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Abstra ct
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1. Intro duction . The pricing and hedging of options usually presupposesa known proba-
bilit y distribution P for the price S of the underlying security. When P is not known, one approac
isto nd a prediction set for, say, the volatility of S, and then to hedgein such a way that the
option liability is covered whenewer the prediction set is realized (Avellaneda, Levy and Paras
(1995), Lyons (1995), Mykland (2000, 2003a)). This procedure, howewer, fails to take accourt of
the values of market traded options on the samesecurity. This paper will show in the context of
convex Europeanoptions that such valuescan be incorporated in a uniform manner with the help
of what we term a worst casedistribution. The developmern is related to earlier work by Bergman

(1996), Frey and Sin (1999), Frey (2000) and Mykland (2003b).

To describe our results in this paper, we begin with the cast:
(i) The securitiesthat are traded in the market:
S=(St)o t T, the price processof a stock that pays no dividend.
= ( t)o t T, the price of a zero coupon bond maturing at T, with value one dollar (or euro,
or yuen, or krone).
European call and put options maturing at T (seeSection2.1).
We can think of the value S; = S;=  as the price of a forward cortract on the stock S with
maturity T. We shall assumethat S is governed by an unknown probabilty P which belongsto

a classQ of distributions. The main requiremert on P isthat S bean Ito process
dS; = (Sdt+ (S dW, (1:1)

where ( {) and ( ) are random processesand (W, ) is a Wiener process.

(i) A prediction bound on the volatility 2, in the form of a prediction interval |

Zq
I " =f( ) ; 2du g (1:2)

(iii ) A Europeanpayo g(St) to be madeat time T, where g will mostly be taken to be convex.

The problem we wish to solwve is the following. We look for a process(V;) with two properties.
V; must bethe value of a self nancing dynamic portfolio in the market traded securities(seeSection

2.2 for the de nition of this concept). Also, VT must cover the option liabilit y if the prediction set



is realized, i.e.,

Vi g(St)P as.onl ;forall P2 Q: (1:2a)

In particular, we wish to nd the amount Vp(g) which is the smallest starting value for for suc a

self nancing portfolio:

Definition. The quantity Vp(g), provided it exists, will be called the consenativ e starting

value for prediction set| ~ and payo g(St) at T.

A similar setup involving more general prediction setsand market traded securitiesis given

in Mykland (2003a), which discusseghe relevant conceptsin somedetail.

What is special about the dewvelopmert in the current paper is that we show the existenceof

a mapping from the prediction bound * to a cumulative distributon F * on St:
1 F S (1:3)

sothat for all (non strictly) corvex g which do not grow too fast, the consenative starting value
for prediction setl * and payo ¢(St) at T is

Z
Vo(@) = o g(s)dF " (s): (1:4)

In other words: thereisoneF * which canbe taken asthe worst casestate price distribution

for all corvex payo s g(St). Convex options includes calls and puts.

F " is what we call the worst case distribution for for the market structure and prediction
set described above. In consequencesinceF  is independert of the payo function g, one does
not needto compute the value Vo(g) for each g, but instead can nd the distribution F . Also,
a distribution function is a more conceptual object. F * is a state price distribution in the sense

usedin nance, see,for example,Due (1996).



2. Description and main theorem .

2.1. The worst casedistribution. For reasonsof mathematical convenience,assumethat all
market traded options are European puts. This is no restriction on results, as puts and calls can
be converted to ead other via put-call parity, seeChapter 7.4 (pp. 174-175)of Hull (2003). In
practice, onewould want to take the most liquid of the put and the call to minimize the transaction
cost. A put option with strike price K hasvalue (K  St)* at maturity T. Its market price at
time t will be denotedby P/, and for the discourted quartity, we usePf = PX= . A discussion
of a formulation in terms of calls is given in Section 8.

We supposethat the market traded puts have strike pricesK 1; ::;; K g.

To descrice F * , intro duce the standardized process
ds = SdWv;; S = Sy(= So= o) (2:1)

where W is a standard Brownian motion. The corresponding probabilit y distribution will be called

B. Then
F (s) = B(S~ . 59 (2:2)
where
= infft:t tiand$ = K; forsomei; 1 i qg (2:3)

+

and where the ty; ::;;tq are nonrandom, independert of ™, and the solution of

BKK; §)"'=Pfi=91 i q (2:4)

wherethe left hand sideof (2.4) is taken asa function of the tjsthrough (2.3). A display illustrating

how is formed is givenin Fig. 1.

Definition. The t;'s given by (2.1) and (2.3-(2.4) will be called adjustad (cumulative)
implied volatilities. (Compare to Section 3.1). The worst case (state price) distribution F * is

then asgiven by (2.2).

Pr oposition 1. If (2.3)-(2.4) hasa solution, it is unique.



This follows directly from Theorem 2 in Section 6 below. The caseof no solution will be

consideredin Section 3.2. We shall supposethat the solution of (2.4) satis es

max t; ; (2:5)
=1 q

Ky

path of §

Fig. 1. Death of a stock price. Example of how the stopping time in equation (2.3) is formed.

+

The quartities K, to K4 are strike prices of market traded options, and is the upper end of
the prediction interval (1.2). § is a standardized stock price processfollowing (2.1), and S, is the
discourted value of the actual stock price at time 0. The adjusted implied volatilities (the t;'s) are

determined from market prices of options through equation (2.4).



2.2. Trading strategies: Theoretical considerations. We de ne the classQ given the initial

discourted valuesS, and Py' ; 1 i g, asfollows:

Definition. Q is a collection of distributions on the setof functions = C[0;T] D[0;T]9,
and (St;PtKl ;:::;PtKq ) is the coordinate process. Every P 2 Q must satisfy (1.1), and the
coordinate processmust have the correct initial value (SO;Pé<l ;:::;P(',<q ) with probability one.
Also, for given P , the process( ;) must be bounded P-a.s. (but one does not needto know
the bound). Finally, eadh P must be mutually absolutely continuous with a P under which the

coordinate processis a martingale. The collection of such P s will be called Q . .

The requiremen of equivalenceto a\risk neutral measure"P is the most corveniert way to
avoid arbitrage opportunities in the market. Not only is S a martingale under P , but processes

PKi can be found, with correct initial value Pgi, such that PKi isa martingale.

The lItration describingthe market will becalled (F{) and canbeany that isright cortinuous,
and which makesthe coordinate processadapted and martingales under all P 2 Q . This (Fy)
can be either the smallest Itration with these properties, or anything bigger satisfying the same
criteria, such asthe \analytic completion" discussedn Mykland (2003a). The latter is particularly
useful from a statistical perspective. A precisediscussionof the conceptualissuesinvolved can be
found in Sections2, 3.2 and 4 of this earlier paper. { All processesre taken to be cadlag and

adapted to (F¢).

A self nancing dynamic portfolio (V;), with discourted value V; = V;= ¢, is de ned asa
processwhich, for any P 2 Q, can berepreserted by V. = H D , whereD is non decreasing
(\dividend"), andH is a stochastic integral with respectto S and the PXi . Stochastic integrals
are as de ned in Chapter 1.4d (pp. 46-51) of Jacod and Shiryaev (2003). The random variables
fH g must be uniformly integrable for all P 2 Q , where the describe the set of stopping

times taking valuesin [0; T].

We can con ne ourselvesto consideringdiscourted quartities by virtue of numeraire invari-
ance,seeChapter 6 of Du e (1996). In the current situation wherewe discourt by the zerocoupon
bond , F * and the option liabilities g(St) and (K St)* alsoonly depend on discourted quan-

tities, sinceSy = S;. All conditions, therefore, can and are directly imposedon the discourted



processes. The author learned this device from the paper of ElI Karoui, Jearblanc-Pique, and

Shrewe (1998).

The uniform integrability condition is intended to avoid doubling strategies, cf. Chapter 6.B
of Due (1996), and p. 670 of Mykland (2000). For other discussionsof self nancing trading
strategies, seeHarrison and Kreps (1979), Harrison and Pliska (1981), Chapter 6 of Due (1996),
and, in the context of super-hedging, Cvitani c and Karatzas (1992, 1993), El Karoui and Quenez
(1995), Eberlein and Jacod (1997), Karatzas (1996), Karatzas and Kou (1996), Kramkov (1996),
and Fellmer and Leukert (1999, 2000).

2.3. Form of the self nancing portfolio. The trading strategy that starts with Vo(g) only

requires a static position in the market traded options. We explain this in the following.

At the outset of trading, supposeonetakesa position of ; units in the put option with strike
price Ki. We let this position be static, in the sensethat we hold it without change until expiry

at time T. The problem then changesto that of covering a liabilit y of the form h (Sy), where
Xa . _
h (s) = 9(s) il(Ki )" Pg'l: (2:6)

This is sincea loan of PX dollars at time 0 requiresa repayment of P{ dollars at maturit y.

The two problems are equivalert, and Vo(h ) = Vp(g). It turns out, howewer, that there is
onevalue of = ( 1;:; ¢) sothat the dynamic hedgefor liability h (St) only involves trading

in the forward corntract S (in other words, H is a stochastic integral over S only).

Practically, this is important becausetransaction costs are normally higher in the market
traded options than in the forward contract S (which, if needbe, can be created by securities S

and ). We otherwise ignore the issueof trading costin this paper.



2.4. The main result

Theorem 1. Assumethat (2.3)-(2.4) hasa solution. Also suppose(2.5). Then there exists
a mapping (1.3) sothat for all (non strictly) convex g satisfying jg(s)j a+ bs®> for some > 0,
the consenative starting value Vo(g) for prediction set! ~ and payo ¢(Sr) at T exists and is
given by (1.4). F " is given by (2.2) above. There is a trading strategy that starts with value
Vo(g), and only requiresa static position in the market traded options, as describedin Section2.3

above.

The theorem is proved in the Appendix. { The generalissueof how to compute the worst
casedistribution and its corresponding hedging strategy is discussedbelow in Section 7. First,

however, an interpretation of the t;s.

3. Implied volatilities, and arbitrage . Note rst that the construction in Section2.1is
a conversion of time to volatilit y scale. The t;'s can be seenasa form of implied volatilites. First,

considerthe casewhere this is exactly true.

3.1. Connection to implied volatility. The Black-Scholes (1973)-Merton (1973) form of the

price at time O of a European put option with strike K isBSMP(Sy; log o; °T), where
BSMP(S;R;) =Kexp( R)( d) S( dy

with
p_
di> = (log(S=K) + R =2)=
and where the instantanouos volatility 2 is taken to be constart and equalto 2. Also, is the

standard normal cumulativ e distribution function.

Of course,the model underlying this formula may not be valid, and prices do not generally
behave asif it were, seefor exampleHull (2003), but it is customary to invert the function to nd

so-calledimplied volatilities. We shall here do this on the cumulativ e scale.

Definition. The (cumulative) implied volatility at time zero for strike price K, g, is
de ned by
BSMP(Sp; log o; k) = P&



It is also natural to call the t; from Theorem 1 the conditional (cumulative) implied volatility at
time zerofor strike price K. For both objects, we omit \cumulative" unlessthis is not clear from

the context. »
The rst connectionto F * is now as follows.

Example 1. If all traded options have the sameimplied volatilit y:

then

This is easily seenfrom Theorem 1. In the more general case of unequal implied volatilities,
argmin; (tj) = argmin;( ;) (there canbe sewral such i's, or course)and t; and , must coincide
for these indicesi. Also, one can seemore generally from the cornvexity of the put payo that

t K- .

3.2. The tjs and arbitrage Arbitrage is the construction of a self nancing strategy which
makesa prot for someP 2 Q, and which doesnot lose money almost surely, for all P 2 Q. For

issuesrelated to the avoidance of doubling strategies, seeChapter 6 of Due (1996).

There are two ways that arbitrage can occur in our setting. One is if (2.5) is violated. The
other is if the system (2.3)-(2.4) has no solution. The latter caseis the most clear cut (with proof

in the Appendix):
Pr oposition 2. If (2.3)-(2.4) has no solution, then there is arbitrage.

The former caseis one of \statistical arbitrage”, in the sensethat the prediction interval |

hasto be realized, otherwise a loss can occur.

Pr oposition 3. Assumethat (2.3)-(2.4) hasa solution, but that maxj=1...qti > *. Then

there is a trading strategy which, provided | " is realized, yields a positive return of at leastc at

time T, almost surely for any P 2 Q. Herec is a positive constart independert of P.



Proof of Proposition 3. Let S be the indices for which the t;s are smallerthan *, and let
| bethe index i corresponding to the smallestt; strictly greaterthan *. We shall be interested
in earning money on the put payo g(s) = (K, s)*. The following argument remains valid if S
is empty.

Note that the t;; i 2 S, solve (2.3)-(2.4) for this index set. Let Vy(g) be the price given by

Theorem 1 basedon hedgingin S, and the puts with strike K, i 2 S. Our claim is now that
Vo(g) < Pg ' (3:1)

Thus, one can sell the option with payo ¢(St), start a self nancing trading strategy with initial
value Vo(g), and be sure that the liability is covered solong as| * is realized. The prot is at
leastc= P('f' Vo(g), if takenat time 0, or ¢ = ¢= ¢ if taken at time T (any random additional

prot has,of course,to betaken at time T).

To see(3.1), let be given on the form (2.3) basedon t;, i 2 S| flg. Alsolet K =
supfKi < K;; i 2 Sgand Ky = inffK;j > K,; i2Sg. LetC = f *and§ - 2 (K ;K4)g.
It then follows that

PE Vo(g) = Blg(S) oS~ +)] = BIX];

where X is zero outside C, and otherwise positive. "

4. An implemen tation with data. Wegiveanexampleof how the worst casedistribution
can look. Table 1 provides (Bayesian) posterior quartiles for the squareroot of = ROT 2dt for
the S&P 500. The posterior distribution is basedon work by Jacquier, Polson and Rossi (1994),
which analyses(among other series)the S&P 500 data recordeddaily, and has also beenused by

Mykland (2003a), which provides further discussion.
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Table 1

R
S&P 500: Posterior distribution of = OT 2dt for T = oneyear

posterior coverage 50% 80% 90% 95% 99%

upper end P— .168 187 .202 217 257
of posterior interval

The posterior is conditional on log( 2) taking the value of the long run mean of log( 2).

We now assumethat market traded options are available for a certain number of strik e prices.
For a given set of securities prices, a worst casedistribution givenin Fig. 2, corresponding to the
90 % posterior quantile. A comparisonof the worst casedistribution for di erent quartiles is given

in Fig. 3.
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Fig 2. Worst casedistribution basedon the 90% posterior quartile from Table 1, and incorporating
traded options with strike prices 60, 80, 100, 120, and 140. The traded options were taken to have

Black-Scholesimplied volatilit y (seeSection 3) equal to the 80 % posterior quartile.
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Fig 3. Worst casedistributions for the 80 % (yellow curve), 90 % (red), 95 % (blue), 99 % (green)
and 100 % (black) posterior quantiles from Tabled 1. Traded options and their valuesare asin
Fig. 2. Note that at ead of the strike prices K, more point massis placed on K the higher the

posterior coverageof the statistical interval.
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5. Asymptotic form of the worst case distribution . As can be seenin Fig. 2-3,
the shape of the continuous part of the distribution has a characteristic form. We here give the

asymptotic form of this shape.

Pr oposition 4. Supposethat (2.3)-(2.4) has a solution, and let (2.5) be satis ed. Then,

forl i g 1,andK;<s<Kjs,andas *! 1,
d DK Y = ee 3224 log(s=Ki) : :
dslﬂ(g AN SJ KI < S A+ < K|+1) = Cs Sin |0g(Ki+1=Ki) + O(l)’ (51)
where
cl= (KPP KD b= K+ ] :2)
and b = =log(Ki+1=K;). Similarly, at the edges,both dB(S . + sj§, andS . + < K;)=ds
andd®(S. . sj$, and S . + > Ky)=dshave the form
! !
- - log(s=S,) log(s=K1 or g) + 109($:,=K1 or q)
% 3=2 t t 1=2 1 q 1 q
C (t ta) C )= t tp)t=

on the respective setsfO0 < s < K1;§, < Kyt > tigand fs > Ky §, > Kgt > tqg, and are
otherwise zero. Here, the proportionality constart dependson &;,. Also, obviously, \K1 or ¢" is

K 1 for the lower edgeand K for the upper edge.

6. Finding ty;::tq: the general case.. We here presert algorithms for nding the
conditional implied volatilities. SetPf = PX= . In other words, this is the discourted put price

at t. We start by characterizing the output, and the algorithms are stated just after the Theorem.

Theorem 2.
(a) Algorithms 1 and 2 yield the sameresult.

(b) (2.3)-(2.4) has a solution if and only if either algorithm does not return a \no solution"

message.

(c) In the absenceof a \no solution" messagethe output of either algorithm is unique, and

satis es (2.3)-(2.4).

(d) If (2.3)-(2.4) hasa solution, then it is unique, and is provided by either algorithm.
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Obviously, one of statements (b) and (d) is redundant given (c), but it seemedto improve
readability to have them both there. The result is proved in the Appendix. Recall that the case

of no solution to (2.3)-(2.4) has beendiscussedin Proposition 2 above.

Before going to the two main algorithms, we give the core componert of both as Algorithm

0. At the end of the section, we show somemore detail on how to compute Step 1 in the following.

Algorithm 0. Weuseanindex setS f1;::;qg9, whereindex i correspondsto K, Py’ ,
andt;. tj's wherej is not in S have either already beenfound, or areirrelevant. Also, a provisional

versionof is given.

(0) If, foranyi2 S, E(K; §)* P('f‘ , then the algorithm terminates with a \no solution”

message.Otherwise:
(1) Fori2 S, nd tj by:

B(Ki §n)" =P

(2) Remove all i corresponding to the smallestt; from S (there can be ties betweenthe is).
(3) Set

= infft:t tjand$ = K; fori not in Sg

The algorithms described in Theorem 2 are then given by

Algorithm 1. Findsty;:::;tq in accordancewith Theorem2. This is the loop version. If any
option value is non-positive, the algorithm terminates with a \no solution" message.Otherwise,
setinitial values: S = f1;::;;ggand = +1 . Then
Loop:

Go through Steps0-3in Algorithm 0

Repeat loop until S is empty (unless Step 0 has triggered early termination)

For a cionados of recursion, an alternativ e schemewould be the following.
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Algorithm 2. Finds ty;::;;tq in accordancewith Theorem 2. This is the recursive version.
For index setsS  f1;:::;qg, and for stopping times , a functional F = F(S; ) is de ned below.

It returns either a solution, or detectsis absence.

If any option value is non-positive, the algorithm terminates with a \no solution" message.

Otherwise, the overall solution to the algorithm is F(f1;:::;q9; = +1).
De nition of F:
If Sisthe empty set, then F(S; ) returns no information. Otherwise

Carry out item 0-3 from Algorithm 0. Let i; < :: < i; bethe indices picked out by Step 2.
Then

(4) Dene S;= S\ f1;::5;ip 19, S;+1 = S\ fiy + 1555009, and, forv = 2;::5r, Sy = S\ fiy 1+
iy 19

(5) F(Sy; ) returns the ft;; j 2 Syg for all v. HenceF(S; ) returns ft;; j 2 Sg. If either of

the r + 1 recursionsreturns a \no solution" messagethen F(S; ) returns a \no solution"

message.
A useful fact is the following.

Pr oposition 5. In Algorithm 1, if index i is picked out from S in an earlier passthrough
the loop than j, then t; < t;. Similarly, in Algorithm 2, if index i is picked out from S at an earlier

point in the recursionthan j, then t; < t;.

Remark 1. The calculation of t; in Step 1in Algorithm 0 canbeimplemented asfollows. Let
t Dbethe largest previous value of t;'s selectedby Step 3 earlier in the loop or the recursion, or set
t = 0if nonehasbeenselected.In view of Step 3 and of Proposition 5, and also of the requiremert
that traded options valuesbe positive (so i, > 0), t; >t . Let a= maxfj notin S; j < igor
a = 0if this setis empty. Similarly, let b= minfj notin S; j > igor b= g+ 1if this setis empty.
Take Ko = Oand Kq1 = +1 . Note that, on the setA = fK, & Kpg\ f t g, the
preexisting is given by

= infft t : & = K, orKyg:
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It follows that t; is given by by Step 1 via
B(DO(S: it ;t)la)= Py’ EB(Ki §)lac (6:1)

where,for Kz s Ky,

DO(s;t ;t) = B[(Ki $+)"jSt = 9]

is the value at t of the double barrier put option with starting value s and cumulativ e volatilit y
t t (fromt onward). Sincethis function is known to be continuous and strictly increasingin
the volatilit y, it followsthat (6.1) hasa unique solution on (t ;+1 ) unlessthe algorithm hasbeen

terminated in Step O.

7. Finding the static hedge coecien ts ;. A remainingissueisto de ne the ;'sfrom
(2.6). For given payo function g, let be the second derivative measure assaiated with g. In
other words, is a measurewhich satises ([x;y)) = gqy) g4x) for all x;y outside a courtable
set on the real line.  exists since g is corvex, seeKaratzas and Shrewe (1991), pp. 212-214,for

details.

For any on the form (2.3),

z
Bg(S~ )= EBK $..)" (dK): (7:1)

E(K $ . +)* iscontinuously di erentiable in eat t;. Thereforesois Eg($ » +). (The smooth-
nessfollows by the sameargumert asin Remark 1, and also using derivations akin to those of
Section 2.8.C (p. 97-100) of Karatzas and Shrewe (1991), in this casemodi ed with the help of
Girsanov's Theorem.) As a consequencef the proof of Lemma 2 in the App endix, onethus obtains

the jsthrough
@9, ) _ " (GBK;S)"

@ . @ '

i=1

=150 (7:2)

when this expressionis evaluated at the valuest; which solves equations (2.3)-(2.4). Note, from
Remark 1, that @8(K; § )*=@ is nonzeroonly whent; > t;. Hence,if one orders the indices
sothat t; i tg, the system of equations (7.2) involves a triangular matix, and hencehas a

unigue solution.
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8. Other issues.

Formulation in terms of call options. The results can equally well be put in terms of call
options, but onethen needsan additional caveat. We usein the proof of Theorem1that (K; § a¢)*
is a uniformly integrable martingale from maxt; onward. For (§ »; K;)* the samestatemert
is true for i < g, but fori = qit isnot: (S~ Kg)* is amartingale, but its limit att! +1
is zero. This can be remedied by requiring in (2.3) to be bounded by a constart c, which one
cantaketo be *, or maxt;, or any other number greater than either. Algorithm 1 then usesthe
starting value = crather than = +1 . The reasonwe preferred to avoid this formulation is
that it doesnot make it clearthat is, in fact, independert of *. { This problem doesnot arise

+

when evaluating the expectation of g($ ~ +), since * is an upper bound on the stopping time.

An alternativ e formulation in terms of calls would be to replace (2.4) by
E(S Ki)+ = Coi: 0,

with the side condition that tqgonthe setfS;, Kgg. This is again somewhatmore inelegart

than the formulation with puts, which is why we have stuck with Theorem 1 asit is.

Lower boundsfor pricesof convexoptions. There is no corresponding state price distribution.
For a call or put option payo g(s) with strike price K, the stopping time  which would minimize
Eg(S ) would concenrate onthe setf = *orS = K orS = Kjg. Thus the distribution

Ry

would depend on the strike price. Also, if onealsointro ducesa lower bound on 0 tzdt, this lower

bound can also be e ectiv e.

APPENDIX: PROOFS OF RESULTS

A.1. Proofs of results outside Section 5.

Logical segquene of proofs. For easeof reference,the proofs are given in the order of appear-
ance of the results in the main text. The results, however, depend on ead other in a dierent
logical sequenceand should be takento be proved in the following order. Proposition 5 is proved

from scratch. Then Theorem 2 is proved using Proposition 5, Proposition 1 is a direct corollary
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to Theorem 2, and Theorem 1 usesProposition 1. Proposition 3 (proved in the main text) uses
Theorem 1. Proposition 2 usesboth Theorem 1 and the dewelopmert in Theorem 2. Finally,

Lemmas 1-2 are embeddedin the proof of Theorem 1.
Proof of Theorem 1.

Exit , followed by bear. As discussedin Section 2.2, we make use of the discourting by
to restate the problem in terms of nding a self nancing strategy in S and the PXi . First of
all, the option liability = g(St) can be reexpressedas = ¢(S;), since 1 = 1. Second,by
numeraire invariance (seeDu e (1996), Chapter 6), V; is a self nancing portfolio in the securities
S, andthe PKi if and only if V, = V= . is a self nancing strategy in the forward cortracts
givenby S and the PXi . SinceVr = Vi, the liability  will by covered by V if and only if it is
coveredby V . { It is enough,therefore, to prove Theorem 1 asif the processwere identically

equalto 1. In other words, asif uninvested cashwere stored in the matress.

The function g can be taken to be bounded below. Without lossof generality, we can assume
that the g function is boundedbelow. This is because by convexity, there is a constart ¢, sothat
01(s) = g(s) + ¢;s is bounded below. One can then hedgethe liability g(St) by instead hedging

01(St), and in addition take a static position of ¢, units of security S.

Reformulation of the problem. We shall consider related problems on the set °= C[0; T],
with coordinate process(S;), and prespeci ed initial value Sy. We work with various collections

of probabilities.

R . isthe set of probabilities sothat S is a martingale satisfying (1.1), in particular,
dS, = (S dW;; (A1)

and sothat for givenP 2 R ., the process( ) must be boundedwith probability one. We also

requireP (I ")=1forall P 2R .. Also,
P.=fP 2R.:E(K; ST)"=P g
Note that P, extendsto Q on . De ne

Vo(9) = PSZ‘;F’ E 9(Sy): (A:2)
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and

Vo(g; )= sup E h (Sq): (A:3)
P 2R ,
By the Dambis (1965)/Dubins-Schwartz (1965) time change,

Vo(g; ) = ; sup+ Eh ($); (A:4)

where describe all stopping times in the interval [0; *]. Finally set
Vo(9) = inf Vo(g; ) (A:5)

First, by a Lagrangeargumert, we get

Solution of (A.4)-(A.5), and equality to (A.2). Problem (A.4) can be solved using standard
procedurefor American options (seeKaratzas (1988), Myneni (1992), and the referencesherein),
which yield that the suprermum is attained at a stopping time . The American option argumert

makes use of the Snel envelog for h , which reerters the discussionbelow:

SE(s;; )= sup EB(h(§)jS =5s):

By an argumert similar to that of Theorem 3 of Mykland (2003b), = 2 *, where

= infft:t t, and$ = K, forsomei; 1 i qg

Lemma 1. Supposethat g is bounded below with jg(s)j a+ bs® . Also assumethat

(2.3)-(2.4) hasa solution satisfying (2.5), Then there is suh a sothat Vo= Eg(S~ +).

Proof of Lemmal. Considera sequenceof ssothat Vp(g; ) corvergesto Vp(g). Sincethe
t; slivein the compactset[0; *]9, there is a subsequencevhich is corvergert in the t; s. Call the
relevant limit t;, and dene  asthe limit of the  asone passesthrough the subsequence.By
uniform integrability, and since § is a continuous process,Eg(S )! Eg(§ ) and,fori = 1;::;q,
E(K; § )'! EB(K; § )".Also, canbetakento beontheform 7~ *, where isonthe

form (2.3), again since § is a corntinuous process.
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must satisfy (2.4), otherwise the in m um in (A.5) would not be nite. By the argument
just underneath the statemernt of Lemmal, canbereplacedby for the purposeof satisfying

(2.4). .

If (2.3)-(2.5) hasa solution, V4(g) > 1 . This is becausesince(K; $§ )" is a uniformly
integrable martingale from maxt; onward, the constraint (2.4) will alsobe satis ed if is replaced
by 2 7, provided maxt; *. HencealsoVy(g) Vo(g). Lemma 1 then shows that Vy(g) =
Vo(9).

Connection to the worst case distribution, and the trading strategy. Now combine Lemma 1

with Proposition 1 to seethat

Z
Vo(@) = Vo(g) = g(s)dF (s):

Also, obsene that V,(g) must be a lower bound for the starting value V, of any self nancing
strategy (V; ) for which V;  o(S;) on | " . This is becauseany strategy would have to be self
nancing and solvent undereadh P 2 P ., cf. the dewelopmert in Mykland (2000, 2003a), and
the literature on superhedgingcited in the intro duction to the former of thesetwo papers, cf. also

Section 2.2 in this paper.

Existence of a self nancing strategy with initial value V 4(g) = Vo(g). Theorem 1 will have

beenshown if V, canbe takento be Vy(g). To do this, obsene that

Lemma 2. Under the assumptionsof Lemma 1, there is a ( nite) value of to that Vp(g) =

Vo(g; ). This value is the unigue solution of the system of equations (7.2).

R . :
S 2du; ) satis es our requiremerts for a self

For this , the processV, = SE(S;; *
nancing strategy in S that is solvernt on | " ,forall P 2 R; , and hencefor all P 2 Q. This is,
again, by the Dambis/Dubins-Schwartz time change,and by the solution for the American payo

h (S ) under the model (2.1).

Proof of Lemma 2. For a given valuesof ;, the valuesof t; that minimize Vp(g; ) must
satisfy equations (7.2). Also, by the triangular matrix argumernt mentioned in Section 7, this

systemof equationsde nes the ;'s from the minimizing ti's. When onetakesthe limit in Lemmal,
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€) =@.

equation (7.2) thereforeremainsvalid, by continuity of @g($ ~ +)=@ andthe @ (K

This endsthe proof of Theorem 1.

If (2.3)-(2.4) has no solution, this meansthat there will be a pass

Proof of Proposition 2.
though the loop in Algorithm 1 where step O returns a no solution message.Let S bethe index set

at this stage,and let | 2 S be anindex that causesthe termination condition to betriggered. The

arbitrage strategy is then constructed asin the proof of Proposition 3, in view of (A.10) below.

Proof of Proposition 5. We only show the loop case. The recursion caseis similar.
= K- This

Lett beasin Remark 1. In the rst passthrough the loop, Step 1 setst;

value will exceedt = 0.
We now proceedby induction, assumingthat we have gone through n passesof the loop,

n 1. We needto show that all t; found in Step 1 strictly exceedt
If ti = t , then, the index i would have beenselectedin the previous pass. If tj < t , this

jrg sothat the t;, have already beenpicked out in earlier passes

meansthat there is a setfjq;::;

through the loop, and so that
oot oty ; (A:6)

where at least one of the inequalities is strict. Let | be the passof the loop wheret;, is picked out,
given by Step (3) in passnumber| 1. (If | = 1,then %= +1).

and let 9bethe
tj, it follows that

Since(K; $&)* is a martingale for t
BKi Sny)'iF) = (Ki Say)" = (Ki Soy)': (A7)

Hence, by taking unconditional expectations, and using (A.6),

B(Ki Soy)" =P

It follows that index i would give rise to value t; in Step 1 of the I's iteration of the loop.
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Let Sy bethe setof unselectedindicesat the start of iteration n+1,andsetS5 = f1;:::;q9 S.

There are two possibilities in (A.6): either, for somek < r,
ti t,= = <t t; (A:8)
or there is no sud k, in which case

ti<t,=:=t =t: (A:9)

r

In the event of (A.8), Step 1 of pass| of the loop gives the valuest;, = :: = t;, for indices
fj1;::;)k0. Also, the indicesin fjw+1;:5jrg[ (S5 fig) are rejected in Step 2. Hence, at most,
fi;j1;::;jkg are selectedin Step 2, and possiblyonly fig. In the evert of (A.9), the samereasoning
applies. In any case,index i is picked out in iteration | < n+ 1, the current iteration number of
the loop. Hence,again, if t; were strictly smallerthan t , it would already have been picked out

by the loop in a previous step. "

Proof of Theorem 2. (a) is trivial. We do the proof of the rest in steps (i)-(iii) below. (c)
follows from (i) and (ii), (d) follows from (i) and (iii), (b) follows from (c) and (d) in the statement

of the theorem.

(i) Algorithm 1, provided there is no termination in Step 0 at any point in the loop, provides
a unique result ty;:::; tg.

This follows from Proposition 5 and Remark 1.

(i) Assumethat Algorithm 1 hasa solution ty;:::;tq. Then this solution satis es (2.3)-(2.4).

To seethis, let °bethe from Step 3 in the loop wheret; was picked out from S. We now

use to denotethe nal product of Algorithm 1. (A.7) will remain valid, and integrating gives
B(K; $§)" =Py :

which is what we neededto show.

(i) Assumethat (2.3)-(2.4) has a solution ty;:::;tq. Then this solution coincideswith the

output of Algorithm 1.
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To seethis, considerthe order statistic t;y i t(. Obviously, if t;) = t; for somei,
then this index i must be picked out in the rst passagethrough the loop of Algorithm 1, and t;
must have the samevalue asthe t; picked out by the Algorithm. (If there are seweral tj's with the
samesmallest value, the sameapplies). Similarly, by induction, one assumesthat t;y = t()
coincide with the results of Algorithm 1, and it is then easyto seethat t.1) alsocoincideswith
the results of the Algorithm, in view of Proposition 5. Note that the termination condition in Step

0 cannot be triggered, sincewith the from the previous step,

B(Ki $a)" < BK; $)*: (A:10)

A.2. Proof for Section 5.

Proof of Proposition 4. Consider rst the casel i q 1. We shaw the result for the
density f of Y; = log§; = W; t=2 givenlogK; < Y; < logKi+1. The density of the proposition

follows by a change of variable, and is f (log(s)) =s.

Following the discussionin Section 13 (pp. 330-332)of Karlin and Taylor (1981), and in
particular equation (13.11), f (y) = cm(y) 1(y) + o(1), wherec is a normalizing constart, and the
other quartities are asde ned by Karlin and Taylor. In particular, m(y) = e Y, while the ,(y)'s

are solutionsto the eigervalueproblemL |, = n n,With p(logK;)= p,(logKj+1) = 0. Here,L

is the in nitesimal generator,in this caseL = 3 % 1 © Obviously, for log(K;) < y < log(Ki+1),

y log(Kj)

and =
log(K2) log(K1) "

1 .
n(y) = chez¥sin n

1 , 1
_ + =
> M)+ g

where the c,'s are constarts. By requiring f to integrate to 1, one obtains c as given by (5.2) in

the main text.

Meanwhile, for the lower edge,let t > t1 and x < logK 1). By Girsanov's Theorem,

Eexp( W)I (W, y xandM, IlogK; Xx)
Eexp( W)l (My logK; Xx)

B(Y; vyjYy,=xand max Ys < logK ) =
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whereu=1t t;, W is a standard Brownian motion, and M is the running maximun of W. Thus,

in this case,for y < logK 1, and using, say, formula (8.2) (p. 95) in Karatzas and Shrewe (1991),

- 1 X + x  2logK
() u=ep Sy 0) g It
This givesthe result of the proposition. The derivation for the upper edgeis similar. .
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