary 7.3 (Grassmannian quadratic programming is NP-hard III). Unless P = NP, there is
no FPTAS that is polynomial in n for maximizing quadratic polynomials over Gr(1, n).

Proof. Again we will use the projection model in (2) for Gr(1, n). Recalling that we write vectors
as column vectors, let

π : Sn−1 → Gr(1, n), π(x, y) =

[
x
y

] [
xT y

]
=

[
xxT yx
yxT y2

]
,

where x ∈ Rn−1 satisfies ∥∥∥∥[xy
]∥∥∥∥2 := x21 + · · ·+ x2n−1 + y2 = 1.

Let f be Nesterov’s cubic polynomial in (8) and define the optimization problem over Sn,

max
∥x∥2+y2=1

g(x, y) := max
∥x∥2+y2=1

f(x)y.

So g is a homogeneous quartic polynomial in the vector variable [ xy ]. But observe that we may also

write g in the form of a homogeneous quadratic polynomial h in the matrix variable P =
[
xxT yx

yxT y2

]
since π is surjective. In other words, we have h ◦ π = g and therefore

max
P∈Gr(1,n)

h(P ) = max
∥(x,y)∥=1

f(x)y = max
∥x∥≤1

f(x)
√

1− ∥x∥2 = max
∥x∥=1, 0≤t≤1

f(tx)
√
1− t2

= max
∥x∥=1, 0≤t≤1

f(x)t3
√
1− t2 = c max

∥x∥=1
f(x)

for some constant c > 0. This shows that there is no FPTAS for maximizing quadratic polynomials
over Gr(1, n). □

We establish an analogue of Proposition 6.1 in order to show that the NP-hardness results above
apply to the quotient model of the Stiefel manifold and to the noncompact Stiefel manifold.

Lemma 7.4. There exist polynomial-time computable diffeomorphisms ψ1 : O(n)/O(n − k) →
V(k, n) and ψ2 : GL(n)/P1(k, n) → St(k, n).

Proof. For the quotient manifold O(n)/O(n− k), we regard O(n− k) as the subgroup{[
Ik 0
0 Q2

]
∈ O(n) : Q2 ∈ O(n− k)

}
.

With this convention, the map below is well-defined

ψ1 : O(n)/O(n− k) → V(k, n), ψ1(JQK) = Q

[
Ik
0

]
and invertible. The inverse map is

ψ−1
1 : V(k, n) → O(n)/O(n− k), ψ−1

1 (Y ) = JQY K,
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where QY is the eigenvector matrix in the eigenvalue decomposition Y Y T = QY
[
Ik 0
0 0

]
QT
Y , and

although QY is not uniquely determined, its equivalence class JQY K is. Hence ψ−1
1 is also well-

defined. It is routine to verify that ψ−1
1 is indeed the inverse of ψ1. The same argument in the

proof of Proposition 6.1 shows that ψ1 is a diffeomorphism. Computation of ψ1 is simply taking
a submatrix while computation of ψ−1

1 involves eigenvalue decomposition, but both are clearly
computable in polynomial-time.

In the last paragraph, J · K = J · KO; in this paragraph J · K = J · KGL. We define

ψ2 : GL(n)/P1(k, n) → St(k, n), ψ2(JXK) = S

[
Ik
0

]
,

ψ−1
2 : St(k, n) → GL(n)/P1(k, n), ψ−1

2 (S) = JLSK,

where LS ∈ GL(n) is a unit lower-triangular matrix in an LDLT decomposition

SST = LSDL
T
S

with D ∈ Rn×n a nonnegative diagonal matrix. Although LS is not unique, but different choices
differ by an element in P1(k, n), and thus ψ−1

2 is well-defined. Again it is routine to verify that ψ−1
2 is

the inverse of ψ2 and that ψ2 is a diffeomorphism. Computation of ψ2 is simply taking a submatrix
while computation of ψ−1

2 involves LDLT decomposition, both computable in polynomial-time. □

We may now deduce that optimization over the quotient model of the compact Stiefel manifold
is also NP-hard in the bit model.

Corollary 7.5 (Compact Stiefel optimization is NP-hard). Let k ∈ N be fixed. Unless P = NP,
there is no FPTAS that is polynomial in n for maximizing real-valued functions over O(n)/O(n−k).
Proof. Let f : V(k, n) → R be a polynomial function. The value of f ◦ ψ1 on JQK ∈ O(n)/O(k) is
given by f

(
Q
[
Ik
0

])
where Q ∈ O(n) is any representative of JQK. In other words the parameters

defining the map f ◦ ψ1 are the coefficients of f repeated with some multiplicities, as we saw in
Example 6.3. If there were an FPTAS for maximizing real-valued functions on O(n)/O(k), then
we have an FPTAS for maximizing f : V(k, n) → R, contradicting Theorem 7.2. □

Finally, we show that optimization over either the submanifold or quotient model of the non-
compact Stiefel manifold, or the general linear group, is NP-hard in the oracle model.

Corollary 7.6 (Noncompact Stiefel optimization is NP-hard). Let k ∈ N be fixed. Unless P = NP,
there is no oracle-FPTAS that is polynomial in n for maximizing real-valued functions over St(k, n),
GL(n)/P1(k, n), or GL(n).

Proof. Let ψ2 : GL(n)/P1(k, n) → St(k, n) be as defined in Lemma 7.4. Let θ1 : GL(n) →
GL(n)/P1(k, n) be the quotient map taking a matrix to its coset in the quotient group. Let
θ2 : St(k, n) → V(k, n) be given by θ2(S) = YS , where YS ∈ V(k, n) is the unique orthogonal
factor in the condensed QR-decomposition S = YSRS in which RS ∈ Rk×k is upper triangular with
positive diagonal. These three maps fit into a sequence:

GL(n)
θ1−→ GL(n)/P1(k, n)

ψ2−→ St(k, n)
θ2−→ V(k, n).

Now let f ◦ π1 : V(k, n) → R be the cubic polynomial constructed in the proof of Theorem 7.2.
Then

(9)

f ◦ π1 ◦ θ2 : St(k, n) → R,
f ◦ π1 ◦ θ2 ◦ ψ2 : GL(n)/P1(k, n) → R,

f ◦ π1 ◦ θ2 ◦ ψ2 ◦ θ1 : GL(n) → R
are all real-valued function that can be computed in the same time complexity as f ◦ π1, up to a
polynomial time factor. The required conclusion than follows from the nonexistence of FPTAS for
maximizing over V(k, n) in Theorem 7.2. □
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Note that while Theorem 7.2 is proved for the bit model, Corollary 7.6 is proved in the oracle
model. The reason is as in the commentary after the proof of Corollary 6.5 — note that θ2 appears
in every function in (9), and evaluating θ2 involves a QR decomposition.

8. NP-hardness of QP on the Cartan manifold

The set of postive definite matrices Sn++ has two natural metrics — the standard Euclidean metric
⟨X,Y ⟩ = tr(XY ) and the Riemannian metric gA(X,Y ) = tr(A−1XA−1Y ), defined for tangent
vectors X,Y ∈ Sn and A ∈ Sn++. The former is rightly called the positive definite cone since a cone
is, by definition, a subset of an Euclidean space and endowed with the standard Euclidean metric
(which is in fact required to define a dual cone). When endowed with the latter metric, (Sn++, g) is
no longer a cone, but a natural model for E(Rn), the set of all centered ellipsoids in Rn, and g is
the unique Riemannian metric that captures the geometry of ellipsoids.

This Riemannian manifold was first discussed by Élie Cartan at length in [3, pp. 364–372]
and more briefly in [4]. There are many modern expositions, most notably Lang’s [23] and [24,
Chapter XII] but also Eberlein’s [8, 9, 10] and Mostow’s [28] and [29, Section 3]. All three authors
credited [3, 4], directly or indirectly, for the most substantive features of this manifold, with Mostow
explicitly attributing it to Cartan, and we follow suit in our article.

By way of the following lemma, we will deduce the section title from deciding copositivity of a
matrix, one of the oldest NP-hard problems in optimization [31].

Lemma 8.1. Let A ∈ Rn×n and set

αijkl :=

{
aik i = j and k = l,

0 otherwise.

for all i, j, k, l ∈ {1, . . . , n}. We define the quadratic form f : Sn × Sn → R by

f(X) =

n∑
i,j,k,l=1

αijklxijxkl.

If f(X) ≥ 0 for all X ∈ Sn++, then A is copositive.

Proof. This follows from

f(X) =

n∑
i,k=1

aikxiixkk = xTAx

with x := diag(X). If f(X) ≥ 0 for all X ∈ Sn++, then f(X) ≥ 0 for all X ∈ Sn+. Note that as X
runs over Sn+, its diagonal x runs over Rn+. □

Corollary 8.2 (Cartan quadratic programming is NP-hard). Unconstrained quadratic optimization
over Sn++, whether regarded as the positive definite cone or the Cartan manifold, is NP-hard.

Proof. If we can minimize f in Lemma 8.1 over Sn++, then we can decide if f(X) ≥ 0 for all X ∈ Sn++,
and thereby whether A is copositive. □

At this point it is worth highlighting the fact that the choice of metric does not play a role in
NP-hardness results in optimization. The computational tractability or intractability of computing
maxx∈M f(x) depends only on M as a set. The choice of Riemannian metric does of course affect
the convergence rate of the algorithm. For example, when minimizing a strictly convex f : Rn → R,
the usual gradient descent in the standard Euclidean metric ⟨v, w⟩ := vTw is linearly convergent,
but gradient descent in the Riemannian metric ⟨v, w⟩x := vT∇2f(x)−1w is equivalent to Newton’s
method, which is quadratically convergent. But no Riemannian metric we put on Rn will ever yield
a polynomial-time algorithm for an NP-hard optimization problem unless P = NP.

We now prove an analogue of Proposition 6.1 required to extend Corollary 8.2 to GL(n)/O(n),
the quotient model of the Cartan manifold.
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Lemma 8.3. There exists a polynomial-time computable diffeomorphism ρ : GL(n)/O(n) → Sn++.

Proof. The required map and its inverse are given by

ρ : GL(n)/O(n) → Sn++, ρ(JXK) = XTX,

ρ−1 : Sn++ → GL(n)/O(n), ρ−1(S) = JRSK,

where RS is the unique upper-triangular matrix in the Cholesky decomposition S = RT
SRS . It is

routine to verify that ρ−1 is indeed the inverse of ρ; and it is computable in polynomial time since
Cholesky decomposition is. That ρ is a diffeomorphism follows the same argument used in the
proof of Proposition 6.1. □

For the next result, we will again have to resort to oracle complexity, as the commentary after
the proof of Corollary 6.5 about QR decomposition also applies to Cholesky decomposition.

Corollary 8.4 (Cartan optimization is NP-hard). Unless P = NP, there is no oracle-FPTAS that
is polynomial in n for maximizing real-valued functions over GL(n)/O(n).

Proof. By Lemma 8.3, ρ and ρ−1 are both polynomial-time computable. We may maximize the
function f : Sn++ → R in Lemma 8.1 by querying the function f ◦ ρ : St(k, n)/GL(k) → R as an
oracle and using ρ−1 to map a solution in St(k, n)/GL(k) back to Sn++ in polynomial-time. By
Corollary 8.2, it must be NP-hard to maximize over GL(n)/O(n). □

9. LP is polynomial-time

The hardness results involving quadratic programming are the best possible in the sense that
unconstrained linear programs are polynomial-time solvable for the Stiefel, Grassmann, and Cartan
manifolds. They have closed-form solutions computable in polynomial time, easy exercises along
the lines of those in [14], but recorded below for completeness.

Lemma 9.1 (Unconstrained LP over Stiefel, Grassmann, and Cartan manifolds). (a) For any A ∈
Rn×k,

max
X∈V(k,n)

tr(ATX) =

k∑
i=1

σi

is attained at X = UV T where A = UΣV T is a condensed singular value decomposition with
U, V ∈ V(n, k), Σ = diag(σ1, . . . , σk) ∈ Rk×k, σ1 ≥ · · · ≥ σk ≥ 0.

(b) For any A ∈ Rn×n,

max
P∈Gr(k,n)

tr(ATP ) =
k∑
i=1

λi

is attained at P = QkQ
T
k where (A + AT)/2 = QΛQT is an eigenvalue decomposition with

Q ∈ O(n), Λ = diag(λ1, . . . , λn) ∈ Rn×n, λ1 ≥ · · · ≥ λn.
(c) For any A ∈ Rn×n,

sup
X∈Sn++

tr(ATX) =

{
0 if − (A+AT) ∈ Sn+,
+∞ otherwise.

Proof. The problem in (a) transforms into

max
X∈V(k,n)

tr(ATX) = max
X∈V(k,n)

tr(ΣTX) = max
X∈V(k,n)

k∑
i=1

σivii.

For any X ∈ V(k, n), the diagonal entries xii ≤ 1, so the maximum is bounded by
∑k

i=1 σi. On the
other hand, V = Ik achieves this bound.
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The problem in (b) transforms into

max
P∈Gr(k,n)

tr(ATP ) = max
P∈Gr(k,n)

tr

([
A+AT

2

]T

P

)
= max

P∈Gr(k,n)
tr(ΛTP ) = max

P∈Gr(k,n)

k∑
i=1

λipii.

For any P ∈ Gr(k, n), the diagonal entries satisfy 0 ≤ pii ≤ 1, p11 + · · · + pnn = k. Under these

constraints, the function
∑k

i=1 λipii must be upper-bounded by
∑k

i=1 λi: If one of pii is not 1, we
may always change it to 1 and decrease the value of some pii, i > k, and increase the function

value. After at most k such changes, we arrive at the value
∑k

i=1 λi. On the other hand, P = Ik
achieves this bound.

For the problem in (c), if there is anX ∈ Sn++ with tr(ATX) > 0, then tr(AT(µX)) = µ tr(ATX) →
+∞ as µ → +∞. Otherwise, tr(ATX) ≤ 0 for all X ∈ Sn++ and X → 0 gives the least upper
bound. □

10. Conclusion

In case one thinks that we might get around these intractability results by imposing convexity
on the objective function. We remind the reader that for any compact manifold without boundary,
which includes Gr(k, n), V(k, n), and O(n), the only continuous geodesically convex function is the
constant function. Indeed this holds true for many manifolds that are noncompact as well [43].

Nevertheless, one positive way to view the hardness results in this article is that they show that
current pursuits in manifold optimization, which are exclusively focused on local optimization, are
most likely the right way to go. Short of having P = NP, manifold optimization cannot become a
topic in global optimization like convex optimization.

Future work. Our constructions show that unconstrained cubic and quartic programming over
O(n) and V(k, n) are NP-hard for all fixed k ∈ N. For k = 1, quadratic programming over V(1, n)
is well-known to be polynomial-time solvable. It is also common knowledge that the NP-hard
quadratic assignment problem may be written as a linearly constrained quadratic optimization
problem over O(n) [37]. These observations leave open the complexity of unconstrained quadratic
programming over O(n) and V(k, n) for k ≥ 2.
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