MINIMAL EQUIVARIANT EMBEDDINGS OF THE GRASSMANNIAN AND
FLAG MANIFOLD

LEK-HENG LIM AND KE YE

ABSTRACT. We show that the flag manifold Flag(ka,...,kp, R™), with Grassmannian the special
case p = 1, has an SO, (R)-equivariant embedding in an Euclidean space of dimension (n —
1)(n + 2)/2, two orders of magnitude below the current best known result. We will show that
the value (n — 1)(n + 2)/2 is the smallest possible and that any SO, (R)-equivariant embedding of
Flag(k1,...,kp,R™) in an ambient space of minimal dimension is equivariantly equivalent to the
aforementioned one.

1. INTRODUCTION

Let Flag(k1, ..., kp,R"™) be the manifold of (ki,...,k,)-flags in R". We will show that it may be
embedded into S?(R™), the space of n X n real symmetric matrices, as

arly, 0 --- 0
(1) Flagy, o, (bt dipn) =4 Q| 0 @I i |eres@n i qesom) g,
0 - 0apt1ln,,,
where a1, ...,a,41 € R are any fixed distinct constants. We call this the isospectral model for flag

manifolds, introduced in [10] for purely computational reasons, in large part to provide a more
efficient platform for optimization algorithms [22]. To our surprise, we found that it also solves a
problem in equivariant differential geometry.

The current best-known bound for embedding Flag(ky, ..., kp, R") isometrically into Euclidean
space, due to Giinther [5, 6, 7], requires an ambient space of dimension at least

(2) max{%m(m +3) + 5, %m(m + 5)}, m=_-n"— = Z(kl —ki_1)?,

where m here is the dimension of Flag(ki,...,kp,R") and 0 = ko < k1 < -+- < kp < kpy1 =1
are integers. Since we may choose the values of ai,...,a,11 in (1) so that tr(X) = 0, we have an
embedding of Flag(ki,. .., k,, R") into SZ(R™), the space of n x n real traceless symmetric matrices,
which has dimension

3) S 1)(n+2);

and this embedding is both isometric and SO, (R)-equivariant. Unlike Giinther’s result, ours is
constructive — in fact the image of the embedding is explicitly given by (1). It is straightforward
to verify that the value in (3) is strictly smaller than Giinther’s bound (2) for all possible values
of ki,...,kp. We will prove that it is also the best possible SO,,(R)-equivariant embedding of the
flag manifold — no such embedding can have ambient dimension lower than (3).

As a quick reminder of the various embedding problems in differential geometry: Given a manifold
M of dimension m, one would like to find out if there is an embedding € : M — R? into d-dimensional

Fuclidean space with increasingly stronger requirements on €. There are many celebrated results
1
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and we state a few of the most representative ones:

Whitney [21]: M smooth ¢ smooth d = 2m;

Nash [15]: M Riemannian ¢ isometric  d < oo;

Gromov [4]: M Riemannian ¢ isometric ~ d = m(m +5) + 3;

Giinther [5, 6, 7]: M Riemannian ¢ isometric  d = 3 max{m(m + 3) + 10, m(m + 5)};

Mostow—Palais [14, 17]: M G-manifold ¢ equivariant d < co.

The last result requires G to be a compact Lie group and is evidently not effective. The only
explicit estimate we are aware of is a recent one of Wang [20], which shows that for a finite group
acting on a closed manifold, any embedding of M into R¢ yields a G-equivariant embedding into
RUGI, When combined with Whitney’s embedding, one gets a 2m|G|-dimensional G-equivariant
embedding.

For the specific case M = Flag(ki, ..., kp,R"), the only related result we know is [9] but it

gives only the existence of an immersion into R2""=1) for a manifold of flags of length p <
n — 2, and into R>"("=D+1 for the manifold of complete flags Flag(1,2,...,n — 1,R™). For the
special case p = 1, i.e., the Grassmannian Gr(k,R™), one may deduce lower bounds for d from
results about nonexistence of embeddings like [13, Theorem 4.8], [8, Propositions 4.1 and 4.2], [12,
Proposition 5.1], [16, Theorems 1 and 2]. We will not survey these given that this article only
concerns upper bounds for d.

Any SO, (R)-invariant Riemannian metric g on the flag manifold comes from its homogeneous
space structure

(4) Flag(ki, ..., kp, R") 2 SO, (R)/S(Og, (R) x Opy_j, (R) X -+ x Oy, (R))

and is in one-to-one correspondence with an S(Og, (R) X Og,—g, (R) x -+ x Op_g, (R))-invariant
inner product on

m = {(By;) € R™": B = —BJ, € RFi—ki-0xb=kic) "By =0, 1<i<j<p+1},

noting that so(n) = [so(k1) ®so(ky — k1) - - - @ so(n — kp)] @ m. For any arbitrary distinct constants
ai,...,ap+1 € R, we have an invariant inner product on m,
(B,C) =2 Z (a; — aj)? tr(B;;Ci;),
1<i<j<p+1

that uniquely determines a metric g on Flag(k,...,k,,R"). In case one is wondering about the
constants ai, ..., ap+1 appearing in (1), this explains their origin. We will assume throughout this
article that Flag(ni,...,n,, R") is equipped with this SO,,(R)-invariant metric g.

We will denote the dimensions of a minimal dimensional embedding according to Whitney, Nash,
Mostow—Palais by

dw = min{d : Flag(ny, ..., n,, R") can be smoothly embedded in R?},
dy = min{d : Flag(ni,...,n,,R") can be isometrically embedded in Rd},
dye = min{d : Flag(ny,...,np,R") can be SO, (R)-equivariantly embedded in ]Rd},

respectively. It follows from our Theorem 3.5 that
1

and that (1) chosen to have aj (k1 — ko) + - + apt1(kpr1 — kp) = 0 is the unique embedding that
attains this. This improves the best known bound of Whitney embedding in some cases and that
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of Nash embedding in all cases; for Mostow—Palais embedding, our value gives dyp exactly. To
elaborate, our bound is better than Whitney’s bound in [21], i.e.,

1 =
S =D +2) <0’ =3 (ki — kia)”

i=1
if and only if

p+1

Z(k, — ki—l)(ki — ki1 + 1) <2 |:1 + Z (k)z — ki_l)(k}j — ](Ij_l):| ,

i=1 1<i<j<p+1

a simple consequence of S P (k; — k1) = n.
Our bound is always better than Giinther’s bound in [7], i.e.,

1 {m(m+3)+5’

§(n—1)(n+2) < max 5 m(mQ—i—5)},

where m is as in (2). This follows from m > n — 1 and thus m(m + 3) > (n — 1)(n + 2).

Our bound is also better than Wang’s bound in [20] for all finite subgroups G C SO, (R) of
cardinality |G| > (n — 1)(n + 2)/4m, e.g., the alternating group on n letters or cyclic group of
order ¢ > (n—1)(n+2)/4m. However the real coup here is that our bound holds for any subgroup
G C SO, (R) and not just finite ones: Indeed if

dg = min{d : Flag(ni,...,n,, R") can be G-equivariantly embedded in Rd},

then
1
dg < 5(n—1)(n+2) = dso, @) = du-

To the best of our knowledge, effective bounds like Wang’s [20] have never before been established
for infinite groups.

2. NOTATIONS AND SOME BACKGROUND

The real vector spaces of real m x n matrices, symmetric, skew-symmetric, and traceless symmet-
ric n x n matrices are denoted by R™*", S?(R"), A%(R"), S?(R") respectively. We reserve the letter
W for R-vector spaces, U for SO,,(C)-modules, and V for real SO, (R)-modules, usually adorned
with various subscripts. Let nq + --- 4+ n, = n. We write

S(Op, (R) x - x Oy (R)) = {diag(X1, ..., X,) € Op(R) :
X1 €0y, (R), Xy € Onp(R), det(Xl) .. -det(Xp> = 1}.

We recall some pertinent facts from representation theory for easy reference. Irreducible SO,,(C)-
modules are indexed by nonincreasing half-integer sequences p = (1, ..., ftm) Where m == [n/2],
pm > 0if n=2m+1, and ppm—1 > |pm| if n = 2m [3, Proposition 3.1.19]. Let U, be the irreducible
SO, (C)-module indexed by p. Then its dimension is given by

,U/i_,l{aj—‘l—i‘] I ,Ui‘i‘,uj—f-.n—‘Z—] i1 = 2m 1,
1<i<j<m J—1 1<i<j<m n—iv—7
(6) dimU, =
pi —pj =it jpitpitn—i—j o
if n=2m.

1<i<j<m J—1 n—t—)
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The fundamental weights of SO, (C) are wy, ... ,wy, € R"™ defined by

e1+---+e; ifn=2m+1land1<i<m—1,
sler+-+em) ifn=2m+1 and i =m,
(7) wi=4e+--+e ifn=2mand 1<i<m-—2,

%(61+---+em_1—em) ifn=2mandi=m—1,

sler1 4 +em1ten) ifn=2mandi=m,

where eq,...,e, € R™ are the standard basis vectors. Irreducible SO, (R)-modules may be de-
termined from irreducible SO,,(C)-modules in the following situation [2, Propositions 26.26 and
26.27], which is all we need.

Proposition 2.1. Let n € N and m = |n/2|. If iy = 0 forn = 2m + 1 or pm—1 = fim = 0
for n = 2m, then every irreducible SO, (C)-module takes the form V, ® C for some irreducible
SO, (R)-module V,,. In particular, dimg V,, = dimc V, ® C.

The following dimension formulas may be calculated from (6) and (7) [2, Propositions 20.15 and
20.20]:
dim¢ U, = 2™ if n=2m+1;

(®) o

dimc Uy, , = dimc U,,, if n = 2m.

3. MINIMAL EQUIVARIANT EMBEDDINGS OF A FLAG MANIFOLD

In this and the next sections, we frame all our discussions in terms of the flag manifold, and then
deduce the corresponding Grassmannian results as the p = 1 special case.

The two goals of this section are to prove Proposition 3.2 and Theorem 3.5. Collectively they
show that if € : Flag(ki,...,kp,R") — V is any SO, (R)-equivariant embedding of the lowest
dimension, then V has to be isomorphic to Sg(R”), the space of traceless symmetric matrices. In
particular it is not possible to equivariantly embed Flag(ki,...,k,, R™) into any vector space of
dimension less than dim S?(R"™) = £ (n— 1)(n+2). The isospectral model (1) will be seen to be the
image of € in Proposition 3.7.

We first define the notion of equivariant embedding, which has been extensively studied in a
more general setting [14, 1, 11, 19].

Definition 3.1 (Equivariant embedding and equivariant submanifold). Let G be a group, V be a
G-module, and M be a G-manifold. An embedding € : M — V is called a G-equivariant embedding
ife(g-x) =g-e(x) forall x € M and g € G. In this case, the embedded image (M) is called a
G-submanifold of V.

In our context G = SO, (R), M = Flag(k, ..., kp,R"), V=R"*" G acts on M through
X W, C---CW,)=(X-W; C---CX -W,),
and on V by conjugation,
SO, (R) x R™™  R™" (Q,X)—Q-X =QXQ".
In this case the decomposition of the SO, (R)-module R™*™ into irreducible SO, (R)-submodules is
very simple, given by
R™" = RI @ A*(R") @ SZ(R"™),

where RI = {yI € R™*™ : v € R} denotes the space of constant diagonal matrices. In the notations

of Section 2,
RX™ ~ VO,...,O b Vl,l,O.--,O ©® V2,0...,07
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where the irreducible SO,,(R)-submodules are indexed by a non-increasing sequence of half-integers;
note that we write ~ as these are only determined up to SO,,(R)-module isomorphisms. So

Vo..0~RI, Viig. o~AR"), Vi o=~SiR").

Strictly speaking we should use the notations on the left when referring to these spaces as SO,,(R)-
modules and those on the right when referring to them as vector spaces.

There is an important fourth irreducible SO, (R)-module not among those that appeared so far.
Consider the action of SO, (R) on R™ through matrix-vector product,

SOL(R) x R" 5 R™,  (Q,v) — Qv = Qu.

seey

Collectively these four irreducible SO, (R)-modules are the ones that matter most to us, with
dimensions

1 1
dimV()’__ﬂo =1, dimV1707__.70 =n, dimV17170,_.70 = 571(71 — 1), ding,o.,,70 = i(n — 1)(n + 2).

Note that we have adopted the standard convention that a trailing sequence of zeros in the indices
contains as many copies as is necessary to pad the entire sequence of indices to its requisite length.
We begin by showing that the flag manifold may be equivariantly embedded in S?(R™).

Proposition 3.2 (Flag manifold as equivariant submanifold). Let 0 =: ky < k1 < -+ < k, <
kpy1 = n be integers. Then Flag(ki, ..., ky, R™) may be embedded as an SO, (R)-submanifold of
Vao..0~ S3(R™).
Proof. Let 0 = kg < k1 < --- < kp < kpy1 = n be integers and

nip1 =kiv1 — ki, i=1,...,p.
Let a1 > --- > ap, > 0 be real numbers and

n1a1 + -+ Npay

Apt1 = —
p+ —_—
Write a = (a1, ...,ap11), == (n1,...,np+1), and consider the block diagonal matrix
alfnl 0 v 0
Ioz,u - O a2{n2 . O S Rnxn.
0 0 o app1lng, .,

Since tr(I,,) = 0, we have I,, € S3(R"). Since SO, (R) acts on S?(R") by conjugation and the
stablizer of I, is S(Op, (R) x - x Oy, (R)), we have
{Q10,,Q" € S2R™) : Q € SO (R)} = SOL(R)/S(Opy (R) X -+ x Op, ., (R))
= Flag(k1, ..., kp, R")
by (4). Since the first set is contained in S2(R"), we obtain an embedding ¢ of Flag(ky, ..., kp,n)
into S?(R™). The SO, (R)-equivariance of ¢ follows from that of o1, 3,6, a routine verification. [J

The requirement that n > 17 for our next result is to ensure that 2L(*=1/2) > (n—1)(n+2).
As the remaining results in this section all depend on the next one, this mild requirement will
propagate to those results too.

Lemma 3.3. Let n € N with n > 17. Let V be an irreducible SO, (R)-module with dimgpV <
3(n—1)(n+2). ThenV =V, for some

_ {(m,...,uml,m eEN™  ifn=2m+1,

9
) (11, -y om—2,0,0) € N if n. = 2m.
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Proof. Note that V® C is an SO, (C)-module, but it may not be irreducible. Let
Ve C=gu,™
o

be its decomposition into irreducible SO, (C)-submodules U, as described in Section 2, with p,,
the multiplicity of U,. For any U, in the direct summands above, we must have dimc U, <
F(n—1)(n+2).

We may express the half-integer sequence p as a nonnegative integer combination of fundamental
weights 4 = cjw1 + -+ + cmwp. If n=2m +1 > 17 and ¢,, > 0, then

1
dimc U, > dim¢ U,,,, = 2™ > i(n —1)(n+2),

where the equality is by (8) and the last inequality is the reason for requiring n > 17. Similarly, if
n=2m > 17 and ¢, > 0 or ¢,,_1 > 0, then

1
dime U, > dime U,,, = dim¢ Uy, , = 2" > S =10 +2)

where again the equality is by (8). In either case, we have a contradiction to dim¢ U, < (n —
1)(n +2). Hence we obtain

_Jawr + -t emo1wWm_1 ifn=2m+1,
ciwi + -+ ep_2wm—2 if n = 2m,

and therefore (9), with an application of (7). It follows from Proposition 2.1 that U, =V, ® C for

some irreducible SO, (R)-submodule V,,. Since V is also irreducible, we must have V =V,. O
The next lemma is a key ingredient for our main result of this section. In its proof, we adopt
the standard shorthand for repeated ones in the indices: 19 :=1,...,1 for any ¢ € N.
H/._/
q copies

Lemma 3.4. Let n € N with n > 17. Then the only irreducible SO, (R)-modules of dimensions
strictly smaller than 1(n —1)(n +2) are

Vo,...0 2R, Vip,.0 ~R", Vi10..0 = AN*(R™);
and the only irreducible SO, (R)-module of dimension ezactly (n —1)(n+2) is
V2707_"70 ~ Sg(R”)
Proof. Let n € N and m := |n/2|. Let fp, : {z e R™ : 2y > --- > x,,} — R be defined by
Ti—Tj—t1+]
non ik e
1<i<j<m J—1 1<i<j<m n—t1—)

ritxjtn—i—7j

ifn=2m+41,

falars. o am) = . o
r,—x;j—t1+jrit+xij+tn—1—

— — if n =2m.
1<i<j<m J—1 n—1—7

So for any non-increasing sequence of half-integers p = (p1, - . ., fim), fn(pt) is exactly the expression
in (6). Therefore f,(1) = dimc U, for any irreducible SO, (C)-submodule U,. Let & be such that
Tpy1 =" =Ty, =0 < zg. For any § € R with 0 < d < xg, let y € R™ be given by

y=(zr1—0,...,2p —9,0,...,0).
By its definition, f,(x) only depends on z; — x; and z; + x; for any 7,5 € {1,...,m}. So
Yi— Y ST —Tj, Yi T Y ST+ T
for any 7,5 € {1,...,m} and strict inequality must hold for some (i, 7). Hence f,(y) < fn(x).
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Let V be an irreducible SO, (R)-module of dimension at most 3(n — 1)(n + 2). By Lemma 3.3,
V =V, for some p as in (9). Proposition 2.1 assures that f,(¢) = dimg V,. In particular, if
w= (1, 1k, 0,...,0) and pg > 0, then

(10) dlmV,U« = fn(lu’) > fn(lu’l - ]-a ceey Mg — ]-a 07 v 70) = dimvm—1,...,%—1,0,...,0-

As dimVyg o = %(n —1)(n+2), if p1 — po > 2, then dimV, > dimVyy . o by applying
(10) recursively. We claim that equality holds if only if x = (2,0,...,0). Suppose not and we
have 1 > 3. If pp > 1, then (10) applies to give dimV, > (n — 1)(n +2). If p = 0, then

w=(u1,0,...,0) and by (6),
<1+ 24 )(”_3+‘”> if n = 2m+1,
n—2 G}

—3
<1+ adl )(” +’“> if n = 2m.
m—1 M1

In either case we get dimV,, > (n —1)(n +2) as p; > 3 and n > 17. Therefore if dimV,, =
2(n —1)(n+2), then = (2,0,...,0).

If dimV, <dimVsg o, then 1 —puz =1 or 0. We consider the two cases below.

CASE I. pig — o = 1: In this case p = (p1,p1 — Lpsy ooy pim). If 1 — pu3 > 2, we have a
contradiction:

dlmV“ = dlmV,ul,O,...,O =

dimVu > dimVQ,l,O,...,O > dimV2,07,,,70.

As before, the first inequality comes from applying (10) recursively and the second is by a direct
calculation — all similar inequalities below are obtained using this same recipe. If 1 — ug = 1 and
w3 > ug + 1, we have a contradiction:

dim V), > dim Vy, - pg41, —p5,1,0,..,0 = dim Va110,..0 > dim Voo, 0.

IR Rt ]

If pp —p3 =1and pg = -+ = pg > pg41 for some m > g > 4, then p = (1,0,...,0) or otherwise
we have a contradiction:

dlmVM > dimVHI_Nq+1al$1_l1q71q72707---70 = dimV271q71,0,_”70 > dimV2707._,70.

CASE II. pg — pg = 0: In this case p = (p1, 1, 43, -« -5 o) If 1 — p3 > 1 and pus — pg > 1, we
have a contradiction:

dim Vy, 2> dim Vi — g, —pa s —pa.0

---------

If g —p3 > 1 and p3 = prg > pg+1 for some m > ¢ > 4, then pp = (1,1,0,...,0) or otherwise p1 > 2
and we have a contradiction:

dimVy, 2> dim Vi —pgs g —g1sestig—ta+1,050
> dimVy, 1 —pgt1,10-2,0,0 = dim Va0

If p1 = prg > pg+1 for some m > g > 3, then p = (0,...,0) or otherwise we have a contradiction:
dimVy, > dimVy, —png—pga,0,.,0 = dimViag o > dim Voo 0.
Hence the only possibilities are V,, = Vg o, V10,0, 0r Vi 10, 0. L]

We now show that with the possible exceptions of some low-dimensional cases, the SO, (R)-
equivariant embedding in Proposition 3.2 has the lowest possible ambient dimension.

Theorem 3.5 (Minimal equivariant embedding of flag manifolds). Let 0 = ko < k1 < --- < kp <
kp1 = n be integers with n > 17. Let V be an SO, (R)-module of the smallest dimension such that
Flag(ki,. .., kp,R™) is an SO, (R)-submanifold of V. Then V ~ SZ(R™).
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Proof. By Proposition 3.2, we know that Voo o~ SZ(R") serves as an ambient space of dimension
%(n —1)(n+2) in which Flag(ki, ..., ky, R") equivariantly embeds. Let € : Flag(k1, ..., kp,n) =V
be an SO, (R)-equivariant embedding where V has the lowest possible dimension and V % Vg .
We will derive a contraction.

By Proposition 3.2, we must have dimV < dimVyo o = %(n —1)(n 4+ 2). We have assumed
that V % Va0 o; so by Lemma 3.4, a decomposition of V into irreducible SO,,(R)-submodules
must take the form

V= VS‘%?.,O @ V?,g,..,o ©® V%,o...,m

where a, b, c € N satisfy
1
a—i—bn—i—c(Z) < (n=1)(n+2).

We claim that a = 0. Consider the projection my : V. — Vg.i.cfﬂo. Since ¢ and 7y are SO, (R)-
equivariant, SO, (R) acts on Flag(ky, . .., k,, R") transitively, and V__ o is the trivial representation,
mo o € must be a constant map. Thus € — 7y o € is an equivariant embedding of Flag(k1, ..., ky, R")
into the ambient space V?i(b)...,o ® V?(lj,o...,()v which has dimension lower than V unless a = 0.

We must also have ¢ < 1 since
(n—=1)(n+2) n+2

< = < 2.
€= n(n—1) n

If ¢ = 1, consider the map 711 o€ : Flag(ki,...,kp,n) = Vi 1.0 where w11 : V= Vy 10 0 is the
projection. Since 7y 10¢ is SO, (R)-equivariant and SO, (R) acts on Flag(ki, ..., kp, R"™) transitively,
for any (W; C--- C'W,) € Flag(k,...,kp, R"), we must have

mee(Flag(ki, ..., kp, R")) = {QA0Q" : Q € SO, (R)},
where Ag :=m110e(Wy C--- CWp) € Vi19..0. If Ag =0, then 7 o€ is the zero map, leading
to the conclusion that ¢ is an SO, (R)-equivariant embedding of Flag(ki, ..., k,, R™) into V?&.,O?
and thereby contradicting minimality of V. Hence Ag # 0. In which case

Stab(Ag) = {Q € SO, (R) : QAoQ" = Ap} 2 S(Op, (R) X - x Oy, (R))
and so the identity component of Stab(Ay),
Go 2505, (R) x - -+ x SOy, (R).

We may assume that Ap is in its normal form [18]

-Jl o ... 0
0 J2 0
AO _ . ' . c Ran,
_0 o -.-- Jp+1
where for i = 1,...,p,
[0 Nl . )
J = idm; c R2mp<2m27
‘ __)‘ilmz‘ 0 :|

with Ay > --- > X, >0 and mq,...,m, € N satisfying
2my + - - - + 2m,, = rank(Ag) = 1.

If n > r, then the bottom right block J,41 € RM=7)x(n=7) i5 set to be the zero matrix.
A direct calculation shows that

Go = { [{) 3} Ve SOn_T(R)} 50, (R) % -+ x SO, (R)
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if and only if

pt+l=>r+1, np=---=n; =1
Now observe that for any V' € Oy, ,, (R) with det(V) = —1, the matrix
I,.» 0 0 O 0
0 1 0 O 0
0 0 -1 0 0 € S(O1(R) x - -+ x O1(R) x Oy, (R) x - -+ x Oy, (R))

0 0 0 V 0
0 O O 0 ]ﬁ—r—nFH

but is not in Stab(Ap). This yields the required contradiction.

It remains to consider the case V = V?S...,Q ~ R™*®. The action here is SO, (R) x R™** — R*F
(Q,Y) — QY. Since ¢ is SO, (R)-equivariant, 0 ¢ ¢(Flag(k,...,kp,R™)). Given a nonzero Y €
R™*? of rank ¢ > 0,

T copies

Stab(Y) = {Q € SO,(R) : QY =Y} ~ S0, _,(R),
from which it follows that S(Oy, (R) x --- x O, (R)) € Stab(Y'), a contradiction. O

In general, the isospectral model in (1) is a submanifold of S*(R™) but it can always be moved
into S2(R™) by a translation. We will call an isospectral model that sits inside S2(R™) a traceless
isospectral model. In Proposition 3.7, we will see that they give exactly the minimal equivariant
embedding in Theorem 3.5.

Proposition 3.6 (Traceless isospectral model). If ¢ : Flag(ky, ..., ky, R") — S*(R") is an SO, (R)-
equivariant embedding, then there exist an SO, (R)-equivariant embedding e, : Flag(k, ..., ky,R") —
S2(R™) and c € R such that € = ¢, + ¢, i.e.,

E(Wl - -"QWP)ZEO(Wl Q---Q\Wp)—i—c[
for any (Wy C--- CW,) € Flag(ki, ..., kp, R™).
Proof. The decomposition of S*(R™) into irreducible SO, (R)-submodules is simply
(11) S*(R™) = RI & S2(R™) ~ V.0 ® Vag..0.
It is clear that any SO, (R)-equivariant embedding of Flag(ky, ..., k,, R") in S%(R™) admits a de-
composition that is compatible with (11). O

The traceless isospectral models are the unique models with the lowest possible ambient dimen-
sion alluded to in Theorem 3.5.

Proposition 3.7 (Minimal equivariant matrix model). Let 0 =: ko < k1 < --- < kp < kpq1 :==n be
integers andn > 17. IfV is an SO, (R)-module of the lowest dimension such that Flag(ki, ..., kpy, R™)
is an SO, (R)-submanifold of V, then there is an SO, (R)-module isomorphism V ~ S2(R™) and dis-
tinct a1, ...,ap11 € R with

P

Z(ki—i-l —ki)ai1 =0

i=0
such that the following diagram commutes:

\% = » Vao..0 = S3(R™)
Flag(k1,. .., kp, R") ———— Flagy, . api, (K1, kp,n)

where Flag,, ki,...,kp,n) is as defined in (1).

qap+1(
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Proof. The existence of an SO,,(R)-module isomorphism ¢ : V. — V3 ¢ is guaranteed by Theo-
rem 3.5. The inclusion map ¢ : Vo .. 0 — S%(R™) is obviously an injective SO, (R)-module homo-
morphism. Given an SO,,(R)-equivariant embedding ¢ : Flag(ki, ..., kp, R") — V, composing these
three maps gives an SO, (R)-equivariant embedding

vopoe: Flag(ky,..., ky, R") — S2(R").

The equivariance of ¢ o ¢ o & implies that the image of ¢ o ¢ o e is an SO, (R)-orbit of a diagonal
matrix diag(ailn,, ..., apy1ln,,,) for some distinct ay,...,ap41 € R, thus

Lopo E(Flag(kb cee kpa Rn)) = Fla‘gal,...,aerl (kla BRI kp7 n)
Since Va0 ~ S2(R"), any X € topoe(Flag(ky,..., kp,R™)) is traceless and so a1, ..., ap+1 must
satisfy Zf:o(ki-i-l — ki)aiﬂ = tr(X) =0. O

Proposition 3.7 requires n > 17 as its proof depends on Theorem 3.5. Every other result in this
section holds true irrespective of the value of n.

As an addendum, we state an analogue of Theorem 3.5 for the Stiefel manifold V(k,R"™) of
orthonormal k-frames in R"™.

Proposition 3.8 (Minimal equivariant embedding of Stiefel manifolds). Let k,n € N, n > 17, and
k< (n—1)/2. Let V be an SO, (R)-module of the smallest dimension such that V(k,R"™) is an

SO, (R)-submanifold of V. Then V ~ V?,Ig...,o ~ Rk,

Proof. Since the usual model V(k,n) = {Y € R™* . YTY = I} for a Stiefel manifold is an
SO, (R)-submanifold of V?g.‘.,o ~ R™* it remains to rule out dimV < kn as a possibility. We
have assumed k < (n —1)/2, so kn < dimVy 1. 0. Suppose dimV < kn. Then by Lemma 3.4,
V= VS’%?.,O EBV?SMO for some nonnegative integers a, b such that a 4+ bn < kn. The same argument

in the proof of Theorem 3.5 yields that a =0 and V = V?,g...,o ~ R™ For any Y € R"*,
Stab(Y) = {Q € SO,(R) : QY =Y} ~ SO, _4(R),

where ¢ := rank(Y) < b < k. Hence Stab(Y) # SO,,_;(R) and it is not possible for V(k,R™)
SO, (R)/SO,,_x(R) to be an SO, (R)-submanifold of V.

1R

4. CONCLUSION

The classical embeddings of Whitney, Nash, and Mostow—Palais embed a manifold in R™. The
key to our effective bounds in this article is that we embed our manifold in R™*". While they
are no different as vector spaces, R™*™ ~ R™" matrices are endowed with far richer structures —
we may multiply or decompose them; impose orthogonality or symmetry on them; calculate their
determinant, norm, or rank; find their eigen- or singular values and vectors; among a myriad of yet
other features.

This is not unlike group representation theory where we embed an abstract group into a matrix
group; the parallel here is that we embed an abstract manifold into a manifold of matrices. While
group representation theory permeates every area of pure mathematics, such “manifold represen-
tation theory” has, as far as we know, only been popular in computational mathematics. We hope
that our work here shows that it can be useful for investigations in pure mathematics too.
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