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Abstract

We develop regression for high frequency data. This regression is novel in that it can be for both
fixed and increasing dimension. Also, the data may have microstructure noise, and observations
(trades, or quotes) can be asynchronous, (i.e., the observations do not need to be synchronized
across dimensions). As is customary for high-frequency inference methods, we refer to our method
as “realized” regression.

In our methodology, spot beta becomes a key quantity in the nonparametric framework of high
frequency econometrics. The central contribution of this paper is a feasible estimator of spot beta,
which is robust to noise and asynchronicity. With the help of the spot-version of the Smoothed
TSRV estimator, spot beta can be consistently estimated. There are two direct applications of
the spot beta estimates in the current paper. In the first application, the integrated beta can be
consistently estimated by aggregating the spot beta estimates. After a bias-correction procedure, a
fixed dimension central limit theorem is established for the bias-corrected estimator, with convergence
rate which may be arbitrarily close to Op(n’l/ 4). In the second application we assume time-varying
factor structure and conditional sparsity. The spot beta matrix estimator enables the estimation of
high dimensional spot covariance and precision matrices. The latter is obtained by thresholding the
spot residual covariance estimates, and convergence rates derived. As an empirical application, this

paper explores the hourly change in beta around earnings announcements of the S&P 100 constituents.
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1. Introduction

Regression is a main technique in scientific research, which is widely used in exploring the linear rela-
tionship between observable quantities, and in analyzing the structure of variability.

The connection between regression and finance originated from the capital asset pricing model

(CAPM, Markowitz| (1952, [1959), |Sharpe| (1964), [Lintner| (1965)), Black (1972)). Over time, the con-

nection has expanded to multiple factors, such as in |[Fama and MacBeth| (1973), and (1976)). The

literature has gradually split into regression (observed factors) and principal component analysis (PCA,

unobserved factors). We are here concerned with the former. For literature reviews, see, e.g., Campbell

et al.| (1997) and Cochrane] (2005). Recent developments in high frequency PCA are reviewed in
(2020).

The importance of time-varying betas (regression coefficients) has received increasing attention in the

finance and econometrics literature. Such betas reflect time-varying conditional information. Research

in this direction includes Hansen and Richard| (1987), Bollerslev et al. (1988), Jagannathan and Wang|

(1996)), Boguth et al.| (2011), Ang and Kristensen| (2012), Engle (2016), and |Gagliardini et al.| (2016).

WIth the advent of high-frequency data, a literature has started to develop where time-varying betas

are estimated from intraday data. Important empirical contributions are Andersen et al. (2006), who

investigated the persistence and predictability of time-varying beta estimates, and [Patton and Verardo|

, who explored the effect of information flows on stock returns.

The purpose of this paper is to develop the theory for how to estimate betas in fixed and increasing
dimension, for high frequency data. If we let cf( X and cf(’Y be the (unobserved) spot (instantaneous)
covariance matrices of (latent) efficient prices (or other semi-martingales) X and Y, the spot and

integrated beta are given byE|
_1 T
38, (cfvx) &Y and / B,dt, (1.1)
0

where [0, 7] is the fixed interval under observation. By considering data with microstructure noise, as
well as letting observations (such as transactions and quotes) happen asyncronously across dimensions,

we bring the theory to the point where it can accommodate real data.

LCf. the development leading to eq. (3.4), below, as well as B; in m Here, Y is a scalar process, and X is a
g-dimensional process, where ¢ can be fixed, or tend in infinity with increasing data density.



In finite dimension (Section @, our theory focuses on the integrated beta. The integrated beta
fOT B.dt is consistently estimated by aggregating estimates of spot beta. The aggregation is similar to
the constructions in the papers cited at the beginning of Section We show asymptotic normality in
finite dimension (Theorem 2), preceded by a bias correction which is needed for this normality to hold.

In increasing dimension (Section , our theory estimates the spot (instantaneous) ﬂtEl and from
there estimates the spot precision matrix, which has a role in determining asset allocation, cf.
(2016a)). We derive the rate of convergence as the dimensions of X and Y tend to infinity.

Both these developments take as their points of departure spot covariance matrices that are calculated
by the S-TSRV procedure (pre-averaging followed by two-scales, Section [2[in this paper, and
(2019)). The basic pre-averaging is done over time blocks of length A7, and spot covariance
matrices are calculated over time blocks of length AT,,. To get a sense of the magnitudes we have in
mind, in the simulation we have used AT, = 2340 seconds, and A7, is 5, 15 or 60 seconds. In the
empirical application, At,, = 5 seconds, and AT, is (in most cases) hourly.

On the theoretical side, the rate of convergence in the CLT (Theorem [2) is a,, !, which is allowed to
be arbitrarily close to n~/4. The latter is previously known as the standard efficient rate for covariances
in estimation problems with microstructureEl A precise explanation of the rate a, is given in eq.
and Remark [I] in Section 2.2} As described there, a,, is closely related to Ar,,.

In the increasing dimension setting, the rates of convergence also depend crucially on a,, but we

defer discussion of this to Section [l

1.1. Sketch of finite dimensional regression

Closely related literature. The theory of estimation the two betas in ([1.1)) has previously been studied in

the case of no microstructure noise and synchronous observations, in Mykland and Zhang] (2006, 2008]),

and (2012), with a jump-robust version in Ait-Sahalia et al. (2020) and |Alt-Sahalia et al.| (2021)).

2There called B; to emphasize that it is a matrix.

% Going back to|Jacod and Protter| (1998), [Engle| (2000), /Andersen et al.|(2001), Barndorff-Nielsen and Shephard| (2002)),
Zhang et al.| (2005), |Jacod et al|(2009) and others. Recent contributions include Bibinger and Mykland| (2016)), [Bibinger|
et al| (2017), and [Mykland et al.| (2019). An interesting variant over the this estimation problem involves using factor
structure to estimate higher dimensional covariance (co-volatility), and relevant literature is discussed in connection with
increasing dimension in Section




In this setting, the estimator of integrated beta is simply a sum of ordinary least squares regression esti-
mators (Mykland and Zhang), 2009, Section 4.2, pp.1424-1426). More generally, all proposed estimators
of are local in time, so that covariance at time ¢ is only compared with variance around ¢. This is
also the case for the estimators developed in the current paper.

In the presence of asynchronous and noisy observations, the development of a feasible spot beta
estimator has become increasingly necessary. As shown by Monte Carlo simulation (Table in Section
, integrated beta estimates become biased when the data is noisy. By applying the spot-version of
the smoothed TSRV (S-TSRV), this paper proposes feasible estimators for spot beta under both fixed
and increasing dimension.

Bias in the integrated beta. Expanding the Riemann sum of spot beta estimates to higher order,
a bias term naturally arises, which is analogous to the aggregated second order expansion term of the
non-linear functional of stochastic volatilities in|Jacod and Rosenbaum| (2013) and |Alt-Sahalia and Xiu
(2017). This bias term becomes the main barrier to the central limit theorem. By properly selecting
the range of the smoothing window AT, over which the spot § is calculated, and then applying the
extended bias-correction technique based on |Chen et al.| (2020)), the central limit theorem (CLT) for the
bias-corrected estimator (Theorem [2)) follows.

An earlier approach to the assessment of integrated beta is to estimate

T -1 .7
T (/ c}’xdt) / Y dt. (1.2)
0 0

The theory for the estimation would seem to go back to |Barndorff-Nielsen and Shephard, (2004),
and natural estimators were considered empirically by Andersen et al.| (2006) and Patton and Verardo
(2012)). The advantage of this formulation is that it permits results for covariance (co-volatility) matrices
to be directly extended to the estimation of integrated 5. This reduces the problem to one that has
been given substantial consideration in the literature, and for which there are now already results that
cover noise and asynchronicity. (See Footnote [3])

A main disadvantage of estimating is that natural estimators are not local in time: if the time

interval is a day, then, for example, covariance at 10:45 am is compared with variance at 3:20 pm.

Notwithstanding the distinction between (|1.1)) and ([1.2]), the two quantities are similar if the time



span 7 is comparatively short. They are also the same if 3, is constant in ¢. Constancy tests for betas
have been proposed by [Todorov and Bollerslev| (2010)), Kalnina (2012)), Reif et al.| (2015) and |Kong and
Liu (2018).

We also point out that the estimators in the current paper are based on the assumption that the
latent semi-martingales are continuous. This is substantially more complex for the case where there

is microstructure noise and asynchronous observation, and we hope to approach this topic in a later

paper.

1.2, Sketch of high (increasing) dimensional regression

When estimating a high dimensional spot (cross-sectional) covariance matrix, the rank of the estimated
matrix is bounded by 2AT,, /AT, + bE| by construction. This is a severe constraint, even more so than
when estimating an integrated matrix. It is thus possible that the rank of the true spot covariance
matrix may grow much faster than the given bound.

To resolve such a contradiction, the main approach in the literature is to rely on sparsity. Our high
dimensional realized regression makes use of a time-varying (observed) factor model, where we treshold
the residual based on sparsity. This goes back to [Bickel and Levina| (2008). Our development of a

¢

the large spot precision matrix estimator may be regarded as the “realized” and spot (high-frequency)
version of Fan et al.| (2011).

An estimation theory for high dimensional high frequency integrated covariance matrices has been
derived with blockwise-diagonal residual covariance structure in |Fan et al.| (2016a), which was further

improved by considering the asynchronous and noisy observations in |Dai et al| (2019). In both these

papers, the factor loadings are assumed to be time-invariant, which is unlike in the current paper.

1.3. Empirical application

As an application in Section [6 we use high-frequency beta estimation to study the variation of stock
betas on earnings announcement days. It is well known in the literature that stock betas tend to be

higher around the event days. For example, Ball and Kothari (1991) documented an increase in daily

“Here AT, and Ar, are as described above, and b is a very slowly growing number, cf. eq. and Remark in Section

B2



average beta during the three-day earnings announcement period. Vijh (1994) found that after being
added to S&P 500 index between 1975 and 1989, those stocks displayed higher market beta at daily and
weekly frequency. More recently, |Patton and Verardo (2012) estimated daily variations in betas around
earnings announcements for all the S&P 500 constituent stocks over the period 1996-2006. They found
that the beta increase on announcement day was short-lived and it reverted to average levels two to
five days later.

We investigate hourly beta variation within 5 days of the earnings announcement. Our study follows
the spirit of |[Patton and Verardo|(2012). While the earlier paper uses daily betas, our current technology
permits us to find hourly betas, and thus to understand intra-day variation as well as overnight change
in beta. Also, the construction of the beta estimate differs. |Patton and Verardo| (2012) used 25-minute
intra-day returns (plus the overnight return from the previous day) to construct daily beta estimates. As
the authors mentioned, they used the 25-minute sampling interval to reduce the impact of microstructure
noise but at the cost of the accuracy of the estimate.

In the current paper, we construct beta estimates from 5-second pre-averaged returns of S&P 100
constituent stocks from 2007 to 2017, while taking account of the microstructure noise and the cross-
sectional asynchronicity. Our hourly betas are unbiased and consistent, thus can more precisely capture
the beta dynamics in a shorter time window around the announcements. With the definition of “Day
0” as the calendar day of each earnings announcement, we are able to separate the before- and post-
market announcement impact on beta change. When the earnings are released in the morning prior to
market open on “Day 0”, we observe substantial beta jump in the first hour (i.e. 10am). On the other
hand, when the earnings are announced after market close (4pm), we notice a significant beta jump the
following day, again at the first hour. Within the 5-day window (from “Day -2” to “Day +2”), most

hourly beta stays at the non-earnings level.

1.4. Organization and Notation

This paper is organized as follows: we first set up the general data structure and define the spot-version
of the Smoothed TSRV (S-TSRV, Mykland et al.| (2019)) estimator in Section 2. For fixed dimension,

consistency and asymptotic normality are shown theoretically in Sections ??{3] and for high dimension,



consistency is shown in Section [ The results are corroborated by Monte Carlo simulation in Section
Section 7 conducts an empirical study that applies our methodology to the cross-sectional intraday
returns of the components of S&P 100 Index.

For a matrix Apxq, (A);, denotes its k—th row, (A), . denotes its r—th column, AR denotes
its (r,k) —th element, dA; = {dAgryk)}lgrgp,lgkgq and AT denotes its transpose. We denote the

largest and smallest eigenvalue of matrix A by Apax (A) and Apin (A), respectively. We denote by
[A[ Al AR, [[A]

max e spectral norm, Li-norm, Frobenius norm and elementwise max norm

of matrix A, defined as [[A] = Aax (ATA), A}, = max; 5 |AGD| | [|A[lp =tr'/2 (ATA), Ao =
max; ’A(i’j )‘. If A is a vector, then ||A|| and ||A[|p are equal to its Euclidean norm. For two sequences,
we write x, <X yp, if 2, = Op (yn) and y,, = Op (xy,).

A number of processes, such as the martingale the martingale M, is fully indexed as M,(:f), where
the superscript (7, s) refers to matrix element, and the subscript ¢ refers to time, t € [0, 7], and n is an
index referring to the number of observations. In order to not overburden the paper with super- and
subscripts, we do on occasion omit one or several of these. (i) M, is a matrix martingale. Further
notation in this direction is introduced in Section (ii) Meanwhile, we introduce dependence on n
when we gradually get close to asymptotics in eq. —, and therefore also in the definition
. However, one should bear in mind that every ingredient in depends on sample size n, with
the single exception of the latent process —. (iii) In certain equations, such as in Remark the
time variable t is omitted in the subscript of the martingale Mgf), because the the quadratic variation
[,-]+ is an operation on the entire path of the martingale, and t is conventionally moved to become a
subscript of the quadratic variation instead. Note in particular that M. (with possibly further indices)
always refers to a limit when n has gone to infinity. This is because time ¢ is always finite (< 7). —

Similar considerations apply to other stochastic variables and processes in the following.



2. Basic Setup

2.1. Data Description

We here provide a description of the data generating process, as well as assumptions that we make on
these processes.
THE LATENT PROCESS. For two positive integers q,d > 1, we work with data discretely sampled

from the continuous process

— —(1 —_ —(q+1 —(g+d
(:*t)ogth = :E ), e ,ﬂgq) ) qu ) :Eq ) . (2.1)

g ooy

covariate process X dependent variable process Y 0<t<T

The separation of =; into an X; and a Y; process is irrelevant in this section, which is concerned with
the estimation of the covariance (volatility) matrix process for Z;, but it plays a role when studying
regression in subsequent sections.

We assume that the (Z;) process is a (¢ + d)-dimensional continuous It6 process, i.e., of the following

form

[

t t
¢ = S +/ oy, du +/ 0w dWy, (2.2)
0 0

where W is a (¢ + d)-dimensional standard (F3)y<;<7-Brownian motion, and Xy is Fo-measurable. The

coefficients u,, and o, are predictable and

iy and ¢; are locally bounded in |||, -norm, (2.3)

max

where we use
¢t = (ooT),. (2.4)

Thus, the integrated covariance matrix of Z; may be expressed as:

t
(2, 5), = / cud (2.5)
0

THE VOLATILITY MATRIX. We also suppose that cg’“) is itself an It6 process for any 1 < r,;s < g+d.

In other words, it has the same structure as described above, but is a matrix and not a vector.



':*(7“)

THE OBSERVED PROCESS. For 1 < r < g+ d, the process (ut is observed on the grid

Josecr

G = {0 = t(()r) < tgr) << t;@) = 7'} , after contamination by microstructure noise 61(;*))' This yields
J

an observed process Z* = (E*’(l), o, Ee@ gelet) ,E*’(‘Hd)), as follows:

’:‘*7(7”) :(T’) (7“)
._.t("r) '_'t<r) + et(.r)’ fOI‘ 1 S r S q + d
J j j

Our assumptions on the data are summarized as follows:

Condition 1. (Structure of the data.) The data generating process and the observations are as laid out
in Section The processes Z¢, u, and oy are adapted to a filtration (F;). The observation times n,j
are (J)-stopping times. For each (n,j), the noise €4, ; is F¢, ;-measurable, and sup,, ; Ee%,tnj < 00,

and Eep ¢, ; = 0. The signal &; may not depend on n.

2.2.  Estimator for the Integrated Covariance Matrix: The S-TSRV and its Decomposition.

In order to estimate the integrated covariance matrix (E,Z),, we construct the smoothed TSRV (S-

—

TSRV) estimator (=, =), on a synchronous grid, as follows.
{0="Tno<Tn1 < <Tan=T}. (2.6)

Denote Mf;:z = # {] N TTL,i*l < tgr) S TTL”L’} .

For0<t<T,1<rs<qg+dand a pair (J,K), set

L) K N )b NTO-K \ i i i
wfE0zo] (34 > ) (E-E) (E-2),

i=1  i=b—K+1  i=N*(t)—b+1

NN

where

N*(t) =max{1 <i< N:7,; <t} and b = K + J, (2.7)

and where, 1 <i¢ < N and 1 <r < ¢+ d, the pre-averaged price is defined as:

= _ 1 —,(r)
MY 2 Y0



—— ()
We similarly define J {é(”, é(s)} by switching J and K.

The Smoothed-TSRYV is defined as:

=(r) =(s = .
<:( ), &l )>n,t C (1-b/N)(K-1J) {K[

[1]x
=
0!
&
|
N
[1]x
=
J[I]z
=

(2.8)

We assume the following about the block structure (imposed by the econometrician) and its interface

with the data.

Condition 2. (Structure of Blocks.) We assume that the block separation times 7, ; are (F)-stopping
times that are “exogenous” (independent of the Z-process), and that for each n, there are nonrandom
At} and M, > 1, so that A7r;} > max; A7,,; and M, < min; M,,;. Assume that as n — oo,
AT oc M, /n, in which case the number of blocks N = N, is of exact order O (n/ M. ). Also assume
that K,A7;" — 0asn — oo, and that K, > J,, > 1. Finally suppose that K,,—.J,, = O, ((Nn/M;)Q/?’),
and that

Ny /M, = . (2.9)
See Remark [0l below for some clarification of Condition Bl

Condition 3. (Assumption on the interface between noise and blocks, and on averaged noise) We
suppose that E(e,; | Fr,_,) = 0, and that Esup; E(e;; | Fr,_,) = op(AT}(K — JY2). Also let
€n; = € be the averaged noise across the block from 7, ;-1 to 7,;. Assume that the €n,t, ; Drocess is

stationary, exponentially o mixing, and that there is a constant x > 0 so that Eettr < oo

Nyln,j

Define the sequence {a,},,~; by

an = [(Kn — Jn) AT,ﬂ% , (2.10)

®Condition [3| is one of several ways to to assure Cov (Egsl)@g”)) = (/\/112)71 ¢l#1:52) and

sup; cumy (Egsﬂ,Egsl),égsﬁ,%gs?)) =0, ((M;)_Q) as n — 0o, cf. McLeish| (1975), [Hall and Heyde| (1980, Chapter 5 and
Appendix 3), |Ait-Sahalia et al.| (2011)), Zhang| (2011)), [Mykland et al.| (2019, Condition 4 and the subsequent discussion on
p. 109), and |(Chen et al.| (2020, Assumption 2, p. 1963). For the relationship to the latter, observe that since E(€y,;) = 0,

(_sl)jl(sl)i(_sg)’gl(w)) — Var (Egsnggm).

the fourth cumulant cumy (EI N



and note that a,, — 0 as the number of observations n — oo by Condition 2} Under Condition it
follows from Mykland et al.| (2019, Section 5, pp. 110—111)@ that

t
(50,50 = / A du+ M) + oy (an) (2.11)
0

)

where (%) is the (r,s) —th element of ¢ from l' and there the M, ;/a, converges stably in law to a

continuous martingale limit.

Remark 1. (The meaning and size of K, J,, and a,.) We here explain that the order of convergence

—1/4 but that this rate cannot be attained within the development of this paper. To

an can be up ton
see this, return to Condition |Z|, and consider the simplified case where M, ; only depends on n, i.e.,
M, i = M,,. In this case, K, — J, = O) ((Nn//\/l;)z/3> is desirable since it assures an optimal tradeoff
between statistical error due to signal and to noise (Mykland et al., 2019, end of Section 5, p. 111). The
same discussion shows that if eq. were removed from Condition [2) one might choose N, and M,
to be of exact order O(n'/?), and K, and J,, would be finite. In this case, a, is of exact order n~1/4,
However, assumption is necessary for the representations —, cf. |Chen et al.| (2020,
Appendix A). We believe that it is possible to create an asymptotic development that does not require
, since the finite sample calculations in Mykland et al. (2019)) remain valid in this case, but this is
beyond the scope of this paper. Meanwhile, the current paper should be read with the understanding

—~1/4

that a, is almost n , and that K,, and J,, are approximately finite (they grow arbitrarily slowly).

Remark 2. The selection of the tuning parameters ( “scales”) K, and J, is an area which remains more
art than science. For low dimensional problems, one can proceed through signature plots on estimated
volatilities, introduced by Andersen et al| (2000) and their co-authors. Signature plot was used to
determine K, and J, in multiple dimensions in (Zhang), 2011} Fig. 2, p. 42). For moderate dimension
regression problems, one option is the signature plot of integrated beta, as in Fig. in Section |5l For
truly high dimensional problems, an attractive approach is to use signature plots on eigenvalues (Chen
et al., 2020, Fig. 2, p. 13). We have not gone into this detail in this paper, but Figure (also Section

plots the spectral norm (also an eigenvalue) of the error of the final precision matrix estimator (the

SHere and below, the effect of the drift term is negligible, cf. [Mykland and Zhang] (2009] Section 2.2, pp. 1407-1409).

10



red curve in the plot). Finally, note that for the S-TSRV, the scales are expected to be approximately
finite (Remark above), while for the original TSRV (Zhang et al.| (2005)), especially K, will grow with

sample size n.

We shall need a slightly sharper representation under the same assumptions. For 1 < r < g+ d,

define AE(TC) = E(T:) — EQ;ZI, the estimation error can be written as follows:
o = t M ) )
(50,50, /0 9y = MS) + &) — ), (2.12)

where the subscript n has been omitted on the right hand side, and below until eqn. ([2.15)), for notational

convenience, and where the martingale term may be expressed as:

X,(r,s)

Mt(r’s) =M, + M:’(T’s) + 0p (ay), where (2.13)

K—-J-1

p=1 i=J+p+1
N0
&(,5) Z(r) () ) Z(s)
M; — JiEK—i-:l (%’—J 6i—K> & 2],

and the edge effect terms e(()r’s)

() L o ) ey, N ST (K =T —p—
rs) =(r) —(s 7 (r A=)
@ = T Jz:;lei_m 2] + 2 2 < g )A_m AP 2]
K—J .
K—J—
+ ( K%] 7 Z) A=) AEP) 4oy (ap), and (2.14)
i=1
K-1 K—J-1K—J—p
s 1 ) ) o) K=J=p=1) \zt =) g
t K_ J N*(t) 1—J N*(t) (3 K_ J TN*(t) i—p TN*(t) i
1=J p=1 =0
K—J
K—J— = —=(s 2
o Z ( K—J ) A= S'1\)1*(t) zA:‘S-]\)T*(t)fi + Op (an) ' (2~15)
=0

11



The representation and rates in - ) follow from (Chen et al.| (2020, Appendix A).

Remark 3. (Assumption on Asymptotic Covariance) Let M,(:gs) be as defined in (2.12) and (2.13]).

Since the above development guarantees that a,, 1M,(LT’S), 1 <r,s < q+d, converge jointly in law (as
continuous martingales) to a limit Még’s). Following |Jacod and Shiryaev| (2003, Corollary 6.30, p. 385),
it is then also the case that for the optional (“observed”) quadratic variations,

a=2 M7(lr17s1),M7g7"2,s2)} Py [Mghsl),Mégz,sz)} Jfor 1 <ri,s1,re,59<qg+dand 0<t<T.
t t

n

2.3. The estimation of the Spot Volatility Matrix

(r,s)

For the simplicity of discussion, we define the spot volatility estimator ¢,z , for some AT, > 0 as

follows:

7,5 1 —_TN =7 —_r 7
(ATZ, ATn <<‘:'(T)7 ‘:'(S)>t+ATn - <‘:'(T)7 ‘:'(S)>t) ) (216)

where {AT,,}, -, is a sequence of positive numbers satisfying
a, AT, — oo and AT, — 0 as n — oo. (2.17)

Moreover, to facilitate the theory development, we define

1 t+ATy . , .,
o= ap [ wl) =) -l and 7G), =) -, 2as)
77«7 ATTI t mny n; 717 ")y
and
1
"o = wr (Mg, = M) and g3y = #lpe)a ey - alp )z ey, (219)
n

We now list several useful results of spot volatility estimator.

Lemma 1. Assume Conditions[1{3, as well as Condition (2.17). Then we have: (i)

sup
t,r1,r2,51,52

E (787857 )| = 0, (a2AT; ), (2.20)

12



and

sup |77 lay - B (7l 7)) | = 0p (a2AT ). (2.21)
t,r1,72,51,52 2
(it)
sup | (i) | = 0, (ahAT,?) (2.22)

t,r1,m2,51,52

and

sup
t,71,72,51,52

WG = B ()|, = 0 (adan, ). 223

Proof. The proof of this lemma is collected in Appendix [A] O

3. Multiple Regression

In multiple regression, it is possible that ¢, d > 1 in the definition of (B¢)g<t<7 - Without loss of gen-
erality, we denote X = (X(l), ey X(q)) = (E(l), . ,E(Q)) and we let Y be a single process, so that Y =
=@+ for some 1 < < d. Tt is natural to use the following notations: (X, X), = {<E(T = S)> }1<r g

XY= {EOLE0) ) R, = {ET ) and ), = (20 E00),)

For the convenience of notation, we define

1<r<q

XX _ Lol and ¢ = {0} 3.1
‘i {Ct 1<resg K 1<r<g (3.1)
qxq matrix process gx1 column vector process
We analogously define the related matrix and vector quantities for M, ¢, ¢, 7, 7,7, p, € a
Suppose that the processes are related by
dY; = Zﬁt dX® + dz, with <X(k), Z> — 0 for all ¢ and k. (3.2)
t
If we assume that 8 = (6(1), cee B(q)> is a ¢ X 1 column vector process, then the quadratic variation of

13



the residual process may be expressed as:

t t
(2.2), = <Y7Y>t_2/0 d<XaY>sﬁs+/0Bld<XaX>sﬁs

t t
= ) -z [ EXVas s [ prkpds (3.3)
0 0

To find ming (Z, Z)+, and assuming X g positive definite almost surely for all 0 < t < T, we solve

the identity —2c%Y 4 26§’X,38 = 0, and finally obtain the unique solution as follows:
B, = (%) XY, (3.4)
The spot beta estimator is naturally constructed as:

-1
- X, X XY
ﬂATnyTi—l = (CATn,TZ’_1> CATn,Ti_l : (35)

The quantity in which we are interested is:

;
ezj‘m@
0

and its estimator is given by['}

B
0” = : :BAT7L7Ti—1ATn'
=1

We first show the consistency of 6,,.. For the simplicity of discussion, we define an intermediate

process:

-1
= _X,X XY
IBATn7Ti—1 = (CATH,Tifl) CATn,Tl;l : (36)

With this smoothed beta, the estimation error of B AT, T;_, can also be decomposed into two parts,

"Cf. Mykland and Zhang| (2009, Section 4.2, pp. 1424-1428), |Zhang| (2012} Section 4).
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Moreover, the estimation error may be decomposed as follows:

B B T;
0n—0="3 (Bar,r, — Br_,) ATy = j/ (8. Br,_, ) ds. (3.7)
i=1 i=1 7 Ti-1
Aggregated error of BATn Ty RSpot Discretization error, RPiscrete
T

Then we can show the representations of these two types of estimation error. There representations
matter both in the proofs, and also in Section (3.1
We presently state the consistency of spot beta estimator [3 AT, T;_,- For this, we need an additional

assumption about spot covariance matrix.

max

Condition 4. There are constants 91,72 > 0 such that info<;<7 Amin (@(,X) > 01 and supg<;<7 |||

¥ almost surely.

Condition M| can, obviously, be localized just as in cf. |[Jacod and Protter| (2012, Chapter 4.4.1, pp.
114-121) and Mykland and Zhang| (2012, Chapter 2.4.5, pp. 160-161).

Lemma 2. (Consistency of 9n) Assume Conditions . Assume that the number of regressors q is

finite, and AT, satisfies condition . Then, for any e, 0 < e < 1/2, we have:

Bar, 1, —Br,_,

~0, (ATW*E) +0, <(aiAT,jl)1/2_a> =0, (1),

sup
i

and

0, —6=o0,(1).

Proof. The proof of this lemma is collected in the Appendix [B] O

3.1. Asymptiotic Bias of the naive Regression Estimator

When AT,, — 0 and inf, a,, 'AT,, > 0, the discretization error RDiscrete (eqn (3.7)) becomes the dom-
inating term in the estimation error of 0,,. However, in this scenario, it cannot achieve the optimal
convergence rate. Consequently, we consider the setting of a,'AT,, — 0 and a,?AT,, — oc. In this

scenario, the aggregated error of B ATw Ti 1 RSPt becomes the dominating term. By further analyzing
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the aggregated error RSP it is easy to show that there is a bias term arises in RSP°", which has bigger
size than the martingale term. In the following theorem, we provide the representation of the bias term
so that we can design the bias-corrected estimator in the subsequent subsection. For ease of exposition,

this result is stated in the simple regression case only.

Theorem 1. (Second order behavior of 0,, in the univariate case.) Assume that g = d =1, as well as

Conditions . and also that a,; AT, — 0 and a,,?>AT, — co. Then we have:
a;QATn (@n - 9) L, — 7,

where

u

¢
-2
A /0' (CX7X) (d [MO)SX’ MO)é,Y]u - 6ud [MggX’ MO)é,X] 'u,) .
Proof. The proof of this theorem is collected in the Appendix [C] O

3.2.  Bias corrected estimator and CLT for multiple regression

Similar to the single regressor case, the size of bias term is bigger than the martingale term when
a; 'AT,, — 0. Thus, in order to develop the CLT, we need to contruct the bias corrected estimator. For

1<r,s<qg+d, we define

- (r,s) o 1 A(1,8) alr ,S)
PAT, Tpiin — D) ( CAT,/2,(i—1/2) AT, — AT, /2,(i— 1)ATn) (3.8)
The bias corrected estimator is defined as:

- - X, X L/-XXXY ~XXXX-
6,=% [ﬂm,nl + (X2 a) (ann’, = 6ar . Bar.a, )| ATn, (3.9)

where

(%XXXYivxx X, X XY d¢XXXX7VXX X, X VXX
AT Ty = PAT, Ty \CATY Ty, ‘PAT 1o, ad dar, 1 = Pat, 1 \CAT, T, ‘PATn, Ti-1’
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where gbil}i 1,_, and c,b)A(’é 1,_, is defined in 1) and with the notations “X,Y” and “X, X” that follow
from the conventions of (3.1]), respectively.
Before stating the Central Limit Theorem (CLT), we introduce the following notation. Recall the
definition of [ M) M(TQ’SQ)} in Remark I in Section We set
t

ACOV (MXY (X)) 2 [ M), Mé’g’q”)]t ,
ACOV (MX,Y7MX,X)£N€) A {[ (r g+l) )} }1< 3 (¢ x 1 vector process), and
v<q
ACOV (M*X, MX’X)IEM) = { {M(”’ } }1<v > (g x g matrix process). (3.10)
and
t
I / (XX) T aA, (%) (3.11)
0

where dA, = {dAl(f’k)} , and its (r, k) —th element is defined as:
1<r,k<q

(r,k) (r,k)

AP 2 GACOV (MY, aXY) P _graacov (MY, %) "™ (24 81dACOV (MXX, 1% %)

Bus
(3.12)
where [2] denotes the summation by switching r and k. Moreover, the (r, k) —th element of 3; can be

expressed as:

-1
where A; £ (c}’x) .

Finally, the CLT for 6,, can be stated as follows.

Theorem 2. (Central Limit Theorem for 6., ) Assume all conditions in Lemma@ and further assume

that a,;* AT, — 0 and aﬁg/QATn — o0. Then we know that there is a ¢ X ¢ matriz process (zt)ogtgfr

defined in , such that
2 (80— 0) 5N, 0.3),

where the convergence is stable in law, N (0,37) is a g—dimensional normal distribution with mean 0

and covariance matriz as 3.
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Proof. The proof of this theorem is collected in the Appendix [E] O
Moreover, following the idea of Mykland and Zhang (2017), it is straightforward to see that the

asymptotic variance estimator could be constructed as follows:

B

—1 —1
& 9 WX, X 2 T X, X
Y= AT” Z (CATn,Ti—1> q)ATanifltpATn,Ti—l (CATnaTi—l> ’ (3'13)
=1

where

é _ XY _ XX B
ATy T — SOA’T»,I,TZ',l SOATn,T,;,l AT, T

with @)A(%/L T, and @’A(’T)j T, being defined in 1' and the notations “X,Y” and “X, X” following from

the conventions of (3.1)), respectively.

4. High Dimensional Factor Model

We again start by adjusting the notation. In the case of high dimensional factor model, we assume
that ¢,d > 1, with d typically much larger than ¢. Specifically, ¢ is asymptotically “almost” finite (see
Condition [5| below), while d — oo as n — 0o. As foreshadowed in ([2.1)), denote

X = (X<1>, . ,X@) - (E(l), . ,E<q>) ,and Y = (Y<1>, N .,Y<d>) - <5<q+1>, . ,E(q+d>) .

It is then also natural to use the following notations: (X,X), = {<E(T),E(3)>t}1<r s<q (X)Y), =

<q+z>>t}

B —

=(r) =(q+! — /(=) = — /(=
{<“(T)’ =l )>t}1Squ,1Sl§d (X, X>t N {<H(T)’ H(S)>t}1§r,s§q and (X, Y>t N {<H(T)’
For the spot quantities, we define cf(’x as in 1} and define

(1]

1<r<g,1<i<d’

cf’Y = {Cgr,qﬂ)} , which is a ¢ X d matrix process, and (4.1)
1<r<q,1<I<d

> xg, x>

ctY’Y = {cqurT’qus)} , which is a d x d matrix process. (4.2)
1<r,s<d
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X, X X, Y XX XY
Cy C R Cy Cy
ct = and ¢ = , (4.3)
xY\T Y)Y X Y\T LYY
Cy Cy Cy C

with & = {7, which is defined in (2.16).

} 1<r,s<q+d

4.1. Specification of the factor model

The log-price process Y; = (Yt(l), Yt(2), e ,Yt(d)) of d stocks is generated from a multiple regression,

also known as a “supervised” factor model:
dY; = BidX; + dZy, (4.4)

where X; = (Xt(l),Xt(Q), e ,X,fq)) is a ¢ x 1 vector process, denoting a set of time-varying com-
mon regressors or factors, B; is a d x ¢ matrix process of time-varying factor loadings and Z; =

(Zt(l), Zt@), el Zt(d)> is a d x 1 vector process of idiosyncratic noise components, satisfying
(X,Z), =0 for all ¢, (4.5)

cf. Mykland and Zhang] (2006)). The difference from an unsupervised factor model, is that in our current

case, the factors X; are observed, though with noise, and at asynchronous discrete times, as in Section

2T

It is straightforward to see that
d(Y,Y), =B d(X,X),B] +d(Z,Z), for 0 <t <T, (4.6)

whence also

Y =BT B] + s, (4.7)
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where s; = (Z, Z);, in view of 1’ and 1’ In this paper, we adopt the sparsity structure for s;,

which is measured by

M — (i.7)|”
d = Sup max S;

for some v € (0,1),
1<i<d
o<t<T Isisd =2

and for v = 0, define mg = sup, max; » _ I (sgi’j ) % 0) . This measure is widely used in existing litera-
ture, i.e., Bickel and Levina, (2008) and |Cai and Liu (2011) and as pointed out by Fan et al. (2013).
4.2.  Least quadratic variation (LQV) optimization

In this case, the factors are observable. Thus, in order to get the estimates of factor loadings B, we use

the least quadratic variation (LQV) method:

(Bt)0<t<T: argmin  tr(Z,Z),.
- B:€Rxq,0<¢t<T

Based on the similar derivation of (3.4]), the LQV solution of factor loading can be expressed as:
-1
X, X XY
B] = (ct > [

since we assume that that info<;<7 Amin (@(,X) > 0 (Condition . Therefore, by the formula 1'

the LQV solution for the spot idiosyncratic covariance matrix is:

St = C}’Y — cPeX, (4.8)
where
T -1
cBX = (C?’Y) (C§7X> Y. (4.9)
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4.3. Estimators and convergence rates

We define the related estimators as follows:

-1
5T (XX) XY
-1
BeX B XXAHT . XY\ /XX X, Y
i = B "B, = (Ct ) G ¢,
P Y, Y A
& = ¢of —ePX, (4.10)

where éf(’x, éf(’Y and é?’Y are defined in 1)
In the case of high dimensional factor models, we allow the number of common factors to diverge
slowly, as the cross-sectional dimension d goes to infinity. The detailed technical assumption is stated

as follows.

Condition 5. For the number of common factors ¢, we assume that ¢ = o (d) and ¢*AT}, logd = o (1).

BeX
t

We now show the result for convergence rate of é under elementwise max norm. Define:

wn = (¢"'AT, logd)? | (4.11)

Theorem 3. Define ¢; = {ég’;)

t} o with AT, < a,. Assume Conditions . The following is
) 1<r,s<q+

then valid:
ég{’Y = cz{’Y T Op ((ATn log d)%) , and (4.12)
e — 2| = Op (wn), (4.13)

where wy, is defined in . Consequently by the triangular inequality and formulas @ and ,

we obtain:

Hgt - sthaX = OP (wn) .

Proof. The proof of this theorem is collected in the Appendix |G| Specifically, (4.12]) is a consequence
of Lemma [3] while (4.13) follows from (G.6). O
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Now we apply the adaptive thresholding on §;. Denote the thresholding estimator by 87, defined as

follows:

oy (37). i#4

where ¢;; is the adaptive thresholding rule, for z € R,
¢;j (2) = 0 when |z] < x;;, otherwise ‘gzﬁij (z) — 2| < Xij-

The examples of adaptive thresholding rule include the hard thresholding ¢;; (2) = 21 (2] > Xij), soft
thresholding, SCAD and the adaptive lasso, i.e., see |[Rothman et al. (2009) and [Fan et al.| (2016b).
Because of the absence of residuals, the standard error estimator of §§” ) can not be easily obtained.
Thus, in contrast to the settings of x;; in Fan et al. (2013), the thresholding parameter are set to be

elementwise constant, i.e., defined as:

Xij = Cwn, (4.14)

with a sufficiently large C' > 0. Before stating the results of the thresholding estimator, we first make

one assumption about the spot residual covariance matrix.

Condition 6. For the spot residual covariance matrix s;, there exist constants 9,95 > 0 such that

9] < Amin (St) < Amax (8¢) < 05 for all 0 < ¢t < T.
Based on the result in Theorem |3, we obtain the following proposition.
Proposition 1. Assume Conditions [{. Then, for a sufficiently large C > 0 in the thresholding

parameter , the estimator for the sparse residual covariance matriz satisfies:

187 = stll = Op (wy"ma) -

If wi™"mg = o, (1) is assured, then the eigenvalues of §2z,t are all bounded away from O with probability

approaching 1, and



Proof. The proof of this proposition directly follows from the similar discussions in the proof of
Theorem 5 of |[Fan et al.| (2013]). O

Next, let’s define the spot covariance matrix estimator based on the thresholding estimator as follows:
Y)Y <AX,Y)T (AX,X) 1 XY |
Gy =G on G S

-1
Then we consider the estimation performance of precision matrix based on (é;YY*> . The theoretical
development is based on the Sherman-Morrison-Woodbury formula, i.e., recall the formulas (4.8)) and

(4.9), we obtain:
—1 T 711
Y)Y, A=l amy—1 (XY XX, XY jasn—1 (XY XY Ay —1
(@) =0T =607 (@) [ e aY e (@) Y e
We first assume the pervasiveness of the common factors by the following technical assumption, which

is parallel to the Assumption 3.5 in Fan et al. (2011).

Condition 7. Assume

e (&) -a] 2o

for some ¢ x ¢ symmetric positive definite matrix €2; and some constants 95,4 > 0 such that
(i) info<t<7 Amin (£2¢) > 9% almost surely;

(i) if ¢ = 0o as n,d — oo, we further assume supg<;<7 Amax () < U almost surely.
Then we show the convergence rate for the estimator of the precision matrix as follows.

Theorem 4. Assume Conditions . Also suppose that wl"mg = op (1). Then, for a sufficiently large

-1
C > 0 in thresholding parameter (4.14), <62(Y*) s non-singular with probability approaching 1, and

Proof. The proof of this theorem is collected in Appendix O
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5. Monte Carlo Evidence

We conduct Monte Carlo simulation to verify the validity of our methodology.

5.1.  Simulation settings

Following the model setup in - in Section we consider the log-price process Y; =
(th,Yt@), e ,}Q(d)> of d stocks is generated from a factor model dY; = B:dX; + dZ;, where the
common factors X; and factor loadings By are ¢ x 1 and d X ¢ time-varying processes, respectively. And
Z. is a d x 1 vector process of idiosyncratic noise components.

In the simulation, we specify
dXY = pdt + o aw?) and dz{? = v,dBY,

where ¢ =3, 7 =1,2,...,q. And {Bt(i)}1<'<d are the independent standard Brownian motions.
<i<
The correlation matrix of dWV is defined as p*. The volatility processes of X and Z are simulated

as follows:
AN\ 2 AN\ 2 . . _
d <0§J)) = Kj <0j - <0§3)> ) dt + njagj)th(J) and dvi = k" (0" — v) dt + 1" v,dB,

where the correlation between dW) and dW\) is pj-
The first component of X in the simulation is set as the market factor. To guarantee its factor

loadings B, 1 are positive, we simulate the factor loading in the following scheme, for ¢ =1,--- ,d,

- (5 Rl i JRED B0 e
L (911 B! )dt+§1 BB if j =1,

IZJj (ém - Bgi’j)> dt + Ejdét(i7j) if j > 2.

The parameters are set as follow p = (0.05,0.03,0.02), £ = (1,2,3), £ = (0.5,0.6,0.7), 0 ~
U [0.25,1.75], 05,03 ~ N (0,0.5%) , & = (3,4,5), 6 = (0.05,0.04,0.03) , = (0.3,0.4,0.3) , p = (0.6, 0.4, —0.25) ,
P =0.05, pX = 0.1, p¥X = 0.15, k¥ = 4, §” = 0.06 and 7 = 0.3.

8this is similar to [Ait-Sahalia and Xiul (2019) with * = 0.06 and 7* = 0.3
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The processes are simulated in the equidistant grid with At,, = 1 second. The observed processes

are contaminated by microstructure noise:
—k —_
g, =5 ey, (5.1)

where Z = (X(l),X(Q), Lo Xy y@) ,Y(d)) and ¢, are ii.d. (q+ d)-dimensional random
vectors, sampled from Ny 4 (0,3€), with ¢ = ®®T and ® = (1, Py, ..., Pyiq)" and @1, Py, ..., Pyiy
are i.i.d. random variables from N (0, (0.0005)2) .

The time horizon in the simulation experiment is set as: 7 = 1 day. We assume that a trading day

consists of 6.5 hours for open trading.

5.2.  Simulation results for d = 1

We note that for d = 1, the factoring loading Bgl’j) is the same as ng) in model |D
We apply the realized regression procedure by estimating én, defined in 1' To illustrate the

effect of market microstructure noise, we also construct the estimator 6., by replacing the spot covari-

. . A(1,s . . LA 1 N*(t)+kn — — . .
ance matrix estimator C(AT,)L,t with simple CV: & = 3 Zj: N (1) 41 AE,;,AE]; (without noise) and

. T
& = ﬁ Zjvz ](\22;];11 Sl ( Ejj) (with noise). The number of simulation trials is 10000. The

examination is conducted under different settings of sampling frequency. The sampling frequency is set
in two scenarios:

1. A7, =5 seconds and AT,, = 468Ar,, with K = 20,.J = 3.

2. A7, = 15 seconds and AT,, = 156Ar,, with K = 10,J = 3.

Table shows that in the presence of microstructure noise, the estimator based on Simple CV

1)dt, and over-estimate the other

becomes inconsistent: it tends to under-estimate the market beta fOT E
non-market betas fOT B?)dt and fOT ﬁgg’)dt. When AT, = 5 seconds, the magnitude of the estimation
bias for fOT Bgl)dt is 26.8% of the averaged true value and the bias magnitude for fOT ,@dt and fOT g?’) dt
are 81.6% and 230.2% comparing to their averaged true values. It also appears that the estimation bias
(under the market microstructure noise) becomes more severe as the length of the sampling interval

AT, decreases from 15 to 5 seconds. On the other hand, our proposed estimator (based Smoothed

TSRV) is well behaved, regardless of the sampling interval.
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Table 5.1. Simulation Results for Integrated Beta Estimates

True Value: fOT gl)dt
Averaged Mean: 1.002307
Simple CV without Noise (unobservable)

Simple CV with Noise
Smoothed TSRV

True Value: fOT B§2>dt
Averaged Mean: —0.006275
Simple CV without Noise (unobservable)

Simple CV with Noise
Smoothed TSRV

True Value: fOT B?)dt

AT, = 5 seconds

AT, = 15 seconds

Bias Stdev
0.000047 0.017227

—0.268700  0.349729
0.002764  0.076635

AT, = 5 seconds

Bias Stdev
0.000256  0.031344

—0.248314 0.326741
0.002519  0.112432

AT, = 15 seconds

Bias Stdev
—0.000238 0.019537

0.005119  0.374072
0.000011  0.083769

AT, = 5 seconds

Bias Stdev
—0.000471 0.035373

0.004309  0.350225
—0.000045 0.126580

AT, = 15 seconds

Averaged Mean: —0.007281 Bias Stdev Bias Stdev

0.000118  0.022624
0.016762  0.460584
0.000568  0.096653

0.000358  0.040619
0.016331  0.433926
0.000924  0.146875

Simple CV without Noise (unobservable)
Simple CV with Noise
Smoothed TSRV

This table reports the summary statistics for the estimation of the three integrated betas, i.e., for p = 1,2 and
3, fOT ng )dt denotes the integrated p-th beta. The Monte Carlo simulation consists of 10000 trials and A7, =5
and 15 seconds. The Column “Bias” denotes the mean of estimation error; Column “Stdev” denotes the standard
deviation of the estimation error.

To validate the asymptotic behavior of the bias corrected estimator, the finite sample distribution

of the standardized statistics are reported in Figure 5.1} where A7, = 5 seconds. Note that the

standardized statistics are calculated by the following formulas

8 — [T 8P ar

(59) 12

where é;k) is defined in 1} and i]glf’k) is defined in (3.13)). In Figure the finite sample distributions

2k , for k=1,2,...,q, (5.2)

are approximately normal, with slight fat-tailed. It is worth to emphasize that the edge effects can
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Figure 5.1. Finite Sample Distributions of Standardized Statistics

Distribution of Standardized Statistic z;
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00 01 02 03 04 05

00 01 02 03 04 05

Notes. This figure reports the histogram of the 10000 trials simulation for estimating the three integrated betas with A7, =5
seconds over 1 day. The solid blue lines are the standard normal density; the gray histograms with bars of red dashed border are the

distributions of the bias corrected estimator. The standardized statistic zy, is defined in formula (5.2)), for k = 1,2, ..., q.

greatly affect the validity of the asymptotic normality in this scenario (i.e., in practice, 7 /AT, should
be a positive integer exactly).

As sampling interval increases, say, to 5 minutes or 10 minutes, one could expect the bias of the
integrated beta estimate using simple CV goes down. However, its variance increases at the same time.
This phenomenon is demonstrated in the signature plot So, even when one samples very 10 minutes,

we still recommend our proposed estimator because of its precision.

5.3.  Simulation results for high dimension

-1
For d large, we next show the performance of the estimator of the precision matrix (étYY*) ,as d
gets large. The simulation setting remains the same as in Section [5.1] For ease of demonstration, we

fix A1, = 5 seconds.
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Figure 5.2. Signature Plot of Market Beta Estimate

«Q
~— []
© _| |= Benchmark
— = Estimator 1
e  Estimator 2

<

9 bl

©

£

D ]

Ll

)

)

o 2

©

=

S X |

= o
© |
o
<
o

0 100 200 300 400 500 600

Sampling Interval (seconds)

This figure presents the signature plot for the estimates of integrated market beta fOT ﬁgl)dt in the presence
of market microstructure noise. “Estimator 1”7 denotes the integrated beta estimate based on the Simple CV

estimator with subsampled data. “Estimator 2” denotes integrated beta estimate proposed in this paper which
is based on Smoothed TSRV.
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Figure 5.3. Estimation Performance of the Large Precision Matrix
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This figure compares the estimation performance of the large precision matrix in the presence of microstructure
noise. The precision matrix using Smooth TSRV is indicated by red solid line, while the one using simple CV is
in blue dashed line. The error measure on y-xis is as defined in (5.3]).

Consider the spectral norm of the estimation error of the precision matrix, as defined in Theorem

as the error measure, i.e.

ERROR = (5.3)

YY) L YY) !
Cy —\G

As in Figure we see that in the presence of microstructure noise, the precision matrix using

Smoothed TSRV performs satisfactorily, with contained error (red line) even at high dimensionality
situation. However, the precision matrix using simple CV gets worse as d increases from 5 to 200, with

error increasing in logarithmic shape.

6. Empirical Study

In this section, we apply high frequency beta estimation to study the variation of stock betas on earnings
announcement days. We implement the high frequency regression of the intraday returns of the S&P
100 constituent stocks on the returns of exchange-traded fund OEF. The latter serves as a proxy for the

large-cap market returns. The trade prices are extracted from the Trade and Quote (TAQ) database of
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Figure 6.1. Distribution of Earnings Announcements’ Arrival Times
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This figure shows the distribution of the arrival times of the earnings announcements for the S&P 100 constituents
during the sampling period between January 2007 and December 2017.

the New York Stock Exchange (NYSE). In particular, we collect the intraday trade prices of OEF as
well as those of the S&P 100 Index constituents, between 9:35 a.m. EST and 3:55 p.m. EST of each
trading day, from January 2007 to December 2017 (2769 trading days in total). Our spot beta estimate
is then applied to explore the change in betas around the earning announcements.

For the earning data, the dates and times of quarterly earnings announcements are downloaded from
the Thomson Reuters I/B/E/S database for the components of S&P 100 Index ranging from January
2007 to December 2017. The earnings announced at non-trading days are deleted. At the end, 3845
earnings announcements are collected during this sampling period. We can see from Figure [6.1] that for
the stocks in our sample, most earnings announcements arrived right before the market open (6-8 AM)
or right after market close (4-5 PM).

To investigate the beta changes on earnings announcement days, we extended the model in Patton

and Verardo (2012)@ by adding the hourly effects. Specifically, we regress the market beta estimates

9We should note that we deviate from Patton and Verado (2012) in how to define event day. The former paper relabeled
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ﬁgtEF on event time dummies using the following model:

2 16

zc,)tEF = Z Z Ojklijrt +7vi1Dre +vioDae + - viioDiog + €its (6.1)
=2 k=10

where ﬁgtEF is the spot beta estimates of stock ¢ on time ¢t by using the following formula, with

¢OEF, stock i and ¢OFF.OFF heing the Smoothed TSCV and Smoothed TSRV estimates,

~OEF, stock i
OEF _ CAT,
it — " _OEF,0OEF °
CAT,

and I; dayhour, are dummy variables defined over a 5-day time window around the earnings announce-
ments, with day= 0 representing the earnings announcement date, and hour= 10, 11,...,16 represent-
ing the hour in each trading day. For each trading day, the spot beta estimates ﬁ?tEF are computed
with the 5-second returns over the following 7 time intervals: [9 : 30,10 : 00], (10 : 00,11 : 00],-- -,
(15: 00,16 : 00]. The dummy variables D; ¢ to Djg; are the year fixed effects, corresponding to the 10
years from 2007 to 2016. D11 for year 2017 is excluded for the identification purpose.

In order to get an impression on the hourly behavior of beta, we first conduct aggregating regression
on the entire sample. Figure[6.2]and Table[6.I]suggest that the stock betas stay at the non-announcement
level during most hours over the 5-day window around earnings release. The exceptions occur at the
early hours of market open. In particular, we observe large beta increase at the first hour (i.e. 10am)
on both Day 0 and Day 1. The first-hour beta increase (0.38 with a t—statistic of 10.15) in Day 0 seems
to reflect the incorporation of the earnings news which arrive before the market opens that day; on the
other hand, the first-hour beta increase (0.22 with a t—statistic of 5.94) in Day 1 suggest the impact of
the earnings news which are announced post-4pm from the preceding day. This interpretation is further
confirmed when we zoom in two subsamples, those with earnings announced prior to market opens at

9:30 and those announced after 16:00. Figure displays the separation of before- and after-market

earnings announcement impact on beta, with before-market effect on panel (a) and post-market effect on

the announcement at or after 4:00 p.m. on a given date to have the following trading day’s date. In contrast, we follow
the exact calendar day when labeling the announcement day. In other words, “Day 0” in our paper is the day when the
earnings are announced, no matter the announcement time is pre-market, during market open, or post-4pm.
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Figure 6.2. Changes in Market Beta around Earnings Announcements
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Change in Beta

0.0
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Hours around Event

This figure shows the estimated changes in market beta for the five-day window around quarterly earnings
announcements of the components in S&P 100 Index. Black solid line denotes the beta estimates, while the blue
dashed lines denote the 95% confidence intervals from the panel regression (6.1)).

Table 6.1. Changes in Market Beta around Earnings Announcements

Day —2 Day —1 Day 0 Day 1 Day 2
Hour Beta Hour Beta Hour Beta Hour Beta Hour Beta
10:00 —0.023 10:00 0.075 10:00 0.382 10:00 0.223 10:00 0.035

(—0.615) (1.985) (10.149) (5.939) (0.925)
11:00 —0.014 11:00 —0.005 11:00 0.096 11:00 2 x107* 11:00 —0.016
(=0.377) (—0.129) (2.560) (0.007) (—0.438)
12:00 —0.021 12:00 —0.055 12:00 0.036 12:00 —0.007 12:00 —0.055
(—0.567) (—1.460) (0.964) (—0.174) (—1.462)
13:00 —0.060 13:00 —0.086 13:00 —0.024 13:00 —0.057 13:00 —0.088
(—1.592) (—2.280) (—0.642) (—1.518) (—2.350)
14:00 —0.042 14:00 —0.051 14:00 —0.034 14:00 —0.030 14:00 —0.053
(—1.108) (—1.355) (—0.903) (—0.799) (—1.420)
15:00 —0.066 15:00 —0.077 15:00 —0.015 15:00 —0.041 15:00 —0.049
(—1.755) (—2.040) (—0.406) (—1.089) (—1.313)
16:00 —0.045 16:00 —0.039 16:00 0.012 16:00 —0.027 16:00 —0.040
(—1.192) (—1.045) (0.314) (—0.714) (—1.057)

This table reports the beta estimates and related t-statistics over the five days around each earnings announcement
during 2007-2017 for the components of S&P 100 Index. The Day 0 denotes the earnings announcement date.
The Day —1 and Day —2 denotes the two days before the earnings announcement date, and the Day 1 and Day
2 indicate the two days after the earnings announcement date. The t-statistics are shown in parentheses.
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Table 6.2. Distribution of Two Types of News

Before Market  After Market Market Open Hours

Good News 2707 945 145
Bad News 68 18 6

panel (b). We should mention that panel (a) also shows a small increase in beta at 10am on Day —1 and
Day +1, when earnings were announced in the morning prior to market open. Since the magnitude of
the latter beta changes is small, we do not put emphasis on its economic implication. Though, one could
not rule out the possibility of overnight information (earnings as well as non-earnings) accumulation
and its impact on first hour beta.

The change in stock betas around different announcement times cannot be explained by good versus
bad news. We can see in Table that in our sample from 2007-2017, most of earnings announcements
belong to good news and their arrival times do not follow systematic pattern. We also looked into the
pattern of announcement arrivals during market open hours in Figure Among the relatively small
number of announcements arriving over the market open hours, the announcement seems to evenly
spread out from 9:30 to 3pm and then there is an increase in the final hour (3-4PM) of market open
time. The news in the final hour of trading period may also contribute to the beta increase in the next

morning.
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Figure 6.3. Changes in Market Beta around Earnings Announcements by Separating Data
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(b) beta increase at 10 next day when earnings announced after market close on Day 0
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Figure 6.4. Distribution of Earnings Announcements’ Arrival Times between 9:30 and 16:00
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Notes. This figure reports the distribution of the arrival times of the earnings announcements between 9:30 and 16:00.
7. Conclusion

The central contribution of this paper is a feasible estimator of spot beta, which is robust to noise and
asynchronicity. With the help of the spot-version of the Smoothed TSRV estimator, spot beta can be
consistently estimated. There are two direct applications of the spot beta estimates in the current paper.
In the first application, the integrated beta can be consistently estimated by aggregating the spot beta
estimates. After a bias-correction procedure, a fixed dimension central limit theorem is established for
the bias-corrected estimator, with convergence rate which may be arbitrarily close to Op(n_l/ 4). In the
second application we assume time-varying factor structure and conditional sparsity. The spot beta
matrix estimator enables the estimation of high dimensional spot covariance and precision matrices.
Simulation results show that our proposed estimators perform well.

As an empirical application, this paper explores the hourly change in beta around earnings an-
nouncements of the S&P 100 constituents. The hourly beta was constructed with the help of Smooth
TSRV using 5-second pre-averaged returns from 2007 to 2017. We separate the impact of pre- and
post-market announcement on beta change, and find that significant beta change takes place in the first

hour of market open.
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Appendices

A. Proof of Lemma |I|

(i). Plugging (2.13) into (2.19)), we obtain:

1 N*(t+ATy)
Aiammg Y
=N (1) +1
with
K—J-—1
A(rs) _ K-J-p (r) (s) L ~() ) ) (o)
o ( = < K7 )AX” ) AXE+ gy (2, - el .
Then we have:
1 N*(t+ATy) 1 N*(t+ATy,) [i—N*(t)—1
ﬁx%f,lt)ﬁx%fft) _ NE Z Bl(rl,snBi(rz,w)_'_wATmt with war, s = <7 Z Z Bi(ill,sm Bgm’sz)[z}-
=N ()41 ™ i=N*(t)+2 =1
(A1)
- (r1,81) 2 (r2,82) _ N™(t+ATy) H(r1,51) p(r2,s2)
Therefore, 15 (#{5V 7832 = b DA B [BIH VB>, where
- N~ 1
E [B_(wﬂgﬁ’”%sﬂ} =0, <AT (K — J) AT+ > (A-2)
i i n,i n 2 .2 )
(K —J)* (Mn)

and finally, we obtain:

71,81) ~ (72,8 — N*t ATn—N*t
E(frg;;}ﬁg;;;)):op <ATn1(KJ)AT:+ (t+ AT ( >

ATZ (K — J)* (M5)?
uniformly. By Condition [2| we know that N* (t + AT,,) — N* (t) ~ NAT,; " which implies that

N*(t+ATw) = N () N
AT (K — J)2 (My)? AT, (K —J)* (My)’

=0 (a2 AT, ).

Therefore, we obtain (2.20]).

On the other hand, we know that ﬁg}f;)ﬁxgﬂfi) -F (er}f?ﬂ'Xiﬁi)) has the same order as war, t, which is defined
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in (A.1). In what follows, we prove ||war, t||, = Op (an AT, ") . Note that

1 N*(t+ATy) [i-N*(t)—1 ) 2
E [WZTMt] = 7AT4E Z Z BZ_(TZ,SQ Bi(rz,s2)[2]
" i=N*(t)+2 =1
| Vet = N*(5)—1 2 )
R(r1,s1) (r2,82)
= ATE Z E Z B (BiTQ 52) 2]
=Nt ()42 =1

N*(t+ATy) i—N*(t)—1

- ﬁ Z Z E{(BETL’S”)Q (13’5”*52))2} 2], (A.3)

i=N*(t)+2

where by (A2),

n

»(7r1,51 2 H(Tr2,52 2 _ . o 1 ’
E [(Bi(il >) (B; >) } 2] = 0O, ((ATW (K —J)ATE + K77 ) (M)2> > : (A.4)

Then it is straightforward to see that sup, E [@ir, | = Op (an AT}, ?) . Therefore, we obtain (2.21)).
(ii). Recall the formulas (2.16)), (2.18)), (2.19) and (2.12)), we have:

N - ( 1 (7
i = ThE et ag (B, ).

Moreover, by direct calculation, we have:

T1,81,72,8 1V7'5 ~(ra2,s ~(ra,s 1 71,8 ~7‘,5 72,8 ~(ra,s
77<A§‘n,1 2,52) _ = AT (A;_‘y“l) (eEﬁATZ‘Z ( 25 2)) [2] + ATT% (ei-t,-lATl‘) ( 1 1)) (eEfATZ) eg 2 2)) 7 (A.5)
where [2] denotes the summation by switching (71, s1) and (72, s2). Because sup, . . eir == =0p ( ) then we obtain
, 5
2.22)). Based on ([2.20)), we have sup, ,. , WX;) =0, (anATn_l/Q) . Applying Cauchy-Schwarz inequality on 1} we
T oty

(r1,81,72,82)
ATt

obtain: Supy ., ., s, ss

‘ =0, (anAT{3/2> . By Minkowski inequality, we have:
2

(r1,51,72,52) (r1,51,72,52)
HnATn,t —-E NAT, ¢

(r1,81,72,52)
) < HnATn,t

|+l )

’
2

thus (2.23) got proved. O

B . Proof of Lemma E|

The estimation error can be decomposed as in (3.7). Using integration by parts, we obtain

/Tfll (,33 - /BTFI) ds = /Tqul (T; — s) dB,.

43



Thus, H i (55 — By 1) dsH -0, (ATS/ 2) which implies that
i— 1= 2
RDiscrete — Op (ATn) ) (Bl)
On the other hand, because the estimation error of spot beta can be further decomposed as:

—1
2 X, X X, Y -X,X
ﬁATerifl - ﬂTi—l - (CATn1T7, 1) (TrATmTz 1 ﬂ-ATru Ti— 1’3Tz 1) ’ (B.2)

-1
A a _ X, X X,Y ~X,X a
Bar, 1y —Bar, 1, = (CATn T; 1) (”ATn Tioy T AT, T 1ﬁATmTH)’ (B.3)

where ¢, ¢, 7,7 and f are defined in , , and

Again from integration by parts, we have:

X,y X,y xy _ 1 AT X,y
A= =g [ (@ aT) - s e,

which still holds for fr)A(’T)i + by switching the superscript from “X,Y” to “X, X” in above equation. Following the same

techniques in Lemma 4 of Mykland and Zhang] (2006), we obtain that sup, ﬁi,ﬂ");,t , = Op (AT&M) and sup, ﬁi:}:)t =
Op (ATi/Q) , and moreover, for any € > 0,
sup HEZ(’T: - YHQ =0y (ATi/Qfs) and sup Héié,t H ( AT/ 5) . (B.4)
Similar to Corollary 1 in |Mykland and Zhang| (IQOO(SI)7 since inf; Amin <cf’x) > 0 (Condition 7 we obtain:
sup |Bar, z,_, — Br,_, | = 0s (A7) (B.5)

n,t

since the finite dimensional vector norms are equivalent. — On the other hand, by formula (2.20)) in Lemma we know
=0y (anATn_l/Q) and sup,

that sup,

=0, (anATn_l/Q) . Applying Lemma 1 in [Mykland and Zhang

~X)Y ~X,X
ATt TAT ||,

(2006)), we obtain:

i - = 0, ((@han)*) X - =0, (@A) 7). B
Then combining — and by Taylor expansion, we obtain:
- - 2 —1\1/2—¢
sup || Bar, r,_y — Bar, mi_,|| = Op ((anATn ) ) . (B.7)

n,i

’BATnﬁTifl - ﬁTi—l

Thus, this lemma has been proved.

This implies that sup, ;

= o0, (1). Note that |[R***"||, < sup,,

‘BATnaTifl - ﬁTi—l

, = o0p (1).
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C . Proof of Theorem |I|

Before stating the second order behavior of 0, let’s define a new type of observed covariation for processes ©; and Z;:

[@aq)]EB) £ Z (GTi - G)Ti—l) ((DTi - CI)Ti—l) .

T; <t

The statement in Remark [3] applies equally to this quadratic variation.

The estimation error may be decomposed as follows:
;QATn (én ) + aiATy:lSDT) _ a:lQATn (RSpot»V + RSpot—B o RDiscrete) )

where RPr* ig defined in (3.7)), and
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First of all, by Lemma and definition (2.19)), it is easy to see that

RSpot—V-I _ Op (an) )
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Second, recall the definitions ([2.18)) and (3.5)), by direct calculation, we obtain:

B 75, _ CXX -1 7rXY *B 7~TX,X
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and thus, §SAPJ?:¥1£II could be further simplied as:
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where

éSpot V- _ X CX x\7! 7%, X XY -8 XX

ATn,Ti—1  — ATp,Ti—1 " T;— ATy, Ti—1 ATy, T Ti—1 " ATp,Ti—1

-1
_X,X e L X, X
+ (CATW, 1> (ﬁATn, — Br,_ ) TAT, Ti_y?

£Spoc v 1 XX Urxy axvy ) 3 XX <X,X

ATy,T, - AT, ATn, eT —fr,_, ATyp,T; 1 eT I '

~ Spot-V-II
Denote by RSPo-V-IT — 22_1 §APTO:’ AT, and RSpot-V-II Zl_l pr;); s AT, then we know that

RSPot-V-II _ BSpot-V-IT _ pSpot-V-IT (C.10)

Spot-V-II
(gATn: 71)
=0, (a%) . Based on this fact, we know that

On one hand, by the results of Lemma |1} and eq.

Spot-V-II
Cauchy-Swartz inequality, we have sup, Var (f Ap;:’ 171)

7) we know that sup,

= op (an) and by

RV — 6 (ay) . (C.11)

On the other hand, note that B5P°*"V-II could be rewrite as follows:

RSpot—V-II _ —X X _X,X —X X ~X,Y _ B ~X, X
= CAT,L,T N Cat,, 1, ~ CaT, T, ) \CT) ATy, T; 6T,
=1
B-1 .
X, X Ve e ~X, X
+§ : (CATnaTi—l) (ﬁATnyTi - BATmTi_1) +O ( ) : (0‘12)

Because

i+1)AT, iAT,
FOX XX . /(H_ )ATn (Tz‘+1 — U) 45X | /l " (u — Tz‘fl) 45X
AT,,T, ATy, Ty — u u )
" it iAT, AT, (i—1)ATh AT,

_X,X XX
we know that HCATnaTi — CATy Ty

=0, (ATi/Q) and by Tayor expansion, we have HBAT v = Bar T
5 nyTs n

—-0, (ATT{/ 2) .
Based on Cauchy-Swartz inequality and formula (C.12)), we obtain:

RStV _ o (ATnfl/Qn*Q”‘) = 0, (an) - (C.13)
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Plugging (C.11)) and ( into

RV — 6 (an), (C.14)
and by plugging (C.9) and ( into (C.3)), we obtain:
RSPV = RSPV 4 (an) = O, (an) . (C.15)

Next, we calculate the order of RSP°*BT  Recall the definitions and ., we could rewrite @4 as follows:

B
-2 2
- -2 X, X X, X 7Y X, X
¢y =an ATn § : (CTH) (”ATW,T T,y ~ Pri (”ATH, T 1) ) ATy,

i=1
thus, we know that
B
Spot-B-I __ Spot-B-I
R - j:é-ATnaTi—lATn’
with
-2 2
Spot-B-I _ X, X L X, X XY XX
Caryr, = T T WA 1y~ By (T, r
X, X X, X -1 ~ X, X ~ XY B ~ X, X
CATvn T;— 1CATn1 Ti—1 TrATn: Ti—1 ﬂ—ATn» Ti—1 ATn:Ti lﬂ-ATnn Ti—1 :

Spot-B-I

By algebraic calculation, {A7, "7, could be further simplified as follows:

§SpotBI _ CXX —2 3 _B XX P (XX TP () — By pLLLD
ATy, T = T;_ AT, Tiy T 1 ATy, Tiy Ti 1 AT, T,y T, 1 IAT, Ty

Ll (e TP (pxx XX M (axx XY _7 XX 2
Ti—1 ATy, Ti—1 "ATn,T;—1 ATn,Ti—1 " AT, T ATy, Ti—1 ATn,Ti—1 )

where

CX,X *2_ P X, X CXX -1 o CXX -2 EXX 7_TXX
Ti—1 ATn, i—1 AT, Ty - Ti—1 ATy, Ti—1 ATy, Ti—1

+ CXXCXX AXX -1 ﬂ_XX +7XX
T;_1CAT, Ty CAT,, Ty ATy, Ti—1 T TAT,, T4 )

By the results of Lemmaand eq. —, we know that sup; (.SSAP;LBf 1) ‘ = anAT ) and by Cauchy-Swartz
inequality, we have sup, Var (fSAp;: A g Op (aszT{ 3) . Then it is easy to see that
RPN = 0, (ah AT %) + O, (al AT, ). (C.16)

Next, for RSP°*B-11 because of Remark [3 I in Section we know that a,, [MX X M5 Y];B) [MX X ME Y]
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—2 X, X x,x7(B) p X, X 3rX,X iy . P~ ..
and a,,” [M;%, M) ]u — [MZX* . MZ ]u Recall the definition || we have: ¢, — @, that is:

RSPot-B-II _ 0p (aiAT[l) . (C.a7)

Note that

3 _3 _ (XX XY _3 XX
ATy, Ti—1 ATn,Ti—1 = \YATp,Ti—1 ATy, Ti—1 Ti 1 " ATy Ti1 )0

and recall the definition (C.8) and apply Lemma[f]and eq. (B.5)-(B.7), it is easy to see that

RSPOVBIL — O (AT,). (C.18)

Then plugging (C.16)), (C.17) and (C.18) into (C.4), we obtain:

R = 0, (ATy) + 0p (a2 AT, ) . (C.19)

Finally, plugging (B.1)), (C.15) and (C.19) into (C.2), and when a,2AT, — co and a,, ' AT, — 0 we have:
—2 A 2 -1
a, AT, (Qn — 0+ a, AT, cpT) =0, (1).

The theorem is thus proved.

D. The Central Limit Theorem in the Scalar Case.

We here display the CLT in the case of one-dimensional X and Y, along with the proof of the result. The purpose of this

section is to facilitate the passage to the multi-regressor case, particularly on the level of the proofs.

Theorem 5. (Central Limit Theorem for én) Assume Conditions that info<i<7 cf(’x > 0, and also that a, *AT, — 0
and a;3/2ATn — 00. We then have:

a;l (én - 9) 2 N(0,27),
stably, with

e /ot (Cf’x)i2 (@ [MEY M|~ 28,0 [MEY MEX] 4 hd [MEX MEX] ). (D.1)

u

Proof of Theorem [5
én 9= RSpot»V + RAdjusted—Spot—B _ RDiscrete’ (DQ)

where RSP°*V and RP#™**® are defined in (C.3) and (3.7)), respectively, and

RAdjustcd—Spot—B — RAdjustcd—Spot—B—I + RAdjustcd—Spot—B—II + RAdjustcd—Spot—B-HI7 (D3)
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and

B
Adjusted-Spot-B-I ~ _ Adj-Spot-B-1I
R = D AT AT,
B
Adjusted-Spot-B-II  __ Adj-Spot-B-I1
R - Z gATn»Ti—l AT"’
Adjusted-Spot-B-1IT ~ _ Spot-B-111
R™Y = R ,
with
Adj-Spot-B-I  _ (XX —2 =X X XY B XX
ATanifl - AT77,7Tn i—1 ATTL7T ATn7Tz ATjnvrrifl ATTL7T —1
~X, X _X, X -1 XX ~ XY B ~ X, X
CATn,THCATn,T -1 TAT,, T2 \TAT, Ti 1 — PAT, TioaTAT,, T 1 )
Adj-Spot-B-II A X, X 5 XX XY 7 XXX, X
AT, Ti = \Cr. .. ¢ATH,TH oy~ Bar, OaT
~X, X ~X X ~ XY B ~X X
CAT, Thion AT, 1oy \TAT, Ty — BAT, T TAT, T,y
and RSP°"B-1I heing defined in .
Note that by direct calculation,
é-AdJSpotBI _ A X, X - _X,X -1 ~ X, X ~ XY —B ~ X, X
ATy, T, = CAT, T i1 CATn,TH ”ATn,TH TAT,T; NN

CX X —X X X X B _ B
ATy, Ti—1 AT, Ty TAT,,T; 1 ATy, T;—1 ATy

Based on , we know that sup;

it is easy to see that

fg‘;ﬂf‘mt B I‘ = O, (an AT, ?) and sup, Var (5

RAdjustedepothfI _ Op (aiATn—2) + Op (aiAT;l) ]

Next, we consider the size of RAWusted-Spot-B-Il " Nto that it could be simplified as:

qu‘—l) .

Adj-Spot-B-I

ATn Ty ) =0, (agATn_P’) . Then

£AdJ Spot-B-II __ [ +X,X T2 X X XY B L X, X, X, X
ATy, Ti—1 — \"ATR, Ty i1 AT, Ty 21 ATan,iflnATann i-1)"
FONXX LY SX,X,X)Y  _ ~(1,1,1,2) .
where A7, 1 = Mar, 1, -y @0 087, = AT, 1, -, With
~(T1,81,T2792) A A(T1,51ﬂ“2,52) ﬁ.(T‘hSl) ~(T2792)
ATy, Th i PATy, Th i1 ATy, Ty AT, Ty
and
("'1751,7‘2,52) 2 - (r1,81) v(T2,52)
ATn 7T -1 ATTL’ n,i— ATnaTn,i—l'
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To find the size of ﬁ(A”TnSIT:f:?, let’s define two other quantities:

_(r1,81,72,82) _ 1~(r ,81) ~(r2,s2) 1~(7‘ ,81) ~(r2,s2)
‘PAlTn,lTnifl = Z”AlTn/lz,(iq/z)ATn”AzTn/zz,(iﬂ/z)ATn + ETFA;"W,/12,(i71)ATnWA%‘n/22,(i—1)ATn’ (D.7)
(r,s) _ A(rs) =(r,s)
wAT,L,Tn’i,l = CaT,/2,6—1/2)AT, — CAT,/2,(i-1)AT, (D.8)
Therefore, note that
A(1,s) A(7,s) _ py(7ss) ~(r,s) ~(r,s)
CAT, /2,(i—1/2)AT, — CAT,/2,(i-1)AT, — ¢ATH,TM_1 + AT, j2,—1/2)AT,, ~ TAT, /2,i=1)ATy

then we could decompose ﬁg}f}rz_’si) as follows:
T, ie

~(r1,81,m2,82) _ [ ~(r1,81,m2,82) _ —(r1,s1,72,52) —(r1,81,m2,82) _ ~(r1,81)  ~(r2,s2)
nATTuTn,i—l - SDATw,an,i,—l SDATnaTn,i—l + SDATnaTn‘z‘—l TATy, Ty 1 TAT,, Ty 1 ) >

where ’(”’Sl’rz’si) is defined in 1b and it is straightforward to obtain:

PAT,, T i
CCCII G DN ¢ et
- A}_FT% (M2 = MR, ) (Mo, = M35, ) 2
+xrz (B = MO o, ) (2 sz, — 802720, ) 1

+

1 ~(r1,s1) ~(r1,s81) ~(r2,s2) ~(rg,s2)
AT? (eiAlTnl - e(iil/l2)ATn) (e(iil/QQ)ATn - 6(131)2AT,1) (2],

and

s (r1,81,r2,82) _ —(71,51,72,52)
ATnaTn,i—l ATnﬂTn,i—l

1 (r1,s1) (r2,s2) 1~(’V‘ ,81) ~(r2,s2)
VAT T VAT, T iy — 3 TAT, j2,G-1/2)AT, TAT,, 2,6~ 1)aT, [2]

L (~(ris1) = (r1,s1) (r2,52)
+Z (WA;')L/IQ,(i—l/Q)ATn - WA;"n/IQ,(i—l)ATn) wA%,an,i,l (2],

where {73 | is defined in . Because we can further simplify wx;z’m ., as follows:

ATy, Ty i—
- /MT" (M) delrs) 4 /(H/MT" (%) )
‘ M U )
wTniot = g ag, \ ATn/2 (i—1)AT, AT, /2

(3

£Adj—Spot—B—H
ATy, T

then we know that sup, Op (ATﬁm) . Combining the formula 1@' we know that sup,

I =
v 2
Op (aiAT;Q) and sup, Var (5‘2‘;3;5’;;:]3'11) =0y (aiAT;z) , and finally we obtain:

RAdiusted-Spot-B-TI _ 0, (afbAT{2) +o, (aiAT{l/Q) ' (D.9)
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By formulas - ) and (| , we have:

RAdiusted-Spot-B-IIL _ ) (AT (D.10)

Plugging 7 , , , and into , if we assume that a,, AT, — 0 and an*PAT, — 0,

we have:

0, —0 =RV 4o, (an).

Recall the definition (C.3), we know that

<RSpot—V—I’RSpot—V»I>t _ /Ot (05 X) -2 (d [MX,Y7MX,Y}ELB) —28.d |:MX,Y7MX,X} (B) +B2d [MX’X, MX'X] (B)) ’

u u

and, by Remark [3|in Section we have a,, > (RSPo"VT RSPet-V-TY . -5 %, and thus the theorem is proved.

E. Proof of Theorem E|

The estimation error could be decomposed as:

én —9 = RSpot—V + RAdjustcd—Spot—B o RDiscrctc, (El)
where RP¢% ig defined in (3.7), and
RSpot—V — RSpot-V—I + RSpot-V—II’ (E2)
RAdjusted—Spot—B _ RAdjusted—Spot—B—I + RAdjusted-Spot-B—II + RAdjusted—Spot—B—III, (E?))
and
B B
Spot-V-1 __ Spot-V-1 Spot-V-1I __ Spot-V-II
R =3 &Yt AT, and R 5otV AT,
B B
Adjusted-Spot-B-I  _ Adj- Spot B-1 Adjusted-Spot-B-II __ Adj-Spot-B-I1
R = E AT, T AT, and R = Enr.m ., AT,
=1
B
Adjusted-Spot-B-I11 e
R™ 5 (ﬁATn,Ti_l - 5Ti_1) AT, (E.4)

=1
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with

Spot-V-1 xx\ 7' /.xy XX 3
AT, T,y — \°r., TAT, Tic1 — AT, T, PTiy )
Spot-V-II _ B B Spot-V-I
AT, Ti—1  — AT, Ty — MAT,Ti1 — SAT, Ty
X, X -1 oxx X, X i/ xy ~X,X 3
+\r. ) Tar,m, CATH,TH TAT, Tiy — AT, T, BAT, Ty ) 5
Adj-Spot-B-I (X, X b oxx X, X XY ~X,X 3
AT, Ti_, = CAT, Ty 1 WATH,Tl_l CAT, Ts_1 7rm"n,T 1 TAT, T PAT, Ty
X, X ~x X _x X T (XY ~X,X 3
CAT,.Ti 1) AT, T 1 \CAT, . Ti s TAT iy~ AT T BAT, Ti 1 ) 5
AdjSpot-B-Il ;XX “laXXXY  aX XX, X,B
AT, ,Ti 1 - ATn,Tlf AT, Ty — YA, T; 1 FAT, T 1

X, X -1 _oxx X, X 1/ xy =X X B
CAT, Ty 4 TAT, T;_1 \CAT, T4 TAT, Ti—1 — TAT, Ty 1 PAT,, T |+

First of all, it is easy to see that

RSpot—V—I — Op (an) )

Note that,

B -p = (X G- =
ATy, T;—1 ATn Tim1 ATy, Ti—1 ATy, Ti—1 ATy, Ti 1P AT, Ty

Cxx 1~xx _xx -1 XY 7~Txx ,3
ATy, Ti—1 TAT,, Ti—1 \CAT,, Ty TAT,, T2 ATy, Ty M AT, T 1 )

the SAPTO::\T/iII could be further simplified as:

gSpot—V—II _ £Spot V-11 éSpot V-11
ATnaTz ATnv i—1 ATn1T1—1

where

~Spot-V-II _ _X,X ,xx X, X -1 XY - X, X
Earyr s = \Cam,mi, ”ATn,T 1 \Tiy TAT, Ty — TAT, 11 By
_X,X ZXX
+ (CATH, ) AT, Ty (ﬁATn, i _ﬁTH)a
#Spot-V-II - 1 _X,X -1 ~X,Y ~X,Y ~X, X XX\ 7
Enrori, = AT CAT, T;_1 ér, —€r_, ) — \ér,” —er L) Bar, T, |-
n

) V-II o
Denote by RSP0V = 528 g0 AT, and RSPV = 08 2002001 AT, then we know that

RSPot-V-II _ {Spot-V-II _ [ Spot-V-11 (E.5)
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Following the similar discussion in the single regressor case, it is easy to see that R5P°*V-Il = o (qa,,). Moreover, because

B-—1
RSpot—V—II _ _X,X —X X —X X —X X -1 ~XY _ ~X, X,B
= CAT,,Ti_y AT, T; ~ AT, 1,1 ) \CAT,,T ér; €r, Par,,T;

B
1
_X,X X, X = 2
+Z ( ATer 171) 6 (BATn’ BATnyTi—1> + Op (a”) )
and by similar technique as in the single regressor case, we know that RSPV = Op (anATn 1/2) . Therefore, we obtain:
RSpot-V—II

= op (an) .

That is:
RSpoth — RSPOt’V’I + op (an) = Op (an) .

Next, by direct calculation, we have:

2
£Ac1JSpc>tBI — (XX ~XX B _B
ATnﬂ i—1 - ATna i—1 ATna i—1 AanTifl ATnaTi—l
2 1
o (axx boxx _X,X XY _ﬁxx ,3
CAT,, Ty 4 ”ATn, 1 CAT,,T; 4 TAT,, T;_y AT,,T, AT, Ti—1 ) >

and comparing with the case of a single regressor, we have:

RAdjusted—Spot—B—I _ Op (aiATn_Q) + Op (aiATn_l) )

On the other hand, note that 52(;5;5’5’“;’:]3'11 could be rewrite as follows:

gAdJSpotBH X, X Tox XXy  =XX,X,X 3
ATy, T, = \Car,, 1, Nt Ty~ Nat, 1 Bar, 1 1|

where

X, X,X)Y &XXXY ZX,X XX _17~rxy

NAT, . T; = Par,1i AT, Ty \CAT, Ty AT, Ti_ 17

XX, X, X (})XXXX ~X,X X, X -1 _xx

NaT, 11 = Par, 1y TTAT, 1,y \CaTn, iy ATy iy
Let’s define another intermediate variable:

¢XXXY _ XX X, X -1 oxy
ATm i—1 @ATn» —1 CATnaTi—l (‘OATH: 17
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_X,X ~ (r,s) ~X,Y _ J 2 (ra+l)
where @7, 1, = {‘PATn, T, H}K”q and G, 1, = { ATy Ty i

5(rss) _ 1 _ ()
PAT T i1 2 7rATn/z (i—=1/2)AT, — TAT,/2,(i—1)ATy, | -
-1
X XXX _ XX X, X ~X,X
Similarly we could define ¢7 7", = @ar, 1,_, ( CAT,,T, Lfl) PAT,,T;
Note that
~XXXY_ 1 XXX, Y X, X,X,Y X, X,X,Y ~X,X XX 1~XY
Nat,.T; OnTty s — OaTTl s Oar, 1y ~ Far,m_y (Cahm, AT, T, ’

. . XY XY _ S X, X ~X,X
where recall the definition v in , and because @7 —PATY T = 21/)AT7“ _,and @A — ATy Ty =
QwATn’ _y» We have:

AX,X,X,Y -xxXxy _ l_xx XX n WX, X -1 _xy
PAT, Ty AT, T, = Q‘PAT",T".H CaTy 15y 1/)ATn, Toic wAT”, Toica \CATw sy ) ParT, i,
X, X
+t1 7/’ATm Toica (CATn,TH) (OCHE.
and moreover because 737 = 17?(7 °) + 17?(7 *) then we have:
AT, Tiy = 2T AT, /2,(i—1/2)ATy, AT, /2,(i—1)AT, :
~X,X XX -1 XY X,X,X,Y
TAT,, Ty \CaT, T, T AT Ty~ OaT, T
1 XX XX 1~XY +1 ~X,X XX -1 oxy
5T AT, /2,(i~1/2)AT, \CAT,, iy TAT, /2,(i=1)AT, T 5TAT, /2,(i-1)AT, \CATn,T; TAT, /2.(i—1/2) AT -

Finally, comparing with the single regressor case, we obtain:

RAdiusted-Spot-B-1I _ O, (aﬁAT{Q) 10, (aflATgl/Q) ’

and

RAdjusted—Spot—B-HI _ Op (ATn) ) (E?)

Recall the results in Lemma we have RPiscrete —

O, (AT,), then we have the final representation of the estimation error
as:

0, —0 =RV Lo (an).
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In order to find the representation of (RSP°-V- RSPO-V-T) ,» We first define:

(r,k,B)
[MX’Y,MX’YL 2 Z (Mg*‘”” rq+l)) ( (ka+l) _ ;l,qjl)) ’
T;<t
X,Y x,x1 ™k B) (r.q+1) (T,q-H) X, X
[ 2] TR AR (et - ) (- M)
T; <t ’
X, X x,x|(mkB) 4 X, X x,x\T X, X X, X
[M M } 2 (MTi - MTH) (MTi - MTi*l)k . (E.8)
t T <t e N
(r,k,B) .

It is easy to see that [MX’Y, MX’Y] (rk.B) is a scalar process and [MX’Y MX’X] is a ¢ X 1 column vector process

](TkB)

and [MX’X, MxX is a ¢ X ¢ matrix process. If we define A, £ (ci( X) , then:

<RSpot—V-I’ RSpot—V_I> _ /t ALd [@7 @]LB) Au7
t 0

where d [®, <I>]ELB) = {d (@, @]ftr’k’B)} e is a ¢ X ¢ matrix and its (r, k) —th element is expressed as:
1<r,k<q
d [‘I>, ‘I)L(j,k,B) - d |:MX,Y’ Mx,y] (r,k,B) B ,Bld [MX’Y, MX’X] (r,k,B)
(k,r,B) (r,k,B)
—ﬁld |:MX,Y7MX,Xi| +,35d [MX,X’MX,X] B,

then the (r, k) —th element of <RSp°t’V’I, RSPOt’V’I>t can be represented as follows:

(rsk) ¢
Spot-V-1 Spot-V-I B
(rermt gy M [ At a8l (),

t

The proof of this representation is collected in Appendix [F]

From Remark |3} we know that a,? [®, @]EB) 24 A+, and thus it is easy to see that

a2 <RSpot—V—I7RSp0t—V—I> Py,
t
The theorem is proved. [J

F. Proof of Covariance Matrix Representation

Define &7, = {q><’“>} and

1<k<q

®r, = (MEY - M) — (MEX - MEX) By,

i—1 i
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then we know that for 1 < k < ¢,

1

q
k k,q+1 k,q+1 v kv kv
q)g"i) = (M;z wh Mé"ifq )) B 25%11 (M;"z Y- M7("1'71>)
v=1

k,q+1 k,q+1 X, X X, X
= (Mé} — M;i7q1 )) B ﬂ;i—l (MTq‘, B MTq‘,—l)

ok ’

Therefore, we have:

B
<RSpot—V—I7RSpot—V—I> = ZATi—l (@1, ®L) Ar,_,.
- '
Note that the (r, k) —th element of &7, ®}. can be represented as:
r,q+1 r,q+1 k,q+1 k,q+1 s s s s
(M"}z - MT(l—qj_ )) (MT(E - M;i—qj )> + (M;“i * - M%i) .'BTz‘—l (M;f * - M%i),c R ’BTi—l’

ra+l roq+l X, X X, X
B | (et - aaft) (e - e%) |

where [2] denotes the summation by switching r and k. Because (M;«(X — M%()i) Bz, _, is a scalar, then we know that
k2 71— 7‘,. 71—

it is same to its transpose, and therefore,

T
X, X X, X X,X XX _ XX XX X, X XX
(MTi MTL'71) ’BTi—l (MTi MTi—l) ’BTi—l - ((MTz MT¢71) BTi—l) (MTi MT¢71) 'BT/L'A
e k,e r,e k.o
T
B T X, X XX X, X XX
- ﬂTi—l (MTq‘, MTi—l e MTi Ti-1 )y, .ﬁTi—l'

Finally, we know that

r k r,q+1 r,q+1 k,q+1 k,q+1 r,q+1 r,q+1 X, X X, X
(I)’(I"L'>(I)’(I"L'> = (M’I(-‘L — M;"ijl )) (M;"z " Mj(ﬂi—ql >) - Bh‘—l |:(M7<"z - M7("i7q1 )) (MTi B MTi—l). k] [2]

X, X x,x\7T X, X X, X
+’8}'i—1 (MTi - MTi—l) R (MT«; - MTi—1>k .'BTifl‘

Ty

G. Proof of Theorems |E| and |Z|

Before the proof of main theorems, we first show some preliminary lemmas. We note that Lemma [3] shows eq. [£12]in the

Theorem, by replacing X by Y.

A(r,s)

Lemma 3. We define ¢ = {CATmt with AT, < an and ¢ = o(d). We assume Conditions . Then the

}lgr,SSQ+d

1
elementwise maz norm of estimation error has the rate ||¢; — ¢l .. = Op ((ATn log d)f) .

Proof. Based on the results of Lemma [I| (in the current paper) and Lemma 2 of |Chen et al.| (2020), we conclude that
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there exists some positive constants C1 and Cs, such that for all 1 < r,s < ¢+ d, and any = > 0,

2
P ( éihs) <T | > x) < Crexp (f 22; ) . (G.1)

The detailed proof follows from the similar discussion in the proof of Lemma A.1 in|Fan et al.| (2016a). Because of the fact

-},

that
A(rys) (T s)
t

{llee = ctllpax > 2} = U{ ¢
8

then based on the Bonferroni inequality, we obtain

e = Ctllmax = Op (18T log (g + )]}

using the similar technique as in Lemma A.2 (iv) of [Fan et al|(2016a)). Based on the assumption ¢ = o (d), which implies

that log (¢ + d) =logd + o (1), we finally obtain the convergence rate as stated in the lemma. O
4 X, X 9 ) o .
Lemma 4. Assume Conditions E Then for any 0 <t <7, Amin ( ) > 5b with probability approaching 1.

Proof. First of all, by Weyl’s theorem, we obtain:

X, X X, X X, X X, X
i () = ()| <l =
~X,X X, X

< q||Ct -G H )

max

where the last inequality follows from the fact that ||A| < /pq||A||
Therefore, based on Lemma

for any p X ¢ matrix A.

max

- =0, (AT logd)? ) and

X,X
t

.Amm (cf‘ X) ~ Amin (cf’x). =0, ( (AT, 1ogd)%) =0, (1).

By Condition [4] it is then easy to verify the result of this lemma. [J

~BeX

Based on the above lemmas, we now show the convergence rate of ¢; under elementwise max norm.

@)
Proof of the rest of Theoreml We first define several notations: cx Y {cﬁ“‘””} , a g x 1 vector process,
1<r<q
(1) (2) (d) ..
which is the [—th column of matrix ¢;> XY for 1 <1< d. That is, cf( Y = (ctx v ,ci(’Y e cf’y ) . Similarly, we could
N R 1) (2) ~ (d) .. .
define cf(‘Y = (cX’Y mf’y RN cf(’y ) Therefore, it is easy to see that the (7, s) —th element of matrix cB*X can be

(r) -1 () . oA () R -1 x,y®
expressed as: (cf Y ) (cf’x) &Y while that of matrix ¢2°X can be expressed as: (cf Y ) (c?’x) &y

Consequently, we obtain the expression of the (r, s) —th element of the error matrix as:

~BeX Bex ) (M) _ X,y (™) X,y / xx\ 7! .x,v® X,y (™) x x\ 7! /ax v X,y (s)
Cy — Cy = Cy — ¢ Ci ¢ + c Cy — ¢
X,y ONT ax,x\ 7 x,x Ax X X, X Ax y ()
+ | ¢ Cy [ — [ .
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Therefore, we have:

(r)

~BeX Bex) (M%) WX,y () X,y (") X,y (m)
max || ¢ — ¢ < max ||&” - max || + max
1<r,s<d 1<r<d 1<r<d 1§r<d
2
WX,y () (Axx)_l (xx) ! ‘ X, X AxxH
5 PR O s 2
+ (félf%(d Ct ) H Ct Ct Ct Ct (G-2)
Based on Condition E[, we have:
1 _ ™)
‘ (cf( X) H < 97", and max ‘cf( e H < ¢"/?9,. (G.3)
1<r<d
By the result of Lemma @, it is easy to see that
x,x\ ! -1
(ct : ) < 205 (G.4)
with probability approaching 1. On the other hand, it is easy to see that
WX,y (™) X,y 1/2 1
max ||& — ¢ =0pq ' (AT, logd)? ), (G.5)
1<r<d

P (r) (r) . (r) (r)
x Y Cx,y 1/2 x Y Cx,y

based on the result of Lemma [3| and the fact that . Consequently, we

max

know that maxi<,<q ‘ H < 2q1/2192 with probability approaching 1.

Substituting (G.3)-(G.5) into (G.2), we finally obtain:

(r,s) 1
~BeX BUX _ 4 2
 Dax (t ) =0p (( AT, logd) ) (G.6)
based on the result of Lemma — & XH < ’ AX’XH . This shows (4.13). O
G. 1. Proofof Theorem@
Define V; = éf(’Y cf( Y and
N _ R 711
G = [ eEn T (@)
-1
G = [cf{’x + cz(’Yst_l (cf( Y) ] .

Lemma 5. Assume the conditions of Theorem[]} Then
(i) Amin (cf(’Yst ! (ci(’Y)T) > 95d for some 95 > 0.
(ii) 1G]l = O, (d71).
(iii) V2|2 = O, (qdAT, log d)
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AXY( )71 (é?’Y)T - XYst ( z(’Y>T =0, (dw}f"md).
(v) HGt =0, (d).

(i) | (&%) G 6y

=0,(1).

Proof. (i) Note that
Amin (cz(’Yst_l (cf(’Y)T) > Amin (st_l) Amin (cz( Y (cf(’Y)T) .
Then by Conditions |§| andlﬂ, we obtain that Amin (cz(’Ysgl (cf{’Y)T) > ¥%d for some 95 > 0 and all large d.

(ii) Because

X, X XY -1 XY XY -1 XY
Amin (ct +c; sy (ct ) )2 Amin (ct St (ci ) ),

then the result (ii) follows immediately from result (i).
r |2
XY Xy T O, (qdAT, log d) based on the result l)

Ct —C

(iii) We have ||V, |3 < dmaxi<r<d

(iv) Note that

XY ary—1 (AX, YT XYy —1( xY\"T
Ct (8¢) Ct —C Sy |G

X,

t )

NG

where by result (iii), it is easy to verify that HVt )" VtTH = O, (qdAT, logd) = op (dwn),

Y e = ()

+

IN

|ves™

Ve ()

Op (qd (AT, log d)1/2) = Op (dwy) and by ConditionH (ii) and the result of Proposition we obtain

cz(Y [(éi‘)*l — St_l] (cf( Y) H =0, (dw;_ymd) .

XX X, X .
X = | < aller = eill s = Op (wn),

XX XX X,X
—c H + Hct ’ H where

| <

v) || =

Oy (q) = 0p (d) by Conditions [4 and [5] Therefore, result (v) is immediately proved following from the results (i) and (iv)

] =o.(e7)

=0, (dl/ 2) . Finally, combing result (v) and Proposmon we obtain

and the assumption wy “mg = o (1).

H where ||[V¢|| < [|[Vi|lg = Op (dl/an) by result (iii),

(vi) Because AXYH < ||V

by Assumption (ii). Thus we obtain ‘ &
(vi). O

Proof of Theorem [4 By the Sherman-Morrison-Woodbury formula and the triangular inequality, we have

F
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—1 —1
H(CYY> () ngle L where

L= e s

Lo = s () @™ 5™ -]

L= st (@) @ (@Y - ) )7
L= st (@) (G-a) @Y e
Ly = ‘sfl (@(Y—Ci{Y)TGtéf’Y(g:)_lv

Le = H[(éz‘)*l—s;l] (éi"Y)TGtéf"Y(éI)’lH-

First of all, by Proposition ”(é?)*l —s;t || = Op (wy, “ma) . Second, by Assumptions@andand result (ii) of Lemma ,
we have ‘ syt (cf(’Y ! Gtcz(’YH = Oy (1) and consequently, Ly = O, (w;,”“ma) . Third, based on the result (i) of Lemma
and the fact that || | = 0, (4/2) and

that Ls = O, (wn) . Similarly, based on the result (v) of Lemma[5] we obtain Ls = O, (ws) . Fourth, note that

Y cz(’YH <Vad||é — et pax = Op ((quTn log d)%) , we can conclude

Gi- G| = |G [et -6 G| <0, () ||a - &
where HG[1 - G/! H = Op (dwy,""ma) + Op (wn) which follows from the result (iv) and the proof of result (v) in Lemma
Therefore, we obtain ‘ G — G| =0, (d™'wy"Yma) which yields Ly = O, (wy, “mg). Finally, by the result (vi) of

Lemma it is straightforward to see that Lg = O, (w;_”md) . Thus, the theorem is proved. [J
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