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a b s t r a c t

We study nonparametric inference of stochastic models driven by stable Lévy processes. We introduce
a nonparametric estimator of the stable index that achieves the parametric

√
n rate of convergence. For

the volatility function, due to the heavy-tailedness, the classical least-squares method is not applicable.
We then propose a nonparametric least-absolute-deviation or median-quantile estimator and study
its asymptotic behavior, including asymptotic normality and maximal deviations, by establishing a
representation of Bahadur–Kiefer type. The result is applied to several major foreign exchange rates.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Since the celebrated work of Black and Scholes (1973), sto-
chastic models driven by Brownian motions have been an active
research area in mathematical finance. See Fan (2005) for an
excellent review. Many empirical studies, however, have found
that Gaussian processes may not be adequate to capture some
important empirical characteristics (for example, leptokurtosis) of
financial data. In a pioneering work, Mandelbrot (1963) showed
that the tails of the distributions of the cotton price changes are
so extraordinarily long that it may be reasonable to assume that
the second moment is infinite. He further argued that a good
alternativemodel for cotton price changes is the stable distribution
with index 1.7, pioneering the approach of modeling financial data
with Lévy processes. See also Fama (1965) for more discussion.
Given discrete observations from a stochastic process {Xt}

driven by a Lévy process {Zt}, we are interested in recovering
certain characteristics of the Lévy process {Zt} and the data
generating mechanism behind the process {Xt}. Little is known
on statistical inference problems in this context, owing partly to
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the fact that, except for the special cases of Brownian motion
and Cauchy process, the density function of Lévy processes has
an intractable form. This problem becomes more complicated in
the high-frequency context. Aït-Sahalia and Jacod (2007, 2008)
considered this problem in a parametric setting of constant
volatility. They studied the behavior of optimal estimators via
Fisher’s information. In this paper we shall consider this problem
under a nonparametric setting.
We suppose that {Xt} is from the continuous-time model

Xt =
∫ t

0
σ(s)dZs(α), t ≥ 0. (1)

Here σ(t) is a deterministic function representing volatility, and
{Zt(α)}t≥0 is an α-stable Lévy process with index α ∈ (0, 2] con-
trolling the heaviness of the tail of Zt(α). In particular, {Zt(2)}t≥0
is a Brownian motion. For α < 2, the process {Zt(α)}t≥0 has an
infinite secondmoment, and hence model (1) may be more appro-
priate for datasets with heavy tails or jumps. Mandelbrot (1963)
and Aït-Sahalia and Jacod (2007, 2008) considered the special
case where σ(t) ≡ σ is a constant volatility. In Aït-Sahalia and
Jacod (2007, 2008), they also added another independent Lévy
process dominated by Zt(α). In comparison, we do not assume any
parametric form on σ .
Given observations, our first goal is to estimate the stable in-

dex α. The index α measures the heaviness of the underlying pro-
cess andmay serve as an indicator of whichmodel to use: α-stable
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process with α < 2 or Brownian motion. For example, small α in-
dicates the preference of the former while α close to 2 suggests
the latter. There has been an extensive literature on stable index
estimation under the parametric setting of independent and iden-
tically distributed (iid) stable random variables. See Press (1972)
for characteristic function based estimator, McCulloch (1986) for
quantile type estimator, Nolan (2001) for maximum likelihood es-
timate (MLE), and Fan (2006) for U-statistics type methods. For
other contributions, see Fama andRoll (1971), DeHaan andResnick
(1980) and references therein. Assuming that σ(t) ≡ σ in (1),
Aït-Sahalia and Jacod (2008) showed, by studying Fisher’s infor-
mation, that the optimal rate of index estimators is

√
n log(n), but

they did not give an explicit estimator. Due to the nonparametric
nature of (1), parametricmethods, for example,MLE and character-
istic function method, are not directly applicable. In this paper, we
propose a nonparametric estimator of α based on a two time scales
technique. The latter methodwas applied in Zhang et al. (2005) for
estimating integrated volatility with noisy high-frequency data. In
contrast to most aforementioned papers that essentially deal with
the special case of (1) with σ(t) ≡ 1, we consider the estimation
of α for the nonparametric model (1) without imposing any form
on σ . Interestingly, our nonparametric estimator of α achieves the
parametric

√
n rate of convergence.

After estimating α, the next natural question is the nonpara-
metric estimation of the volatility σ(t). In this paper we study the
problem of spot volatility estimation. For integrated volatility esti-
mation, Woerner (2004) adopted a power variation approach; see
also Corcuera et al. (2007). The spot volatility σ(t) itself is usually
more difficult to deal with than the integrated volatility; see Fos-
ter and Nelson (1996). If α = 2 and Zt(α) is a standard Brownian
motion, then one can use the classical Nadaraya–Watson type es-
timator via the expression ∆−1E[(Xt+∆ − Xt)2] = σ 2(t) + O(∆);
see Foster and Nelson (1996) and Stanton (1997) for least-squares
(LS) based approaches. For α < 2, since Xt does not have finite
second moment, the classical LS type methods are not applicable.
Foster andNelson (1996) pointed out that it is quite challenging yet
worthwhile to extend their results to heavy-tailed processes. Here
we propose a least-absolute-deviation (LAD) or median-quantile
regression method. For the proposed LAD estimate, we establish a
uniform Bahadur–Kiefer representation, a powerful tool for study-
ing the asymptotic behavior of the estimate. In particular, we ob-
tain the asymptotic normality and maximal deviations of the pro-
posed estimate. Finally, we point out that, since the proposed esti-
mates of α and σ(·) depend on the scaling property of stable Lévy
processes, it remains unclear how to generalize our methods to
deal with more general Lévy processes. We pose this as an open
problem.
The rest of the paper is organized as follows. Section 2 briefly

introduces stable Lévy processes. In Section 3, we propose a non-
parametric estimator of α and establish its asymptotic normality.
In Section 4, we study the nonparametric kernel median-quantile
estimate of σ(·) and its asymptotic properties. In Section 5, we il-
lustrate our method via a simulation study. Section 6 contains an
application to several major foreign exchange rates. We defer the
proofs to Section 7.

2. Stable Lévy processes

A random variable Z is said to have a symmetric α-stable
(SαS) distribution, denoted by Z ∈ G(α, c, ν), if its characteristic
function has the form

Ψ (u) = E[exp(
√
−1uZ)] = exp(−|cu|α +

√
−1νu), u ∈ R,

where α ∈ (0, 2], c > 0 and ν ∈ R are the stable, scale, and
location parameters, respectively, and

√
−1 is the imaginary

unit. Clearly, Z D
= ν + cZ∗ for a standard SαS random variable
Z∗ ∈ G(α, 1, 0). Denote by f ∗α the standard SαS density function.
By the inversion formula for characteristic functions, f ∗α (x) =
(2π)−1

∫
R exp(−

√
−1ux−|u|α)du is symmetric, bounded, and has

bounded derivatives of all orders. Let 0(t) =
∫
∞

0 x
t−1e−xdx, t > 0,

be the Gamma function. Then (see Nikias and Shao (1995)), for
x > 0,

f ∗α (x) =



(πx)−1
∞∑
k=1

(−1)k−1(k!)−10(αk+ 1)x−αk sin(kαπ/2),

α ∈ (0, 1);
1/[π(1+ x2)], α = 1;

(πα)−1
∞∑
k=0

(−1)k[(2k)!]−10[(2k+ 1)/α]x2k,

α ∈ (1, 2].

(2)

A Lévy process has independent and stationary increments.
In (1), let {Zt(α)}t≥0 be a SαS Lévy process such that Z1(α) ∈
G(α, c, 0) has SαS distribution. Then Zt(α) has characteristic
function Ψt(u) = E{exp[

√
−1uZt(α)]} = Ψ (u)t = exp(−t|cu|α).

If α = 2 and c = 1/
√
2, then {Zt(2)}t≥0 is a standard Brownian

motion. The Cauchy process corresponds to α = 1.
Suppose that we observe the process {Xt}t≥0 on the interval

[0, T ] at discrete time points 0 = t0 < t1 < · · · < tn−1 < tn = T .
For simplicity we shall only consider the case of equi-distant time
points ti = i∆n, 0 ≤ i ≤ n, and n∆n = T . Here ∆n → 0 is the
time between two consecutive observations. In practice, the time
unit is a year and hence 1/∆n represents sampling frequency. For
example, ∆n = 1/252 corresponds to daily data and T is the time
span in years. Such a framework is appropriate for high-frequency
data andmay result in quite different asymptotic behavior than the
case of∆n = ∆ for a fixed∆; see Aït-Sahalia and Jacod (2008).
Note that Z1(α) ∈ G(α, c, 0). For notational simplicity, we shall

in the following often suppress the dependence on α. For example,
we write Zt = Zt(α) and Z1 = Z1(α). We now list some useful
properties of the SαS Lévy process {Zt}t≥0.

(i) The process {Zt}t≥0 has independent and stationary incre-
ments.

(ii) For real numbers a < b and a piecewise continuous determin-
istic function g on [a, b], the distributional equivalence holds:∫ b

a
g(t)dZt

D
=

[∫ b

a
|g(t)|αdt

]1/α
Z1,

aZ1 + bZ ′1
D
= (|a|α + |b|α)1/αZ1, where Z ′1, Z1 are iid.

(iii) For all k ∈ N, E(| log |Z1||k) <∞.
(iv) For α < 2, E|Z1|p < ∞ for all p < α, and P(|Z1| ≥ x) =

O(x−α) as x ↑ ∞.

We now introduce some notation. Let [`1, `2] be an interval. For
a function g on [`1, `2], we write g ∈ Cp[`1, `2], p ∈ N, if g has
bounded pth order derivatives on [`1, `2], andwrite g ∈ Lι

[`1, `2]
with ι ∈ (0, 1] if g is uniformly Hölder continuous with exponent
ι in the sense that supu,u′∈[`1,`2] |g(u) − g(u

′)|/|u − u′|ι < ∞. In
particular, L1[`1, `2] is the set of Lipschitz continuous functions.
Denote by 1A the indicator function for an event A. For a ∈ R let
dae = min{k ∈ Z : k ≥ a} and bac = max{k ∈ Z : k ≤ a}.

3. Estimate α: A tale of two time scales

To estimate α, we shall apply a two time scales approach. The
latter method was applied in Zhang et al. (2005) for estimating
integrated volatility.
We now give a heuristic argument. Recall that n∆n = T with

fixed T . By (1), Xi∆n − X(i−1)∆n = γiWi, where



Z. Zhao, W.B. Wu / Journal of Econometrics 153 (2009) 83–92 85
γi =
[∫ i∆n

(i−1)∆n
σ α(s)ds

]1/α
, Wi = γ−1i

∫ i∆n

(i−1)∆n
σ(s)dZs,

1 ≤ i ≤ n. (3)
By the properties (i) and (ii) of stable Lévy processes in Section 2,
{Wi}1≤i≤n are iid random variables distributed as Z1.
Assume σ ∈ Lι

[0, T ], ι > 0, and inft∈[0,T ] σ(t) > 0. Simple
calculations show that

log γi =
1
α
log{∆n[σ α(i∆n)+ O(∆ιn)]}

= log σ(i∆n)+
log(∆n)
α

+ O(n−ι). (4)

By (1) and (4),

Sn :=
1
n

n∑
i=1

log |Xi∆n − X(i−1)∆n |

=
1
n

n∑
i=1

[log γi + log |Wi|]

=
1
n

n∑
i=1

log σ(i∆n)+
log(∆n)
α

+
1
n

n∑
i=1

log |Wi| + O(n−ι)

=
1
T

∫ T

0
log σ(t)dt +

log(∆n)
α

+W n + O(n−ι), (5)

in view of the approximation∆n
∑n
i=1 log σ(i∆n) =

∫ T
0 log σ(t)dt

+ O(n−ι), where

W n = n−1
n∑
i=1

log |Wi| = E[log |Z1|] + Op(n−1/2). (6)

If
∫ T
0 log σ(t)dt were known or can be estimated, then expression

(5) can be used to estimateα. However, the estimate ofσ(·)usually
involves the unknown index α itself (see Section 4). To overcome
this difficulty, we apply a two time scales technique. Assume that
n is an even integer. Write X2i∆n − X2(i−1)∆n = γ

∗

i W
∗

i , where

γ ∗i =
[∫ 2i∆n

2(i−1)∆n
σ α(s)ds

]1/α
, W ∗i =

1
γ ∗i

∫ 2i∆n

2(i−1)∆n
σ(s)dZs,

1 ≤ i ≤
n
2
. (7)

Then {W ∗i }1≤i≤n/2 are iid distributed as |Z1|. Similarly as (4) and (5),
we obtain

S∗n :=
1
n/2

n/2∑
i=1

log |X2i∆n − X2(i−1)∆n |

=
1
T

∫ T

0
log σ(t)dt +

log(2∆n)
α

+W
∗

n + O(n
−ι), (8)

where

W
∗

n = (n/2)
−1

n/2∑
i=1

log |W ∗i | = E[log |Z1|] + Op(n−1/2). (9)

Clearly, Sn and S∗n are obtained from samples with different fre-
quencies with S∗n depending only on the sub-sampling observa-
tions with even indices. Taking the difference of (5) and (8), we
obtain a natural, easy-to-use and consistent estimate of α:

α̂ =
log 2
S∗n − Sn

= α + Op(n−1/2 + n−ι). (10)

Theorem 1 provides the asymptotic normality for α̂.

Theorem 1. Let α ∈ (0, 2]. Assume that σ ∈ Lι
[0, T ]with ι > 1/2

and inft∈[0,T ] σ(t) > 0. Then, as n→∞,
√
n(α̂ − α)⇒ N(0, ς2α), (11)
where

ς2α =
α4

2(log 2)2
E
[
2 log |Z1 + Z ′1| − log |Z1|

− log |Z ′1| −
2 log 2
α

]2
<∞, (12)

where Z ′1 ∈ G(α, c, 0) is independent and identically distributed as
Z1.

An interesting and useful feature of Theorem 1 is that the
asymptotic distribution in (11) does not depend on the volatility
function σ(t). This has two implications: (i) We can construct
confidence intervals using (11) without estimating σ(t); and (ii)
Property (i) further implies that the asymptotic distribution is also
independent of the scale parameter c since we can consider the
standardized process Z∗t = Zt/c with Z

∗

1 ∈ G(α, 1, 0) and the new
volatility σ ∗(t) = cσ(t). The latter property is also easily seen
from the fact that ς2α is invariant under transformation (Z1, Z

′

1)→
(Z1/c, Z ′1/c). Therefore, in (12), we can use standard SαS random
variables Z∗1 , Z

∗
′

1 ∈ G(α, 1, 0), to get the limiting variance ς2α .
In the context of estimating stable index for iid stable random
variables, Fan (2006) adopted a similar framework and established√
n-normality. In contrast, we deal with discrete samples from the
nonparametric model (1) and yet obtain the same convergence
rate.
There is no explicit form for ς2α . In practice, we may resort to

Monte Carlo simulation scheme: generate iid standard SαS random
variables {Zi}1≤i≤N+1, and estimate ς2α by

ς̂2α =
α4

2(log 2)2
1
N

N∑
i=1

[
2 log |Zi + Zi+1| − log |Zi|

− log |Zi+1| −
2 log 2
α

]2
. (13)

For example, simulations show that, for α = 1 (standard Cauchy
random variables) ς21 ≈ 5.1, and ς

2
1.5 ≈ 25.1 for α = 1.5. Based

on Theorem 1, a 95% confidence interval for α can be constructed
as α̂ ± 2ς̂α̂/

√
n. Given a sample size n = 1000, if the estimate

α̂ = 1, then a 95% confidence interval for α is 1± 2
√
5.1/
√
1000,

or 1± 0.14. In practice, the estimate α̂ in (10) might not be in the
range (0, 2] especially for α close to 0 or 2. Then we may adopt a
truncation technique.
Recall α̂ in (10), where S∗n [cf. (8)] only depends on even indices.

Alternatively, we can define a similar estimator based on odd
indices

α̂′ =
log(2)
S ′n − Sn

, where

S ′n :=
1

n/2− 1

n/2−1∑
i=1

log |X(2i+1)∆n − X(2i−1)∆n |. (14)

It can be easily shown that α̂′ and α̂ have the same asymptotic
distribution. We combine the two estimators and propose the
following not less efficient estimator

α̃ =
α̂ + α̂′

2
. (15)

The same argument in the proof of Theorem 1 shows that
√
n(α̃−

α)⇒ N(0, ς̃2α), where

ς̃2α =
α4

(log 2)2

{
E
(
log2

∣∣∣∣Z1 + Z ′121/αZ1

∣∣∣∣)
+ 2E

(
log

∣∣∣∣Z1 + Z ′121/αZ1

∣∣∣∣ log ∣∣∣∣Z ′1 + Z ′′121/αZ ′1

∣∣∣∣)} .
Here Z1, Z ′1, Z

′′

1 ∈ G(α, c, 0) are iid. The limiting variance ς̃2α can be
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computed using a similar simulation procedure as in (13). By the
Cauchy–Schwarz inequality,

Var(α̃ − α) ≤
1
4
{Var(α̂ − α)+ Var(α̂′ − α)

+ 2[Var(α̂ − α)]1/2[Var(α̂′ − α)]1/2},

we have, by letting n → ∞, that ς̃2α = limn→∞ Var[
√
n(α̃ −

α)] ≤ ς2α . Our simulation shows that ς̃
2
α ≈ 0.65ς2α for α ∈

[1, 2] and ς̃2α/ς
2
α ∈ [0.67, 0.78] for α ∈ [0.1, 1]. For example,

ς̃2α/ς
2
α ≈ 76%, 70%, 67%, 63%, 62% for α = 0.3, 0.7, 1.0, 1.5, 1.8,

respectively.

4. Nonparametric median-quantile estimation of σ

In this section we assume that the index α is known, otherwise
we apply the method in Section 3 to estimate it first. We study the
nonparametric least-absolute-deviation (LAD) or median-quantile
regression estimate of σ(t). See Koenker (2005) for an overview of
quantile regression.
Recall model (1). Without further constraints the volatility σ(t)

is not identifiable, because for any λ > 0, (λσ(t), Zt(α)/λ) is
also a solution. To ensure identifiability, we impose a quantile
assumption on the process {Zt := Zt(α)}t≥0 and hence the scale
parameter c. For a random variable ε denote its median byQ(ε) =
inf{t : P(ε ≤ t) ≥ 1/2}. For the rest of the paper we always
assume that Q(|Z1|) = 1 or equivalently Z1 ∈ G(α, c, 0) with
c = 1/Q(|Z∗1 |), where Z

∗

1 ∈ G(α, 1, 0) is a standard SαS random
variable. The requirementQ(|Z1|) = 1 can always be satisfied after
proper scaling.
We now illustrate the intuition of the median-quantile

estimator of σ(t), t ∈ (0, T ). Assume that σ ∈ C1[0, T ]. By (1)
and property (ii) of stable Lévy processes in Section 2,

Xt+∆n − Xt =
∫ t+∆n

t
σ(s)dZs

D
=

[∫ t+∆n

t
σ α(s)ds

]1/α
Z1. (16)

Hence, by the assumptionQ(|Z1|) = 1, we have as∆n → 0 that,

Q(∆−1/αn |Xt+∆n − Xt |) =
[ 1
∆n

∫ t+∆n

t
σ α(s)ds

]1/α
= σ(t)+ O(∆n). (17)

Therefore, we can use the local sample median of observations
∆
−1/α
n |Xs+∆n−Xs|with s ≈ t to estimateσ(t). Note that themedian

Q(ε) of ε is a solution to theminimization problem argminθE(|ε−
θ | − |ε|). Here, we put |ε| into the expectation to guarantee that
||ε − θ | − |ε|| ≤ |θ | always has a finite expectation. Thus, by
applying the kernel method, we propose the following estimate of
σ(t):

σ̂bn(t) = argminθ
n∑
i=1

∣∣∆−1/αn |Xi∆n − X(i−1)∆n | − θ
∣∣

× Kbn(i∆n − t), (18)

where Kbn(u) = K(u/bn), K is a kernel function and the bandwidth
bn ↓ 0 and nbn →∞.
Unlike least-squares methods, there is no explicit form for

σ̂bn(t). In Theorem 2, we establish a Bahadur–Kiefer type
representation for σ̂bn(t). The latter result provides a deep insight
into the asymptotic properties of σ̂bn(t) by approximating it by a
linear form.

4.1. Uniform Bahadur–Kiefer type representation for σ̂bn

Under the above setting, denote by Fα and fα = F ′α the distri-
bution and density functions of |Z1| = |Z1(α)|, respectively. Since
Q(|Z1|) = 1, Fα(1) = 1/2. Recall the standard SαS density f ∗α in (2).

Since Z1
D
= cZ∗1 with Z

∗

1 ∈ G(α, 1, 0) and c = 1/Q(|Z∗1 |), we have

fα(x) = 2f ∗α (x/c)/c, x ≥ 0, (19)

where c = 1/Q(|Z∗1 |) is uniquely determined by
∫
∞

1/c f
∗
α (x)dx =

1/4. There are no explicit forms for c, fα, f ′α and one may use their
numerical approximations.
Before we present our results, we need to impose regularity

conditions on K and σ . The conditions on K are mild and they are
satisfied for rectangle, Epanechnikov, triangle, Parzen and many
other popular kernels.

Definition 1. Let Kω, ω > 0, be the set of kernels which are
bounded, symmetric, and have bounded support [−ω,ω] with
bounded derivatives. Let ψK =

∫
R u
2K(u)du/2 and ϕK =

∫
R K

2

(u)du, K ∈ Kω .

Condition 1 (Regularity Conditions). Assume σ ∈ C4[0, T ] and
inft∈[0,T ] σ(t) > 0.

Theorem 2. Assume K ∈ Kω , ω > 0, and Condition 1. Further
assume that the bandwidth bn satisfies bn+(log n)/(nbn)→ 0. Then:

(i) We have the following uniform consistency:

sup
t∈[ωbn,T−ωbn]

|σ̂bn(t)− σ(t)| = Op
{
b2n +

[ log n
nbn

]1/2}
. (20)

(ii) The following Bahadur–Kiefer representation holds

σ̂bn(t)− σ(t) = −
σ(t)
fα(1)

Qbn(t)+ b
2
nψKρσ (t)+ Op(Rn), (21)

uniformly over t ∈ [ωbn, 1 − ωbn], where Yi = Yi,n = ∆
−1/α
n

|Xi∆n − X(i−1)∆n |,

ρσ (t) = σ ′′(t)− [2+ f ′α(1)/fα(1)][σ
′(t)]2/σ(t),

Qbn(t) =
∆n

bn

n∑
i=1

{1Yi≤σ(t) − E[1Yi≤σ(t)]}Kbn(i∆n − t),

Rn = b4n +
[ log n
nbn

]3/4
+

[bn log n
n

]1/2
. (22)

The statement (20) asserts that the estimate σ̂bn is uniformly
consistent provided that the bandwidth satisfies the mild condi-
tion bn → 0 and log n = o(nbn), which is only slightly stronger
than the natural condition bn → 0 and nbn → ∞ in clas-
sical nonparametric estimation problems. In (22), if we use the
Mean Squared Error (MSE)-optimal bandwidth bn � n−1/5 (see
Theorem 3), then the error bound is Op[n−3/5(log n)3/4].
For α < 2, the second moment is infinite and the cla-

ssical least-square type methods are not applicable. Our LAD
or median-quantile approach provides a useful alternative. The
Bahadur–Kiefer representation (21) linearizes σ̂bn(t) − σ(t) by
approximating it by b2nψKρσ (t) − σ(t)Qbn(t)/fα(1). The latter is
easier to deal with, due to its additive structure. Such an expansion
provides a powerful tool for studying the asymptotic behavior of
σ̂bn . The following theorem can be used to construct point-wise
confidence interval for σ(t).

Theorem 3. Assume that the conditions in Theorem 2 are satisfied
and

nb9n +
(log n)3

nbn
→ 0. (23)

Let ρσ be as in Theorem 2. Then for each fixed t ∈ (0, 1), we have the
convergence
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Nt :=
2fα(1)
σ (t)
√
ϕK

√
bn/∆n[σ̂bn(t)− σ(t)− b

2
nψKρσ (t)]

⇒ N(0, 1). (24)

Moreover, for distinct values t1, t2, . . . , tk ∈ (0, 1), Nt1 ,Nt2 , . . . ,Ntk ,
are asymptotically independent standard normals.

By Theorem 3, the MSE-optimal bandwidth bn � n−1/5. For
this optimal bandwidth, condition (23) is satisfied and the speed
of convergence in (24) is of order n2/5. In general, let bn � n−β ,
then (23) holds for β ∈ (1/9, 1).
Theorem 4 presents a maximal deviation type result for σ̂bn .

In the context of kernel density estimation, Bickel and Rosenblatt
(1973) obtained a very deep maximal deviation result. Since then
various results of maximal deviation type have been established
under different settings; see Eubank and Speckman (1993) for
independent data and Wu and Zhao (2007) and Zhao and Wu
(2008) for time series. As demonstrated in these works, such
maximal deviation result can be used to construct simultaneous
confidence band for σ(·). The latter can be used to justify claims
on the overall pattern of σ(·), such as whether it is indeed time-
varying.

Theorem 4. Assume that the conditions in Theorem 2 are fulfilled and
K ∈ Kω ,ω > 0. Let mn = d(2ωbn)−1−1e and Tn = {ωbn+2jωbn :
j = 0, 1, . . . ,mn − 1}. For n ≥ 2 let

Bn(z) =
√
2 log n−

1
√
2 log n

[1
2
log log n+ log(2

√
π)
]

+
z

√
2 log n

. (25)

Further assume that

nb9n log n+
(log n)3

nb3n
→ 0. (26)

Then for all z ∈ R,

lim
n→∞

P
{
2fα(1)

√
bn/∆n

√
ϕK

sup
t∈Tn

|σ̂bn(t)− σ(t)− b
2
nψKρσ (t)|

σ(t)

≤ Bmn(z)
}
= e−2e

−z
. (27)

Condition (26) imposes constraints on the bandwidth bn. The
first part nb9n log n → 0 controls the bias and the second part
(log n)3/(nb3n)→ 0 ensures the validity of the moderate deviation
principle (see the proofs in Section 7). If bn � n−β for some β ∈
(1/9, 1/3), then (26) holds. In particular, β = 1/5 corresponds to
the optimal bandwidth.
In (21), the bias term b2nψKρσ (t) contains unknown derivatives

of σ(t) and is difficult to estimate. To overcome this difficulty, we
propose using

σ̃bn(t) =
σ̂ 2bn(t)

σ̂√2bn(t)
. (28)

By (21), the asymptotic bias of σ̃bn(t) − σ(t) is of order O(b
4
n).

Another bias-correction technique is to use a fourth order kernel
K so that ψK =

∫
R u
2K(u)du = 0; see Wu and Zhao (2007).

An unpleasant problem of the latter approach is that the resulting
estimator σ̂bn may be negative. In contrast, our bias-corrected
estimator σ̃bn is always non-negative.

5. A simulation study

In this section we shall conduct a simulation study to access
the performance of our stable index estimator α̃ in (15) and the
Fig. 1. Boxplots for the estimates of α = 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6 and
1.8 with 200 realizations.

bias-corrected median-quantile estimator σ̃bn in (28). We use the
program STABLE from J. P. Nolan (http://academic2.american.edu/
∼jpnolan) to generate stable random variables.
In model (1), let σ(t) = 0.5 + 0.3 cos(t). To access the

performance of α̃ for different values of α, we choose α =
0.2, 0.4, 0.6, . . . , 1.6, 1.8. For each value of α, we generate 200
realizations from model (1) with ∆n = 1/252 (corresponding to
daily observations) and sample size n = 1500 (T ≈ 6 years) each,
obtain the estimate α̃ for each realization, and plot the boxplot for
these 200 estimates. The boxplots in Fig. 1 show that the estimator
performs reasonably well, and themedian (the solid line inside the
boxes) of those 200 estimates of α is very close to the true value of
α. Furthermore, asα increases, the estimator α̃ tends to have larger
variations, which is in good agreement with the theoretical result
in Theorem 1.
To evaluate the performance of the median-quantile estimator

σ̃bn , we fix α = 1.6 and use 4 bandwidths bn = 0.20, 0.30, 0.50
and 0.60. Fig. 2 shows that the estimated functions are very
close to the true function and they are relatively insensitive to
the choice of bandwidth bn. To further examine the influence of
misspecification of α on the estimation of σ(·), we perform our
estimation procedure with bn = 0.4 and different misspecified
values of α: 1.4, 1.5, 1.7, 1.8. Fig. 3 shows that the patterns of
the estimated curves of σ(·) are reasonably consistent under mild
misspecifications of α.

6. An application to foreign exchange rates

The dataset is obtained from http://www.federalreserve.gov/
releases/h10/hist/, the website of Federal Reserve Bank of New
York. It contains 2013 daily (weekdays) records of Canada
Dollar/U.S. Dollar noon buying rates from January 3rd 2000 to
December 31st 2007, a period of eight years. Then n = 2013,∆n =
1/252 and T = n∆n = 8 years. Denote by Xi∆n , 1 ≤ i ≤ n, the
logarithms of the exchange rates. We assume that {Xi∆n}1≤i≤n are
discrete observations from (1). When computing the differences
Xi∆n − X(i−1)∆n in (5), we subtract the overall median and use
Xi∆n − X(i−1)∆n − median(Xi∆n − X(i−1)∆n , 2 ≤ i ≤ n) so that the
new differences have median zero.

http://academic2.american.edu/~jpnolan
http://academic2.american.edu/~jpnolan
http://academic2.american.edu/~jpnolan
http://academic2.american.edu/~jpnolan
http://academic2.american.edu/~jpnolan
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
http://www.federalreserve.gov/releases/h10/hist/
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Fig. 2. Median-quantile estimates for σ(t) = 0.5 + 0.3 cos(t) in model (1) with
α = 1.6. The solid curve is the true function σ(t), the dotted, dashed, long dashed,
and dot-dashed curves correspond to the estimates σ̃bn (t) with bandwidth bn =
0.20, 0.30, 0.50 and 0.60, respectively.

Fig. 3. Median-quantile estimates for σ(t) = 0.5 + 0.3 cos(t) in model (1) with
misspecified α’s. The true α = 1.6. The solid curve is the true function σ(t),
the dotted, dashed, long dashed, dot-dashed, and two-dashed curves (from top
to bottom) correspond to the estimates σ̃bn (t) with bn = 0.4 and misspecified
α = 1.4, 1.5, 1.6, 1.7 and 1.8, respectively.

Applying the index estimator in (15), we obtain α̃ = 1.69 with
standard error 0.11. Thus, we strongly reject the null hypothesis of
the Brownian motion assumption α = 2. Furthermore, we divide
the differences Xi∆n−X(i−1)∆n−median(Xi∆n−X(i−1)∆n , 2 ≤ i ≤ n)
into two sub-periods of four years each, and the index estimates for
these two sub-periods are both 1.7, which suggests that the index
Fig. 4. Median-quantile estimate of the volatility function σ(t) for Canadian
Dollar/U.S. Dollar exchange rates. The solid, dotted, and dashed curves correspond
to σ̃bn (t)with bandwidth bn = 0.25, 0.40 and 0.60, respectively.

estimator is reasonably consistent. To estimate the spot volatility
σ(t), we use (28) with different bandwidths bn = 0.25, 0.40 and
0.60. Fig. 4 shows that the volatility changes over time and does not
seem to have a simple parametric form. Also, different bandwidths
yield quite similar volatility estimates. In what follows, we use
bn = 0.4.
Now we check the assumption that the unobservable process

{Zt(α)}t≥0 in (1) is a stable Lévy process with index α̃ = 1.69.
By (16),

∆−1/αn [Xi∆n − X(i−1)∆n ]
D
≈ σ(i∆n)Z1, Z1 ∈ G(α, c, 0).

Hence, under the null hypothesis, the estimated residuals

εi =
∆
−1/α
n [Xi∆n − X(i−1)∆n ]

σ̃bn(i∆n)
, 1 ≤ i ≤ n, (29)

are approximately iid with distribution G(α̃, c, 0), where 1/c =
Q(|Z1(α̃)|) = 0.963. We perform a Kolmogorov–Smirnov test. Let
Fε be the distribution function of G(α̃, c, 0), and consider Gn(u) =
n−1/2

∑n
i=1[1Fε (εi)≤u−u]. Under the null hypothesis that εi, 1 ≤ i ≤

n, are iid with distribution G(α̃, c, 0), the Kolmogorov–Smirnov
test statistic Gn := supu∈[0,1] |Gn(u)| ⇒ supu∈[0,1] |Bt |, where
{Bt}t≥0 is a Brownian bridge. We find Gn = 1.086 with p-value
0.189. Therefore, the null hypothesis is not rejected at 5% signi-
ficance level.
We also analyze exchange rates between other major curren-

cies and U.S. Dollar during the same time period from January 3rd
2000 to December 31st 2007. Table 1 summarizes our results. We
conclude that stable Lévy processes with index between 1.64 and
1.81 can provide a good fit to these currency exchange rates.
Nolan (2001) also used stable distributions tomodel log returns

of several exchange rates during other time periods prior to year
2000. He fitted the log returns directly and hence implicitly as-
sumed a constant volatility. The latter assumption may be prob-
lematic in practice. In fact,we find that the estimated volatilities for
the above currencies change over time. Marinelli et al. (2001) ana-
lyzed tick-by-tick (average time between quotes is about 2 min)
exchange rates between U.S. Dollar and Swiss Franc during the
period of May 20th 1985–May 20th 1987 and argued that stable
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Table 1
Stable index estimates for exchanges rates.

Currencies Stable index estimate α̃ Standard error

Australian Dollar 1.64 0.106
Canadian Dollar 1.69 0.112
Danish Krone 1.71 0.115
European Euro 1.75 0.120
Japanese Yen 1.77 0.123
British Pound 1.81 0.129
Swiss Franc 1.79 0.126

distributions offer a good fit for the distribution of log returns. Early
work byWesterfield (1977) also provided evidence in favor of sym-
metric stable distributions for exchange rates.

7. Proofs

7.1. Proof of Theorem 1

Recall the definition of γi,Wi,W n, γ ∗i ,W
∗

i andW
∗

n in Section 3
[cf. displays (3), (6), (7) and (9)]. For simplicity we only consider
the even integer n. Define

W
∗∗

n =
2
n

n/2∑
i=1

log |W ∗∗i |,

whereW ∗∗i =
W2i−1 +W2i
21/α

, 1 ≤ i ≤
n
2
. (30)

By the properties of SαS process in Section 2, W ∗∗i , 1 ≤ i ≤ n/2,
are iid distributed as Z1. By definition, simple calculations show
that γ2i−1/γ ∗i = 2

−1/α
+ O(n−ι), γ2i/γ ∗i = 2

−1/α
+ O(n−ι) and

W ∗i = W2i−1γ2i−1/γ
∗

i +W2iγ2i/γ
∗

i . Thus,

|W ∗i −W
∗∗

i | = O(n
−ι)(|W2i−1| + |W2i|). (31)

The following Lemma 1 asserts thatW
∗

n can be well approximated
byW

∗∗

n .

Lemma 1. Let conditions in Theorem 1 hold. Then
√
n(W

∗

n−W
∗∗

n ) =
op(1).

Proof. It suffices to show that nE(W ∗n−W
∗∗

n )
2
→ 0. By definition,

for each 1 ≤ i ≤ n/2, (W ∗i ,W
∗∗

i ) only depends on the increments
of {Zt} over interval [2(i− 1)∆n, 2i∆n] and hence (W ∗i ,W

∗∗

i ), 1 ≤
i ≤ n/2, are independent. We have

nE(W
∗

n −W
∗∗

n )
2
=
4
n

n/2∑
i=1

E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |≥|W∗∗i |]

+
4
n

n/2∑
i=1

E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |<|W∗∗i |]. (32)

We shall only show that the first term converges to zero since the
second term can be similarly treated. Let εn = log n. Define the
events

Ei = {|W2i−1| + |W2i| ≤ εn}, E∗i = {|W
∗∗

i | ≥ ε
−1
n },

and denote by E ci and E∗ci their corresponding complement events,
respectively. Let

In,1 =
1
n

n/2∑
i=1

E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |≥|W∗∗i |1Ei∩E∗i

],

In,2 =
1
n

n/2∑
i=1

E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |≥|W∗∗i |1Eci ∪E∗ci

].

By (31), on the event Ei, |W ∗i − W
∗∗

i | = O(εnn−ι). Notice that,
on the event E∗i , |W

∗∗

i | ≥ ε−1n . Therefore, by the inequality
0 ≤ log y− log x = log[1+ (y− x)/x] ≤ (y− x)/x for 0 < x ≤ y,
we have In,1 → 0 in view of

E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |≥|W∗∗i |1Ei∩E∗i

]

≤ E
[
|W ∗i −W

∗∗

i |
2

|W ∗∗i |2
1Ei∩E∗i

]
= O(ε4nn

−2ι). (33)

Note that P(E ci ) → 0, P(E∗ci ) → 0 and the fact that
E(| log |Z1||k) < ∞, k ∈ N, for SαS random variable Z1. Thus,
In,2 → 0 via the following Cauchy–Schwarz inequality:

{E[(log |W ∗i | − log |W
∗∗

i |)
21|W∗i |≥|W∗∗i |1Eci ∪E∗ci

]}
2

≤ E[(log |W ∗i | − log |W
∗∗

i |)
4
] × E[1Eci ∪E∗ci

] → 0,

as n→∞, (34)

entailing the desired result. �

Proof of Theorem 1. By the delta-method, it suffices to show the
asymptotic normality of

√
n(α̂−1 − α−1). By (5), (8) and Lemma 1,

we have

(log 2)
√
n(α̂−1 − α−1) =

√
n(W

∗

n −W n)+ O(n
1/2−ι)

=
√
n(W

∗∗

n −W n)+ op(1)

=
1
√
n

n/2∑
i=1

[2 log |2−1/α(W2i−1 +W2i)|

− log |W2i−1| − log |W2i|] + op(1).

Then the asymptotic normality of
√
n(α̂−1 − α−1) easily follows

from the fact that Wi, 1 ≤ i ≤ n, are iid random variables di-
stributed as Z1. �

7.2. Proof of Theorem 2

Lemmas 2–4 are needed to prove Theorem 2. Recall ∆n =
T/n = O(1/n).

Lemma 2. Let K ∈ Kω and g(u, v), u, v ∈ [0, T ], a bivariate me-
asurable function satisfying

sup
u,v∈[0,T ]

|∂kg(u, v)/∂uk| <∞, k = 0, 1, . . . , 4.

Assume that the bandwidth bn satisfies bn → 0 and nbn →∞. Then

sup
t∈[ωbn,T−ωbn]

∣∣∣∣∣∆nbn
n∑
i=1

Kbn(i∆n − t)− 1

∣∣∣∣∣ = O[(nbn)−1] (35)

and

sup
t∈[ωbn,T−ωbn]

∣∣∣∣∣∆nbn
n∑
i=1

g(i∆n, t)Kbn(i∆n − t)− g(t, t)

− b2nψK
∂2g(u, t)
∂u2

∣∣∣∣
u=t

∣∣∣∣
= O[(nbn)−1 + b4n]. (36)

Proof. By the Lipschitz continuity of K , we have, uniformly over
t ∈ [ωbn, T − ωbn],∣∣∣∣∣∆nbn

n∑
i=1

Kbn(i∆n − t)−
∆n

bn

∫ n

0
Kbn(x∆n − t)dx

∣∣∣∣∣
≤
∆n

bn

n∑
i=1

∫ i

i−1

∣∣Kbn(i∆n − t)− Kbn(x∆n − t)∣∣ dx
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≤
∆n

bn

∑
i∈I

∫ i

i−1

∣∣Kbn(i∆n − t)− Kbn(x∆n − t)∣∣ dx
= O[(nbn)−1], (37)

where I = {i ∈ N : t − ωbn ≤ i∆n ≤ t + ωbn + ∆n}
since the summand vanishes for i outside I. The expression (35)
then follows from the observation ∆nb−1n

∫ n
0 Kbn(x∆n − t)dx =∫ (T−t)/bn

−t/bn
K(u)du =

∫ ω
−ω
K(u)du = 1 for t ∈ [ωbn, T − ωbn].

The expression (36) follows from the same argument as in (35) via
Taylor’s expansion g(i∆n, t) =

∑3
k=0(i∆n − t)

k/k!∂kg(u, t)/∂uk

|u=t +O(b4n) for |i∆n− t| ≤ ωbn in conjunction with the symmetry
of K . We omit the details. �
Let Yi = ∆

−1/α
n |Xi∆n − X(i−1)∆n | be as in Theorem 2. Recall

that Fα, fα are the distribution and density functions of |Z1(α)|,
respectively, and that Fα(1) = 1/2; see Section 4. For t ∈ [0, T ]
define

Ln(s, t) =
n∑
i=1

Kbn(i∆n − t)1Yi≤σ(t)+s, (38)

Jn(s, t) = E[Ln(s, t)], s ∈ R, and

Jn(t) =
n∑
i=1

Kbn(i∆n − t).
(39)

Lemma 3. Let K ∈ Kω and Condition 1 hold. Then the following
expressions hold uniformly over t ∈ [ωbn, T − ωbn]:

Jn(0, t) = Jn(t)/2−∆−1n b
3
nψKρσ (t)fα(1)/σ (t)

+O(bn + nb5n), (40)

Jn(s, t)− Jn(0, t) = ∆−1n bns[fα(1)/σ (t)+ O(s+ b
2
n + n

−1)]. (41)

Proof. Let γi be as in (3). By Taylor’s expansion,wehave∆
−1/α
n γi =

σ(i∆n)+ O(1/n). By (16), simple calculations show that

Jn(0, t) =
n∑
i=1

P{Yi ≤ σ(t)}Kbn(i∆n − t)

=

n∑
i=1

Fα
{ σ(t)

∆
−1/α
n γi

}
Kbn(i∆n − t)

=

n∑
i=1

[Fα{σ(t)/σ (i∆n)} + O(n−1)]Kbn(i∆n − t), (42)

which entails (41) in view of Lemma 2 with g(u, v) = Fα{σ(v)/
σ (u)} and the assumption Fα(1) = 1/2. Similarly, we can derive
an expansion for J ′n(0, t) := ∂ Jn(s, t)/∂s|s=0, and the second
expression then follows from Jn(s, t) − Jn(0, t) = sJ ′n(0, t) +
O(nbns2). Details are omitted. �

Lemma 4. Let K ∈ Kω and σ ∈ C1[0, T ]. Assume that bn → 0 and
δn → 0 are positive sequences satisfying supn log n/(nbnδn) < ∞.
Then

sup
t∈[0,T ],|s|≤δn

|[Ln(s, t)− Jn(s, t)] − [Ln(0, t)− Jn(0, t)]|

= Op(
√
nbnδn log n) (43)

and

sup
t∈[0,T ]

|Ln(0, t)− Jn(0, t)| = Op(
√
nbn log n). (44)

Proof. We only prove (43) since (44) follows similarly. Without
loss of generality we consider positive s ∈ [0, δn]. Let N = bn/bnc
and si = iδn/N, ti = iT/N, i = 0, 1, . . . ,N . Then {si, 0 ≤ i ≤ N}
and {ti, 0 ≤ i ≤ N} divide the intervals [0, δn] and [0, T ],
respectively, into N subintervals. For any s ∈ [0, δn] and t ∈ [0, T ],
there exists unique j and k (j = bNs/δnc and k = bNt/Tc) such
that s ∈ [sj, sj+1) and t ∈ [tk, tk+1). Notice that |t − tk| ≤
|tk+1 − tk| = T/N . By the Lipschitz continuity of K and σ , there
exists a constant c1 such that supt∈[0,T ] |σ(t)− σ(tk)| ≤ c1/N and
supt,u∈[0,T ] |Kbn(u− t)− Kbn(u− tk)| ≤ c1/(Nbn). Write [Ln(s, t)−
Jn(s, t)]−[Ln(0, t)− Jn(0, t)] =

∑n
i=1{Di(s, t)−E[Di(s, t)]}, where

Di(s, t) = Kbn(i∆n − t)1σ(t)<Yi≤σ(t)+s,

Aijk = Kbn(i∆n − tk)1σ(tk)−c1/N<Yi≤σ(tk)+c1/N+sj+1 ,
Aijk = Kbn(i∆n − tk)1σ(tk)+c1/N<Yi≤σ(tk)−c1/N+sj .

Then Aijk − c1/(Nbn) ≤ Di(s, t) ≤ Aijk + c1/(Nbn). Consequently,

Aijk − E(Aijk)−
2c1
Nbn
≤ Di(s, t)− E[Di(s, t)]

≤ Aijk − E(Aijk)+
2c1
Nbn

. (45)

Clearly, there exists a constant c2 such that 0 ≤ E(Aijk)−E(Aijk) ≤
c2/N ≤ c1/(Nbn) for large n. Thus, by (45), we have

Aijk − E(Aijk)−
3c1
Nbn
≤ Di(s, t)− E[Di(s, t)]

≤ Aijk − E(Aijk)+
3c1
Nbn

,

which implies

Un(j, k)−
3c1n
Nbn
≤

n∑
i=1

{Di(s, t)− E[Di(s, t)]}

≤ Un(j, k)+
3c1n
Nbn

, (46)

where

Un(j, k) =
n∑
i=1

[Aijk − E(Aijk)] and Un(j, k) =
n∑
i=1

[Aijk − E(Aijk)].

Write dn = nbnδn. Since n/(Nbn) = O(1) = o[(dn log n)1/2], by
(46), it remains to show that max0≤j,k≤N |Un(j, k)| = Op[(dn log
n)1/2] and max0≤j,k≤N |Un(j, k)| = Op[(dn log n)

1/2
]. We shall only

prove the first expression since the second one follows similarly.
Because Yi has bounded density, P{σ(tk) − c1/N < Yi ≤ σ(tk) +
c1/N + sj+1} = O(1/N + δn) = O(δn), where the second equality
follows from 1/N = O(bn/n) = o(δn) in view of the assumption
supn log n/(nbnδn) < ∞. Hence, by Lemma 2, there exists a
constant c3 such that
n∑
i=1

E[Aijk − E(Aijk)]2 ≤
n∑
i=1

E(A
2
ijk) = O(δn)

n∑
i=1

K 2bn(i∆n − tk)

≤ c3dn. (47)

Here the constant c3 can be taken large enough so that |Aijk −
E(Aijk)| ≤ c3. The independent increments property of Lévy
processes entails the independence of Aijk, 0 ≤ i ≤ n. Let c > 0. By
Bernstein’s inequality (Bennett, 1962), we have

P
{
max
0≤j,k≤N

|Un(j, k)| ≥ c
√
dn log n

}
≤

∑
0≤j,k≤N

P
{
|Un(j, k)| ≥ c

√
dn log n

}
≤ 2

∑
0≤j,k≤N

exp
{
−

c2dn log n
2c3dn + 3cc3(dn log n)1/2

}
≤ 2(N + 1)2n−λ, (48)
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where λ = c2/(2c3 + 3cc3c4) and c4 = supn(log n/dn)1/2 < ∞.
The desired result then follows by choosing sufficiently large c. �

Proof of Theorem 2. Let δn = b2n + (nbn/ log n)
−1/2 and kn be a

sequence of positive numbers such that kn → ∞ and knδn → 0.
Let ωn(t) := σ̂bn(t) − σ(t). We first show that supt∈[ωbn,T−ωbn]
|ωn(t)| = Op(δn). Recall Ln(s, t) and Jn(s, t) in (38) and (39).
Because σ̂bn(t) is a solution to the minimization problem (18),
by Koenker (2005, pp. 32–33), supt∈[0,T ] |Ln(ωn(t), t)− Jn(t)/2| ≤
supt∈[0,T ]

∑n
i=1 Kbn(i∆n − t)1Yi=σ̂bn (t) ≤ supt∈[0,T ] K(t)× (maxi-

mum number of identical Yi’s) = Op(1) by the continuity of Yi’s.
Since kn → ∞, knδn → 0 and ∆n = T/n, by Lemmas 3 and 4, we
have, uniformly over t ∈ [ωbn, T − ωbn],

Ln(knδn, t)− Jn(t)/2

= Jn(knδn, t)− Jn(t)/2+ Ln(0, t)− Jn(0, t)+ Op(
√
nbn log n)

= [Jn(0, t)− Jn(t)/2] + [Jn(knδn, t)− Jn(0, t)]

+Op(
√
nbn log n)

= O(nb3n + bn)+∆
−1
n bnknδn[fα(1)/σ (t)+ o(1)]

+Op(
√
nbn log n)

= ∆−1n bnknδn[fα(1)/σ (t)+ o(1)] + op(∆
−1
n bnknδn)→∞ (49)

in view of kn → ∞, nbnδn → ∞, and inft∈[0,T ] σ(t) > 0.
Similarly, we have Ln(−knδn, t) − Jn(t)/2 → −∞, uniformly
over t ∈ [ωbn, 1 − ωbn]. Since Ln(s, t) is non-decreasing in s
and supt∈[0,T ] |Ln(ωn(t), t) − Jn(t)/2| = Op(1), we conclude that
supt∈[ωbn,T−ωbn] |ωn(t)| = Op(knδn). Since kn → ∞ can be
arbitrarily slow, we have supt∈[ωbn,T−ωbn] |ωn(t)| = Op(δn), com-
pleting the proof of (i).
To prove (ii), by (i), we have ωn(t) = Op(δn). Apply Lemmas 3

and 4 again,

Ln(0, t)− Jn(0, t)

= Ln(ωn(t), t)− Jn(ωn(t), t)+ Op(
√
nbnδn log n)

= [Ln(ωn(t), t)− Jn(t)/2] − [Jn(0, t)− Jn(t)/2]

− [Jn(ωn(t), t)− Jn(0, t)] + Op(
√
nbnδn log n)

= Op(1)+∆−1n b
3
nψKρσ (t)fα(1)/σ (t)−∆

−1
n bnωn(t)f (1)/σ (t)

+Op[
√
nbnδn log n+ nbn(δ2n + n

−1)]. (50)

The Bahadur–Kiefer representation (21) follows by solvingωn(t) in
the above equation. �

7.3. Proofs of Theorems 3 and 4

Proof of Theorem 3. Let Qbn(t) be as in Theorem 2. Note that
{Yi}1≤i≤n are independent. Under condition (23), the error term
Rn in (22) satisfies Rn

√
nbn → 0. By the Bahadur–Kiefer repre-

sentation (21), it suffices to show the asymptotic normality
for
√
bn/∆nQbn(t). The boundedness of K entails the Lindeberg

condition. By (16) and Lemma2, elementary calculations show that
(bn/∆n)Var[Qbn(t)] → ϕK/4. Then

√
bn/∆nQbn(t)⇒ N(0, ϕK/4),

and the desired result follows. �

Proof of Theorem 4. Under condition (26), we have Rn(nbn log
n)1/2 → 0. So, by Slutsky’s theorem and the Bahadur–Kiefer repre-
sentation (21), it suffices to show that

lim
n→∞

P
{
sup
t∈Tn
|Vn(t)| ≤ Bmn(z)

}
= e−2e

−z
,

where Vn(t) =
2
√
ϕK

√
bn/∆nQbn(t). (51)
Write Vn(t) =
∑n
i=1 ηi(t), where

ηi =
2

√
ϕKbn/∆n

{1Yi≤σ(t) − E[1Yi≤σ(t)]}Kbn(i∆n − t). (52)

For each fixed t ∈ [ωbn, T−ωbn], notice that {ηi(t)}1≤i≤n are inde-
pendent random variables, and in particular they form martingale
differences with respect to Fi, the sigma-field generated by {Yj}j≤i.
Since Fα(1) = 1/2, by (16) and Lemma 2, we have as in (42),
n∑
i=1

E[η2i (t)|Fi−1] =
4∆n
ϕKbn

n∑
i=1

{P[Yi ≤ σ(t)] − P2[Yi ≤ σ(t)]}

× K 2bn(i∆n − t)

=
4∆n
ϕKbn

n∑
i=1

[
Fα
{ σ(t)
σ (i∆n)

}
− F 2α

{ σ(t)
σ (i∆n)

}]
× K 2bn(i∆n − t)+ O(n

−1)

= 1+ O(rn), (53)

uniformly over t ∈ [ωbn, T − ωbn], where rn = b2n + (nbn)
−1. Ele-

mentary manipulations show that
∑n
i=1 E|η3i (t)| = O[(nbn)

−1/2
].

Let z be fixed and write Ξn = [1+ Bmn(z)]
4 exp[B2mn(z)/2][r

3/2
n +

(nbn)−1/2]. Under condition (26), Ξn → 0. Let tj = ωbn +
2jωbn, 0 ≤ j ≤ mn − 1. Denote by Ej the event {|Vn(tj)| ≤ Bmn(z)}
and by Ecj its complement event. LetW be a standard normal ran-
dom variable. By Theorem 1 in Grama and Haeusler (2006),

P[Ecj ] = [1+ O(Ξ
1/4
n )]P[|W | ≥ Bmn(z)] =

2e−z

mn
[1+ o(1)], (54)

uniformly in j, in view of P(|W | ≥ x) = [1 + o(1)]φ(x)/x as
x→∞, where φ is the standard normal density function.
Denote by Ij = {i : ηi(tj) 6= 0} the set of indices of non-

vanishing summands in Vn(tj). For j 6= j′, Since K has support
[−ω,ω] and |tj−tj′ | ≥ 2ωbn, Ij and Ij′ have no common elements.
Therefore, the independence of {Yi}1≤i≤n implies the independence
of Vn(tj) and Vn(tj′). So, (51) follows from

P{sup
t∈Tn
|Vn(t)| ≤ Bmn(z)} =

mn−1∏
j=0

{1− P[Ecj ]}

=

{
1−

2e−z

mn
[1+ o(1)]

}mn
→ e−2e

−z
. � (55)
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