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The Ubiquity of Semidefinite
Programming

Max Cut [GW'95]
Balanced Partitioning [ARV'04]

dx(t)/dt = Ax(t)
Control Theory

SDP

(aC -b) A(aC c)AE (aCb)A (-cCb)
1 0 O O 1 1 0O 1 Graph Coloring

[KMS'98, ACC'06]
Constraint Satisfaction [ACMM'05]



Algorithms for SDP
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Combinatorial, e
Primal-Dual algorithms
:

- Reduction fo eigenvectors
» poly(1/¢) dependence on ¢, limits
applicability (e.g. Sparsest Cut)



Primal-Dual algorithms for LP:
Multicommodity Flows

nit capacities

i

Objective: Maximize total flow,
while respecting edge capacities



Primal-Dual algorithms for LP:
Multicommodity Flows

, O~=Lr¢ o = Edge weights w, = 1

1 = Repeat until some e reaches
i 1 1 capacity:
T ® 1 = Find shortest path p
. . ® = Route ¢%/log(m) flow on p
1 , . = Update w, forall e € p as
@ \ w, — w, - (1+¢)
'@ = Output flow.

Thm [6K'98]: Stops in O(m) rounds with_
(1 - 2¢)-OPT flow. Total running time is O(m?).




Primal-Dual algorithms for LP:
Multicommodity Flows
r A

1. Primal-Dual algorithm | = [Edge weights We]: 1

= Repeat until some e reaches
capacity:

2. Combinatorial A= Find[shor--res-r pa-rh]p

= Route £2/log(m) flow on p
= Update w, foralle € pas

3. Multiplicative

Weights Update Rule L &e = w - (I+ 8)]
L ) = Output flow.

Thm [6K'98]: Stops in O(m) rounds with_
(1 - 2¢)-OPT flow. Total running time is O(m?).




m Starting point for our work:
Analogous primal-dual algorithms for SDP?

m Difficulties:
s Positive semidefiniteness hard to maintain

= Rounding algorithms exploit geometric structure (e.g.
negative-type metrics)

= Matrix operations inefficient to implement

m Our work: a generic scheme that yields fast,
combinatorial, primal-dual algorithms for various
optimization problems using SDP



Our Results: Primal-Dual algorithms

Problem Previous best: Our alg.: Our alg.:
O(Vlog n) apx | O(\log n) apx | O(log n) apx

Undirected O(n?) O(n?) B(m + nt5)

Sparsest Cut [AHK'O4]

Undirected O(n?) O(n?) O(m + nL5)

Balanced Sep. | [AHKOA4]

Directed O(n*5) O(ml5 + n2+) B(mt5)

Sparsest Cut

Directed O(n*9) O(ml5 + n2+) B(mt5)

Balanced Sep.

Min UnCut O(n*5) O(nd) _

Min 2CNF O(n*9) O(nmi5 + n3)

Deletion




Our Results: Primal-Dual algorithms

Problem Previous best: Our alg.: Our alg.:
O(Vlog n) apx | O(\log n) apx | O(log n) apx
Undirected O(n?) O(n?) O(m + nl5)
Sparsest Cut [AHKO4]
=
Qannof be
achieved by
LPs evenl
\— _/




Our Results: Near-linear time
algorithm for Max Cut

0 5(n + m) time algorithm to approximate Max Cut SDP
to (1 + o(1)) factor

= Previous best: 5(n2) time algorithm by Klein, Lu '95



Prototype MW for LPs: Winnow [L'88]

a-X =9
a, - x > -® Thm: Finds x in O(p?log(n)/52)
7 X > @ i’rera‘rions—.
2 6 p = max;; |a;
> x. =1

- MW for LP: A X
Init: x = (1/n, ..., 1/n) —[ Syl ]

Update: .
Xp- X exp(—s a )/(D Find i s.t. a, - X< -0

\?\) norm
MW algorithm: boosting,

hard-core sets, zero-sum
games, flows, portfolio, ...

a.

Convex comb. of constraints allowed:
> Y;ia -Xx<-3, wherey, >0, 2>y, =1

Hence Primal-Dual.




Prototype Matrix MW for SDPs

Al o X Z _®
Aze X 20 Thm: Finds X in O(p2log(n)/s?)
' . iterations.
An o X 20 p = max; || A
X0
Tr(X) =1
[ Matrix MW for SDP: ) .

Init: X =I/n = Oracle
Update: Findi, st A e X< -5
X'= exp(-e 2y A )/@ <{mmmmm—— ' i
® = norm. factor

y A, /

\ Convex comb. of ﬁons‘rmin’rs allowgd:
Analysis uses @ 2;Yi AeX <-5, wherey; >0, 2y =1
as potential fn. Hence Primal-Dual.




The Matrix Exponential

ate.

U
sz

'exp("8 Z:Jrszl Ais)

KMa’rr'ix MW for SDP:\
Init: X = I/n

/ O

® = norm. factor
\_ Y,

Matrix exponential:
exp(A)=I+ A+ A?/21 + A3/3l + ..

Always PSD: exp(A) = O

Golden-Thompson inequality:
Tr(exp(A+B)) < Tr(exp(A)exp(B))

Computation:
m O(n3) time
= Usudlly, can use J-L lemma

= Only need exp(A)v products:
O(m) time



Approximation via SDP Relaxations

Reduction
0-1
Zx Quadratic
Input Program
v/ |
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Primal-Dual SDP Framework

Reduction

0-1
Quadratic
Program

Input
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| |

| Roundmg : Relaxation

| Algorl’rhm :

: Vo : v

Vi
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Approximating Balanced Separator

G=(V, E)
m Cut (S, S') is c-balanced if
|S], |S'| > ¢cn

s Min c-Balanced Separator: c-
balanced cut of min capacity

= Numerous applications:
= Divide-and-conquer algorithms
= Markov chains
S = Geometric embeddings
= Clustering
= Layout problems



SDP for Balanced Separator

G=(V, E)

zllvi - vi|[2 = O'if i, j on same side,
= 1 otherwise
SDP:
: 1
min 2 ; c g 21lvi - v;l°

Vit [Jvif|# = 1
Vijki [[vimvil|® + [[vimvidl|® = [lvimvil 2
Y 5 =lvi = vl = e(l-c)n?



Implementing Oracle

\ .
| Pmma|1:
min Zi,j i\ VJ'||2
Vit [|v2 = 1
S/ ViJk IVimv; 12+ [[Vimvid[2 = [|vimvid
\ 2§ v, - v ||2 > ¢(1-c)n?

Thm: Given v, a:
1. Max-flow = desired flow or cut of

value O(log(n)-a). b
2. Multicommodity flow = desired flow
or cut of value O(Nlog(n)-av).




Conclusions and Future Work

m Matrix MW algorithm: more applications in
= Solving SDPs: e.g. Min Linear Arrangement
= Quantum algorithms: density matrix is a central concept

= Learning: e.g. online variance minimization [WK COLT 06],
online PCA [WK NIPS'06]

= Other applications?

m Linear time algorithm for Sparsest Cut?

= Our algorithm runs in O(m + n'5) time for an O(log n)
approximation



Thank you!



	A Combinatorial, Primal-Dual Approach to Semidefinite Programs
	The Ubiquity of Semidefinite Programming
	Algorithms for SDP
	Primal-Dual algorithms for LP:�Multicommodity Flows
	Primal-Dual algorithms for LP:�Multicommodity Flows
	Primal-Dual algorithms for LP:�Multicommodity Flows
	Slide Number 7
	Our Results: Primal-Dual algorithms
	Our Results: Primal-Dual algorithms
	Our Results: Near-linear time algorithm for Max Cut
	Prototype MW for LPs: Winnow [L’88]
	Prototype Matrix MW for SDPs
	The Matrix Exponential
	Approximation via SDP Relaxations
	Primal-Dual SDP Framework
	Approximating Balanced Separator
	SDP for Balanced Separator
	Implementing Oracle
	Conclusions and Future Work
	Thank you!

