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Appendices

This supplement contains the proofs of the theorems and other mathematical results in the main body of the
paper (Appendix A-F), as well as additional simulation results (Appendix G). References are to the main paper

unless otherwise is indicated.

A Decomposition of the Smoothed TSRV Estimator

We only show the case when r = s and 0 < ¢t < 7. The proof for other cases (i.e.,, 1 < r;s < d) will be similar.

Recall the definition of the S-TSRV as follows:

X, X - K[¥.7), 7.7,
E. = mae (T -
where for a pair (J, K), and N* (¢) defined in (2.3), we set
N (K) J N*(t)—b . 1 N*(t)—K )
K|Y, Z K — Y Z (Yisx = ;) +3 Z (Yisx = ;)

i—1 i=J+1 i=N*(t)—b+1

with
b=K+ J.

——(J)
We define J [Y, Y] ., similarly by switching J and K.

Recall the results of Theorem 1, Proposition 1 and Theorem 3 in Mykland et al. (2019), if we assume that
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ATF — 0, M, — oo and K — J — 0o as n — oo, we have the following expression:

1 ] N*(t)—b N*(t)—K ] N*(t)—=b N*(t)—J
o o 2 2
(X, X), = K—J |2 Z Z (XTi+K—1 - Xﬂ) 9 Z Z (XTH-J—l B X"i)
i=J4+1 i=K+1
Signal Part
N*(t)— b—K N*(t)—-K N*(t)—J b—J N*(t)—J
2 1 1 _ 2 1 1 _
K7 Z EP TPV LTS <o UD DR D e S DR L
=1 =1 z:N*(t)—b-‘,—l =1 =1 1:N*(t)—b+1

Noise U-Statistics

) . (A1)

o

+0, ((Ar: + ()7

A.1 Edge Part of Noise U-Statistics

According to formula (A.1), we know that the main martingale part for the noise U-Statistics of the estimator

5 N*()—K 5 N*(#)—J
K7 ZZ:; EiEiJrKJFK_J ZZ:; €i€itJ,

and its edge part is:

1 b—K N*(t)—K 1 b—J N*(t)—J
77| +l Z €i€i+K*K_J Z+, Z €i€itJ
i=1 i=N*(t)—b+1 =1  {=N*(t)—b+1
1 b N*(t) 1 b N*(t)
- K_J Z +4 Z Ei—KEifK_J z Jr. Z €i-JE
i=K+1 i=N*(t)—J+1 i=J+1 i=N*(t)—K+1
1 K 1 N*(t)—J
= TK_J Z €i—J€ — K—J Z €i—J€;
i=J+1 i=N*(t)—K+1
1 b 1 N*(t)
tw =7 Z €i-K —€-J) &+ K_—J Z (€i-x — €i—J) &,
i=K+1 i=N*(t)—J+1
€))
where
Jb/? -1
I (e N (]
and
1 K 1 N / 1
_ L _ —1/2 N\
7K_JZ Gi_‘]ﬁi*Ki_J' Z Ei_JGi—Op ((K*J) (Mn) )
i=J+1 i=N*(t)—K+1
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If we let

=7 =0, (Vi)"),

then (K — J)fl/2 (M;)f1 = O, (N*1/3 (M,j)fz/g) . Comparing to the order of the edge term discussed in
172
Proposition 1 of Mykland et al. (2019), for example, of order O, (J1/2 (ATI + (M) 1) (A7+)1/2> =

n n

0, <N‘1 + N71/2 (Mn_)il/Q) , we know that

N () N\
N1 -\ ) 7%
N-1/3 (]\4;)*2/‘3 B N 3
“12 ()Y M, oo
N-Y2(My) n

Thus, we know that for the edge effect in noise U-statistics, the part that really matters for the AVAR estimator

is

1 K ) N*($)—J
- Z €—Jg€i — 7 Z €i—J€i-
K=J.5 K=J i=N*(t)— K+1

It is worth to mention that because the rate of convergence of the estimator is O, (N_l/G (Mn_)fl/g) , which is
equivalent to the order O, ([(K —J)AT} ]%) under the Assumption 3. Then without loss of generality, denote
O, (N_l/6 (M;)71/3) by O, (ay), then we have:

. K . N*(t)—J
_K —J Z €i_J€E — ﬁ Z €i_JE = Op (ai) .
i=J 1 i=N*(t)—K+1

In the next section, we are going to find the edge term in the signal part which has the order O, (ai) .
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A. 2 Further Decomposition of Signal Part

—

Based on the definition of the signal part in formula (A.1), we obtain for (X, X), that

N*(t)—=b N*(t)—K N*(t)—=b N*(t)—J

1 2 1 2
I SIEES R I SV S 1 1D SIRED Sl [ENPRE S
i=1 i=J+1 i=1 i=K+1
1 N*(t)-K  J N*(#)—K . 1 N*t)—J K N*(t)—J ,
= 5 2 Z - - (XTi+K—1 7X7'i) - 5 2 Z - - (XTH—J—l 7XT¢)
i=1 i=1  4=N*(t)—b+1 i=1 i=1 i=N*(t)—b+1
N*(t)—(K—J)—1 , 1 K , 1 2J-1 )
= Z (XTiJrK—J - XTI) + 5 Z (XTi+171 - Xﬁ) - 5 Z (XTiJrK—J - X‘H)
i=J i=J+1 i=J
(Sum of Squared Terms) (I1)
L VO (K= L No-s
2 2
D) Z (XTi+K—J a X”) D) Z (XTiJrJfl - Xﬁ)
i=N*(t)—K i=N*(t)—K+1
(I11)
N*(#)—b N*(#)—K
+ Z + Z (XTiJrK—l - XT'H»J—l) (XTi+J—1 - X‘ri)a
i=1 i=J+1
(Iv)
where
(I)+(III) = O, (J (K —J) AT;[) ,
(IvV) = 0, (J(K —J) AT:) .
Moreover, the main part of the squared terms can be decomposed as follows:
N*(t)—1—(K—J)
> Ky = X) = RO RO -0 - oo, (A.2)
i=J
where
N (t)
R'® = (K-J) Y AXZ,
i=J+1
K—J-1 N™(t)
RXan — 9 S (K-J-p) Y, AX, AX,,
p=1 i=J+p+1
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and
y K—J-1 K—J—1
2 2
C;® = > (K-J-i)AX?, + Z (K —J—i)AXZ . .
i=1 i=
. K—J-1K—J—p K—J-1K—J—p
it o= 23 N (K-J-p-)AX,, AX, 42 > Y (KT —p—i)AX, . AKX
p=1 i=1 p=1 =0
Xy _ X1 2 A+
Observe that C; O, [ (K and C} =0, ((K=J)" AT} ).

Ifwelet K —J =0, ((N/M 2/3) then based on all of above calculations, we obtain:

KJ=1 /g 7 ()
Signal Part in formula (A.1) = Z AXZ +2 Z < p) Z AX,, AX:,
i=J+1 i=J+p+1
1

(T CT0Y) 4o, (ad).

B Proof of Lemma 1

Based on formulae (2.7), (3.2) and (3.3), the estimation error of éX;ﬁt can be separated into two parts:

1 AT
A(r, _(r,s s r,s 1 rs ~(r,
i A, t T AT (Mt(‘LA)T - M )) AT, ( o R, — S)) ' (B.1)

2
By Lemma 1 and 4 of Mykland and Zhang (2006), we know that HCAT;) =) = O, (AT,), then for € > 0,

~(r,s) (r,s)
S‘zp CaT,t — Ct

=0, (ATQ/H) .

Because At} = o0, (a2) and a2 = o, (AT,), we have:

1 t+AT,
/ (t + AT, — u) delsV

AT,
( ) 1 t+AT, 1 t
= Bar., / (t+ AT, — ) de+*0) — / (t+ AT, — u) el
AT TN*(t+ATp) AT T N*(t)

= (r e) ) 10, ( —1 (ATZ)s/z—a) +0, ((AT:)1/2—E)
= BRr o+ op (K = ) AT AT ) o, (=) 24 (AT )

= B(AT;,)L ¢t 0p (AT;/Q) .
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~(r,8)

2
Moreover, by Definition (2.8), we have (Mt(i’z)T - Mt(r’s)) = Bar 4+ and HM&’Z‘)T — M| = O, (a2AT,).
" n o n )

Thus,

1 S —
SIL}p AT (Mfl’Z)Tn - Mt(r’s))’ =0, (AT;I (aiATn)l/2 6) )

Finally, we have sup, n

s (852, =) = 0, (AT (a8)77) = o, (AT (a2AT,)'?). Thus the

asymptotic representation of the estimation error is as follows:

sup )y — e Oy (ATi/ 275) : (B2)
Slip é(Ar;)t - E(AT;,)L,t = O (ATn_l (aiATn)l/Zia) :

By (B.2), we have:

(D) (7,5)
CAT,t — Ct

=0, (AT%/Q*S) + 0, (AT;l (aiATn)l/Q_E) ;

sup
t
and it is obvious that if AT, satisfies (3.1), then

sup ‘C(XT)t —c" =0, (1).

C Proof of Lemma 2

Recall the formulas (2.7), (3.2) and (3.3), the estimation error of é(AT%)“t can be expressed as:

T8 r,s —\r,s T8 1 T8 T8 1 ~(1,8 ~(T,8
)= = ) el (2 ) (i - e
— — n
0, (AT)?) 0y (a2 AT

Recall that 2 (M9 — (™) = B(T’S,) , and by definition (3.3), we know that
AT, t+AT, t AT, t

7,8 ~(r,s) _(r,s 8 1 ~(7r,s ~(r,s
(ATZ,t =Bar,t+ C(ATz,t - Cz(: ) + AT (€§+A)Tn - eg )) ) (C.2)
n

and thus

71,81 72,82 ~(r 75)”(7' 75) _
E (885885021 7) = B (BRi ) BRzl 17 + 0y (AT.) + 0, (a3AT;2)
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uniformly with respect to t. Therefore, if a, 'AT,, — 0 as n — oo, we have AT, = o, (a,) and then

(r1,51) % (r2,82)

E (885 881 F) = B (Bar, ) Bar.s 1F) + Oy (ahAT, ) + 0, (an). (C3)

Recall the decomposition (C.2), and by the Cauchy-Swartz inequality, we have:

(rl,sl) (r2,s2) (r1,81) % (r2,82)
BAT, ¢ BAT, ¥ — Bar., tﬂAT 4

5 Op (ATJ?’/zai) )

Ay =

and when a; AT, — 0 as n — 0o, AT, *?a® = 0, (AT a2) , thus,

(r1,81) % (r2,82)

6;;:1 AT?F? ﬁAT tﬁAT + to (ATn_la%), (0-4)

(X

uniformly with respect to .

By the Minkowski inequality, we have

6(7"1781)5(7"2782) _ L (ri,rasi.s2)

AT, t PAT,, AT,
t t AT% t )
71,8 r2,8 71,8 72,8 71,8 72,8 1 r1,72,581,8
< oo - B (st st |, + |2 (PG pam) - grelin
n 2
1,8 (r ,52) 1,8 72,8
C.1 Bound of 80885 — & (80 sGs\m) |
For the simplicity of discussion, set B\"*) = B{"*)[2], then
) | NUHAT)
rys (1)
Bare=zy 2. B (C.5)
i=N*(t)+1
and
: | VAT | VAT [i-NT (@)1
(r1,51) %(r2,82 71,8 2,8 1,8 2,8
Bar.iBart = x5 O BE;A%Z,ZBEfA;i,ﬁ@ > BUIR 1 | BiAR 42, (C6)
T G=N*(t)+ o i=N*(t)+2 =1

where [2] denotes the summation by switching (r, s1) and (rq, s2).
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Assume v € (a, 2a). Recall the decomposition (C.2), (C.4), (C.5) and (C.6), we know that

‘ 2

|8 8%y — B (%5 885717

has the same order as:
| VAT fi- N*(t)—1
= Y U Sl P
T G=N*(t)+2
In what follows, we prove ||71]l, = O, (a2AT, ') . Note that
. N*(t4+ATp) [i—N*(t)—1 2
E[rilF] = zmE || 2 > BERH o | BERE 2| R
n i=N*(t)+2
| V(AT = N*(£)—1 2 |
= AT4 Z E BEQIAS%T)L,FZ (Bt(fi;“,“ ) (2] F:
=N (t)+2 =1
] N*(t+AT,) i—N*(t)— ) )
= XX P [(Biri;:,,i_l) (BisE)) ft} 2, (1)
i=N*(t)+2 =
where
2
E [(Birﬁ’l ) (B m] =0, | (K -7 (ar)*+ ) | )
" "’ (K —-J) (M,{)
Substituting (C.8) into (C.7), we obtain:
2
E[m|R] =0 L (N* (t + AT,) — N* (£)* | (K — J) (A7) + !
P\ ATE n (K — J)? (M,;)Q
and if we make Assumption 3, then
1 1 ?
2
—— (N*(t+ AT,) = N*))* [ (K = J) (Ar})" +
ATy ‘ (&2 (K —J)* (M7)?

2
N
~ AT (K —J)Arf + 2)
( ( ? (My)

~ alAT 2,
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and we have E [7}|F;] = O, (a4 AT, ?) uniformly with respect to ¢. Finally we obtain:

sup |8z 8%z — B (8R5 885 17 |, = 00 (@2077).

71,51 (7’2782) (r1,72,51,52)
C. 2 Bound of HE <5ATn AT 1 Y| F ) ATQSOATn,t ‘2
First find the conditional expectation of ﬂ(AnT’Slt) ﬂ(ATQT’Szt) as follows:
(r1,81) % (r2,52) 1 Ranald (r1,s1) (r2,52)
<5ATn,t Bat,. |ft) = A72 Z E (Bt+AT BiAT, il t)
M G=N*(t)+1

where

(r1,81) (r2,s2)
(Bt+AT th—i-ATn i

K 1 2 ) )
K— Tiop Ti 9c(r1,m2) (51,82)
Fi) = [Z ( - ”) / c;wdu] / el o l2ll2
Ti—1

p:l Ti—p—1 K - J) (Mn )
(C.9)
Finally, by formula (C.3), it is easy to see that
E( (T1,S1) (r2, 92)|]_—t) . 1 (p(hﬂ”mshsfz)
ATt BAT, ATZ PATt ,

< \E (T1,81) (rz2,s2) AR (r1,51) 7(r2;52) T (r1,81) 7(r2;52) _ (r1,7m2,51,52)

< AT 4 BAT, ¥ | F 5ATn,t BATn,t t + BATn,t BATnt | Fi ATQ N2 PAT,
2

= 0, (an AT, ) + 0y (an),

(r1,81) %(r2,82) T1,7'2,51,8 _
(BAT t 5A2T 2t |]:t) ATz SD(AlT 2;5 2 ) =0p (aiATn 3) = op (an)

uniformly with respect to ¢, because sup,

by comparing (C.3), (C.9) and (3.4).

D Proof of Theorem 1

The estimation error can be decomposed as follows: for 1 < m < d,

T
7% (ATn,X; Fm) _ / Fm (Cs) ds — aiATn_lﬁpglﬂ) — RExpansion + RSpot—V T RBias _ RDiscrete’ (Dl)
0
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where RPIserete g defined in (4.2), RSP°"Y and RSPOUB is defined in (4.3), and

Expansion  __ A (r1,81)
R = AT, E (Fm (CATn»Tn‘i—l) —Fn CTn i 1 E amlem T i 1) ATy, Thi 1

i=1 r1,81=1

d
1 ’I‘,S ’I‘,S
S P (en ) B <>) 2)

T1,81,72,52=1

RBiss = RSpotB _ 2 AT w(m).
First of all, it is straightforward to see that
RPBerete — O (AT,) . (D.3)
Next, because the symmetric function f is C* on D (g1, go,. .., gr), We obtain:
3)) |

3 )
=0, (aiATJ 3/ 2) and consequently, when a,, 2AT;, — oo,

B
RExpansion _ Op (ATn Z <HﬁATn1Tn,il
=1

By result (ii) of Lemma 2, we know that HﬂATan,i )
RExpansion — (aiAT,L_l) =op (an). (D.4)

Thirdly, by result (ii) of Lemma 2, it is easy to see that
RV = 0, (a,). (D.5)

Lastly, we calculate the order of RP$ which could be defined as:

RBias _ pSpot-B _ a%AT 1 (m) — RBiesl | pBiasIl | pBias-IIl (D.6)
with
(r1,72,81,52) __ pSpot-B 1 (m) (r1,s1) (7’2752) (r1,81) ~(ra,s2)
ﬂT, L = R”P° — a, AT QDn BT — /BATﬂ,yTi—l AT, T; /BATW T 1BATn Ti—1>
and

(m) T , 1B
Apr=a® [ 5 X GmaFale)d[Mone o) T

u
T1,81,72,52=1
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and
B 1 d
Rt = ALY Gt o) (3 B (o))

1=1 T1,51,72,52=1
B 1 d

RBlas—II _ ATn Z l2 Z 83151,T282Fm (cTn,i—l) E (ﬁ%h:2751,52)|fTi1)1 )
=1 T1,51,72,52=1

RBiasIIl GELATJ:LSOS,’};,T _ aiATﬁls@(%").

By formula (3.7) of result (iii) in Lemma 2, we know that sup,

(r1,72,51,82) (r1,72,81,52) _
ﬂTi_l —-F 19T7¢_1 |‘7:T7‘,—1 5

O, (a2AT; '), and because a,,? AT, — oo,
||RBiaS_IH2 =0y (aiATn_l/Q) = 0Op (an) - (D.7)

Then by formula (3.6) of result (iii) in Lemma 2, we know that sup,

B (o 1P )|, = O (ahat?)+
op (ay) , and therefore

| RPN, = Op (ah AT, %) + 0p (an) - (D.8)

(B)

Note that a;2 [M (150 M(r2:52)]

(m) (m

0BT RN s ) and thus,

LACOV(M(”’“),M(”’S?))u for all w and (ry,s;),(r2,52), we obtain

RBIL — o (a2 AT (D.9)

n n

Finally, by substituting (D.3)-(D.9) into (D.1), we obtain:

.
a2AT, <f/ (AT,,X; F,,) f/ F,, (cs)d5> _ o o (1).
0

E Proof of Theorem 2

Before the proof, we introduce notations as follows:

(ris)  _  =(ms) ~(r,s)
v, = CaAT,/2,(i-1/2)AT, ~ AT, /2,(i-1)AT,>
2 (r5) A(r,s _(r,s
Bar,: = C(ATZ,t - c(ATn),ta (E.1)
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where C(A’T) + is defined in (3.3). We also define:
T1,72,51,8 1y (ri,s1) (r2,s2) 1o (ri,s1) (ra2,s2)
W(AlTn,zTnll 21) ﬁATn/Q (i-1 AT,LﬁAT,L/Q (i-1)AaT, ﬁATn/Q (i—1/2)AT), Bar, /2,(i—1/2)A (E.2)

Moreover, recall the definition (3.3), we have:
o (r,s) (r,9) 1 ~(r,s ~(r,s 1 .S T,8 1 ~(r,s ~(r,s
Bar, = 5AT T A AT, (6§+A)T - el(k )> = AT, (Mt(+A)T - M( )) + AT, (ngrA)T - eg )> .
Note that the estimation error could be decomposed as follows: for 1 < m < d,
~ T . . . .
1% (ATn,X, Fm) _ / Fm (cs) ds = RExpansmn 4 RSpot—V + RAdJustcd—Blas _ ]%Dlscrctc7 (ES)
0

where RPICrete g defined in (4.2), RSP°"V is defined in (4.3), REXPansion ig defined in (D.2) and

RAd_]uSted—BlaS _ RAdJusted—Blas—I + RAdJusted—Blas—II + RAdjuSted—BlaS—III + RAd_]ub‘ted—BlaS—IV, (E4)
with
B d
pAdiusted-BiasT  _ A7 1 52 P _ 52 F (e 3y (r2,52)
- ”Z 2 Z r1s1,r2820 M \ Ty i1 T181,7252 CAT,,Th,i—1 ATn,Tn_i_lfBATn Trio1 |
i r1,51,72,82=1 '
B [ d
RAdjusted-Bias-Il  _ A7 1 52 (e (r1,81) (r2,82) (r1,s1) (r2,82)
- "Z 5 Z r1s1,r2s9t'm \ CAT, Ty i1 ﬁATn,Tn_i_lfBATn,Tn’,‘,_l - 5ATn (i— I)ATnﬁATn (i—1)ATy
i=1 | 7 r1,s1,m2,52=1 '
B [ d
RAdjusted-Bias-IIl  _ A7 1 52 F < (r1,72,51,82) _E < (r1,r2,51,52) F
- "Z 2 Z rrs1,rasy Em (CAT, Ty i1 ¢an 1 ¢T71,1',—1 | Tn,i—1 )
i T1,81,72,52=1
o 1 d ( )
Adjusted-Bias-IV 2 ~ T1,72,81,52
RAdjusted-Bias = ATnZ 5 Z BTISI,T2S2Fm (CAanTn,i—1> <¢Tn P |]:Tn‘,i71> s
1= T1,81,72,52=1

where ,BATF}’S%L ., is defined in (3.3),

v (r1,m2,51,82) o (r1,81) o (r2,s2)  (r1,m2,51,52)
b7, = BAT, (i-1)AT, BAT, (i—1) AT, — PAT, Tory >

2 (r1,51)

and Bar, (i—1)ar, s defined in (E.1).

If we assume a, 'AT,, — 0 and an®? AT, — 00 as n — 0o, then following from the results (D.3)-(D.5) in the
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proof of Theorem 1, we obtain:

RDiscrete — Op (ATn) = 0p (an) 5
R =0, (),
RExpansion  _ 0, (aiATn—l) = op (ay) . (E.5)
For RAdiusted-Biasl hecause the symmetric function f is C on D (g1, g2, . ., gr) , then we know that 02 , .., Fm

is in C!, and thus,

Sup (|07, ¢, rpss Fm (c1 1) = 0215, rasy P (Car, 1 1) ||, = Op (sqp [ — ||2) ~0, (anAT;1/z) .
K 1

(r1,s1) (ra2,s2)
AT Tn,i—1 7 AT Thji-1 ||

Recall the result (ii) of Lemma 2, we have sup; =0, (a2AT, '), and therefore

HRAdjusted—Bias—I||2 = 0, (B2AT;Y) = 0, (an) .- (E.6)
For RAdjusted-Bias-H’ because
(r1,s1) (rz,s2) ﬂ(r1,81) B (r2,52)
ATy, (i—1)AT, ” AT, ,(i—1)AT, ATy, (i—=1)AT, X AT, (i—=1)AT),
o 2(r1,51) _(r2,82) (ra,82) _(r1,81) (r $1) (r2,s2) (r2,s2)
= Bam,,(i-1)AT, ( AQTnf(z AT, _c(iilfAT,) 2] + (CA;‘”,l(i—l)AT (zll)lAT ) ( AQTH,Q(Z 1)AT, _c(iilfATn>7

where it is obvious that

T1,51) 72,8 72,8
supE {BA; l(z 1)AT, ( (A;mz()l 1)AT, - C&ilf&j‘ﬂ) [2]|-7:Tn,1:—1} = 0p (an)a

_ (
and by Lemma 1, sup; CAT;Z,(i—l)AT EZT Si)AT H =0, (AT$/2> and sup; ﬁ;; (—1)aT, || = Op (anAT 1/2> ,
and thus, we obtain:
pAdsted Bl 0 (0, AT)2) + 0, (AT,) = 0p (an) (E.7)
For RAdiusted-Bias-Ill 5y pAdjusted-Bias-1V e first decompose ¢(Tr 1r28152) as follows:
v (r1,m2,51,52) (r1,81) (r2,s2) _(r1,72,51, _(r1,72,81,8 o (r1,72,81,8
b = (Bl ar, Bars tenar, — 085 ) + (sl - olara))
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where @X}?ﬁf;ﬁ) is defined in (E.2), and it is straightforward to obtain:

o (r1,51) 2 (72,82) _(r1,72,81,8
BAT (1) AT, BT (- 1)AT, — Pty
1 (r1.51) (r1.51) (r2.52) (r2.52)
= A7? (Manl - M(iq/lg)ATn) (M(iil/ZZ)ATn - M(iil)ZATn> 2]
2 (71,81) (r1,81) ~(72,52) ~(r2,52)
+AT2 (MiZT: - M(;f/z)ATn) (e(;';f/Z)ATn - e(sz)ATn) 2]

+

1 ~(r1,s1) ~(r1,81) ~(r2,82) ~(r2,82)
AT2 (eiAlTnl - 6(111}2)AT,,,> (e(iilj2)ATn - 6(1'31)2ATn> (2],

and

o (71,81) 2 (r2,52)

s (ri,m2,81,82)  —(r1,m2,81,82) 11/)(7"1731)1/)(7"2782) _
ATp,Th i1 ATy, Thn -1 ooyt i

o (11,51) 2 (r1,81) (r2,82)

1
+7 (BATn/2,(i71/2)ATn - 5ATn/2,(i71)ATn> ¥;

where 1\"*") is defined in (E.1).

Because we can further simplify wgr,s) as follows:

i ATy, o (i—1/2)AT, . )
,wz(_r,s) _ /Z (Tn,z U) dcgf’s) +/ g (u Tn,zl) dcg',s)7
(i—1/2)AT, AT, /2 (i—1)AT, AT, /2

QZ}(T’S)

then we know that sup;, =0, (AT,%”) . By Lemma 1, we know that sup;<;<sp
5 <i<

1
ZBAT,L/2,(1'—1/2)AT”ﬂATn/Q,(i—l)ATn 2]

o (r1,51)
Bar, )21, /2

.

—1/2 _ 71,51 71,8 —1/2
Op (anATn / ) , SUP1<;<2B HATn ! (MZ.(AlTn/)2 — M((Fl)lA)Tnm) H2 =0, (anATn / ) and
SWpr<icon [AT (657, — €075, o) ||, = Op (a2AT, ) which implies that
) v (r1,72,81,82) < (r1,72,81,82) 2 1
sup ¢Tn.i,1 -F (¢Tn,i,1 |‘FTn,i71> H2 = OP (anATn ) )
and because a,, *AT,, — 0 and afLB/QATn — 00 as n — 00, we have:
sup| B (357 Fr,., )| = 0y (AT, + 0y (ahAT, ) = 0y (an)
Finally, we obtain:
RAdjusted-Bias- Il _ (aiAT;lﬂ) =0, (an), (E.8)
RAdjusted—Bias—IV 0p (an) ) (E9)
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Plugging (E.6)-(E.9) into (E.4), we obtain:
RAdjusted—Bias =0, (an) . (EIO)
Plugging (E.5) and (E.10) into (E.3), we finally obtain:
B T
V (AT, X;Fp) — / Fp (cs)ds = RSPV 0, (a,) = O, (ay) .
0

Recall the definition of RSP°*V in (4.3), and ﬁ(AT’;Z,Tn ., and BZ;r)L7Tn.'i—1 in (3.5) and (3.3), and by Lemma 1, we

have the following decomposition:

1 1 5 5
K s = B =, e (ME) =MD )+ (657 -0, ). (E.11)
n n
Op(ATylz/2) B(ATTS:T . Op(a?,LAT;l)

Therefore, we obtain:

B d
RSPOFY AT, Z Z Orys: Fm (cTn,ifl) BX;Z,Tn,i,l

i=1 7‘1751:1

=0, (AT,) + O, (aiATn—l/?) = 0, (an),

and finally, the estimation error of the bias corrected estimator could be expressed as:
~ T ~
V(ATnaX§Fm) _/ Fp, (Cs)dSZRspOt_V+0P (a'n)
0

with

B d
RSV = 37 [ > O P (ery) (ME) ~ Mé’;’i)l)] -

i=1 Lri,s1=1

(B)
t

If we define [M(”’Sl), M(””SZ)] as (4.5), then we know that the (p, ¢)-th element of the covariance matrix ¥,

of V (AT, X; F) — fOTF (¢s) ds can be expressed as follows:

- d T (B)
Z%pH) = Z / 87'181}7‘P (Cu) a'r‘282F1q (Cu) d [M<T1’Sl)a M(T2VS2):| .
0

u
71,81,72,52=1

Note that a;QE%p’q) L5 »®9_ the theorem got proved.
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F Proof of Theorems 3, 4 and 5
Before the proof of the main theorems, we first show some preliminary lemmas. As in Assumption 5, we denote
the columns of B] as bgl), b§2), e 7b§d). We also denote the columns of B; as B§1), B§2)7 cee B,EQ).

LEMMA 4. If we define ¢ = {é(AT:/th with AT,, < ay, and a,, is defined in (2.6). For basic settings

}1§r,s§d
about the observations, we assume Conditions 1-4 in Mykland et al. (2019), and Assumptions 1-3. Then the

elementwise max norm of the estimation error has the rate ||¢; — ct||,,.. = Op ((ATn log d)%) .

Proof. Based on the results of Lemma 1 and 2, we can conclude that there exists positive constants C7 and

C5, such that for all 1 < r,s < d, and any = > 0,

P

The detailed proof follows from the similar discussion in the proof of Lemma A.1 in Fan et al. (2016a). Because

>x},

it follows from the Bonferroni inequality that we can easily obtain the convergence rate, using the similar technique

égr,s) _ Cgr,s)

2
> x) < Chrexp (—22; ) . (F.1)

of the fact that

égr,s) - Cgr,s)

(e = ella > 23 = U]
7,8

in Lemma A.2 (iv) of Fan et al. (2016a). O
Next, we show the g—th largest eigenvalue of the spot covariance matrix estimator diverges with respect to d,

where ¢ is the number of common factors.

LEMMA 5. Denote the q—th largest eigenvalue of ¢; by XEQ). Assume logd = o (ATn*l) , where AT, follows the

definition in Lemma 4. Then }iQ) > Csd with probability approaching 1 for some constant C5 > 0.

Proof. First of all, by Proposition 2 and its assumptions, it is easy to see that the g—th largest eigenvalue of

¢, denoted by )\,Eq), satisfies that, for some C% > 0,
~ 2 - 2 Cl
N = ||| - ‘Aﬁ” ~|p?] ’z Chd — [lsi]) > (23) d,

when d is large enough. This is because [|s¢]| is bounded with respect to d. Next, by Weyl’s theorem, we just

need to show that [|é, — ¢;|| = op (d). Because of the fact that ||A| < d| A for d x d matrix A, and based on

max

the result of Lemma 4, we obtain:

e = coll € dllée = etll e = Op (d (AT, logd)* ) = 0, (d),
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which follows from the assumption logd = o (AT, *). This proves the lemma. [
Next, we complete the proof of Theorem 3.
Proof of Theorem 3. Define
Kn.a= (AT, logd)"* +d ",

and

Y% (k,BM) = d 't (ét — Bktﬁzt) )

PC (k,f’:k,t) - v(k,Bk,t)+kg(Ade)7

. . (1) < o (k .
where By, ¢ is as in Definition (5.13). Similarly, we define Ay, ; =Diag ()\El), /\52), cey /\,E )) andI'y ; = (&,E” %2)’ -

where 5\3) is the i—th largest eigenvalue of ¢, and '?gi) is the corresponding eigenvector.

Observe that:
PC (k,Bri) = PC (4.B0) =V (k. Br) =V (0.Bo) + (k — 0) G (AT, d), (F2)

where
% (k’, Bk:}t) -V (q, Bqﬁt) = d_ltI' (Bq7tB;,t - Bk,tBLt) .

A

We first show that P (PC (k,fik.yt) < PC (q,]?iq,t)) — 0 for k < ¢q. Because tr( q,tB;,t) :tr(B;th,t) , we

have for C5 > 0,

with probability approaching 1, which follows from the result of Lemma 5. It is then easy to see that
V(k,Bri) =V (2.B4) > G5 >0, (F.3)

with probability approaching 1. Moreover, because k < gmax and (k — q) G (AT, d) — 0, the statement is proved
for k < q.
Second, we show P (PC (k,]gk,t> <PC (q, Bq}t)) — 0 for k£ > q. Because V (k:,B;g’t) -V (q,Bq’t) =

Supplement to article in the Journal of the American Statistical Association 17
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7d71 Zf=q+1 j\ii), we have:

k . ) k )
< d—l Z 5\51) . )\gz) +d_1 Z )\Ez)7
1=q+1 i=q+1

‘v (k Bk,t) —y (q, Bw)

where the first term on the right hand side can be bounded by Weyl’s theorem and the fact that ||A] < d|A]|

max

for a d x d matrix A :

k
_ L (@) i - A .
a3 AT A <7 = @) e = el < 2 16— 1l e

1=q+1

while the second term can be bounded similarly using Weyl’s theorem:
d-! AZ AD < d (k= ) AT < d g [Ise| -
Based on the result of Lemma 4, and Assumption 5, we know that ||s;|| < ||s¢||; < ¥2, and consequently
V(0.B40) =V (K Bri) = 0p (Kna)-
for ¢ < k < @max- From the assumption that IC;,ZQ (AT,,,d) — oo, and noting that

P (PC (k, Ek,t) <PC (%qut

N—

) =P (v (q,qut) —V (k,Bm) >(k-q)G (ATn,d)) :
we can conclude that for ¢ < k < gmax, P (PC (k, Ekt) < PC (q,qutD — 0.0

F.1 Results by conditioning on ¢ = ¢

In view of Theorem 3, all the subsequent results and related proofs will be conditioning on

Without loss of generality, from now on, we omit the subscript ¢; is the notation, for example, denote B@ht, f‘qt,n Agt,85, 4
and ¢7, , by By, T, Ay, 8 and &, respectively.

Following definition (5.10), we denote the columns of B as Bil), 13752), ce f)gd). Thus, B] = (Bgl), Bgz), ce Bﬁd)) .

Supplement to article in the Journal of the American Statistical Association 18



D. Chen, P.A. Mykland, and L. Zhang Five Trolls: PCA with High Frequency Data

Also recall that B] = (bﬁ”, bEQ), e bgd)) . Define a transition matrix
H, = A, ?TTT,A}/2, (F.4)

and recall the definition of the projection matrix P4 in formula (5.7). Define

and note that BY = A} / T7. Consequently we have:
Py =1, —BA;'B] =1, - V.. (F.6)

LEMMA 6. We have the following identities:
(1)

ét — St = PBt (ét — Ct) PTB + PBt (BtBI — EtBI) P% — stVtT — Vtst + VtStV;r, (F?)

(i)
Bl — H,BJ = A, TT [(& — ;) + 8:V] + Vs, — V8, V], and (F.8)

(iii)
HH -1, = A Y207 [V,s, VT —s, VI — V;s, — (¢, — ;)| T, A2 F.9
Hy — 1, = A t [Vist V] — s V| 8t — (6 — c)] Ty A, /7. (F.9)

Proof. (i) In view of the identities and related derivation of (5.8) and (5.9), we have the following fact:
8 = PBtétPlT“gt' (F.10)
This equality can be further decomposed based on (F.6) and ¢; = B;B] + s, as follows:
8 =Pp, (¢t — 1) P1T'3t + Py, (B,B]) P]T§t + PB,,StP]T“gt- (F.11)
In the above equation, the second term on the right hand side can be simplified as:

Pg, (BB]) Py =Py, (Bth ~B,BT ) Pl (F.12)

t
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because of the fact that PBt]A3t = 0, while the third term can be further decomposed as:

P]§ StPI

Sttg, (Ia — Vi) st (Ia — V)T

= St — stVtT — VtSt + VtStV;r, (Fl?))

using formula (F.6). Combing (F.10)-(F.13), we obtain (F.7).

(i) Recalling the definitions B] = Asz‘z, B! = A,%/2I‘tT7 as well as (F.4), we have:

Bl —H,B] = A[I7—A; V207 (ThATY)

= Aiﬂfl - Afl/zfl (¢t — ¢4 ¢ — 8 +8; —s¢)

= APIT+AVPET (¢ — ) — ATVPET (80 —s0) — ATVPET (¢ - 80), (F.14)

where, in view of ¢; —§; = ]:D»tf’:tT = ft[xtfg and f‘gf‘t = I,, we have At_lﬂf‘z (é: — &) = Aimf‘g We then obtain:

Bl —H,BJ = A, 2TT (¢, — ) — A YPET (8 — ). (F.15)

On the other hand, observing that Py = Py and Pg, = Pr,, then substituting (F.7) into (F.15), we obtain
(F.8), based on the fact that f‘tTPft = Pftft =0.

(iii) Based on a similar derivation as (F.14), and recalling the definition (F.4), we obtain:
HtH;r — I[qf = At_l/zf‘g (Ct — ét) ftA;l/Q + At—l/Qf‘g- (ét - St) f‘tAt—l/2' (F16)

Then substituting (F.7) into (F.16), we obtain (F.9) by using the similar techniques as in (ii). O
Recall the definition B] = (Bgl), B,Ez), . ,f)gd)) , whereby Biz) = (EI) . The i—th column of B} — H;B]

[ X3

can then be expressed as (BI — HtBtT) = 5" — H;b{". Further define:

°,i

ét = VtStVJ — stVtT — VtSt. (Fl?)

Also define e; to be the row vector for which the j—th element equals 1, and the others equal zero. Then for any
matrix A, its i—th row can be expressed as (A), , = e;A, while its j—th column has the form (A), ; = Ae]. We

K2

then have the following preliminary lemma.
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LEMMA 7. We have the following results:
(1)
[18:] < 31Isell , (F.18)

(i)

NONE (7)
mas [|B{Y — H,b

= Oy (I = el + 47 ], and (F.19)

(iii)

[HHT —1g,[| = Op (e — +d7 Isell) - (F.20)

Ct ”max

Proof. (i) Recalling the definition (F.17), and by the properties of the spectral norm, we obtain:
g 2
I8¢l < NVell™ Isell + 2 [ Vel llsell = 3 Isell,

since ||V = [|[V]] = 1.
(ii) Because b{”) — H;b\" is the i—th column of B] — H,;BJ, then by identity (F.8), we have:

max HBEZ) — thﬁ“
1<i<d

A—1/28T /A
< max HAt /2PT (¢t —cr)e]
1<i<d

+ max ”A;I/Qf‘zéte{“ . (F.21)
1<i<d

The first term on the right hand side of (F.21) can bounded as follows. Since the Cauchy-Schwarz inequality

assures ||Ax|| < ||A|lg [x]| for a matrix A and a vector x, we obtain:

|A7 PR @ —eoel|| < |[ASYPET|| N —coel
A—1/2 ~
= |[Ac| e — el
L\ "2 .
< H(d At) €2 = Ctllmax
F

R A e =1y 172
in view of the facts that HA;1/2I‘tT HF = (2?1 ()\El)) ) and [|A|l < /pq ||A|| .y for a matrix A of dimension

max
W\ —1/2
p X q. Based on the result of Lemma 5, we know that there exists some C5 > 0 such that (d‘lAt)

-
2cy /2 and consequently, we obtain that:

max ’

A —1/2- ~ —1/2 14
e A7 @ - el | < a1 7205 o - i

with probability approaching 1.
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For the second term on the right hand side of (F.21), we have:

HA;1/2ftT5teiTH < d-1/?

N2 el
(&)™ ez s gern.

" L\ 12 _
Since |le]|| = HI‘;H = 1, and by Lemma 5, we have (d_lAt> H < C4 /2 With probability approaching 1.

Also recall the result in (i) to obtain:

max HA 1/2 I75.eT H < 30_1/2 V2,
1<i<d

Therefore, we obtain (F.19).

(iii) Conditioning on ¢; = q. Recall the identity (F.9), by triangle inequality, we obtain:

JELH] -1, < | A7 PRI DA | 4 | ASVPET (6 - ) BAT

)

where the first term on the right hand side can be bounded as follows:
HA I/QI\T I\ A 1/2H < HA—l/QH ||St|| < 303 ld 1 HStH
with probability approaching 1, while the second term on the right hand side has the following bound:

~ _ A N A A ~ _ 2 ~ — — ~ — ~
|ATPET e = e oA < A2 e = el < €71 e -l < 5 e — el

max ?

where the last inequalities is based on the fact that ||A| < d||A]| for a d x d matrix A. Finally the result

max

(F.20) is proved. O
Proof of Theorem 4. Recall that P)LT = (BS), 6(2) B(d)) and hence the (7, j) —th element of B f’)
D ONT A .
be expressed as (bgl)) bgj). Consequently, the (i, j) —th element of B, B —B;B] is (b(l)) ( )

By definition (F.4), we obtain the following identity:

() B — (") b = (B —mb) (Y — Hb) + (B — Hb(") " Hb

+(mp?) (69 —HbP) + (b)) (EIH, ~1,)b.
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By triangular inequality, we have:

HBtB{ - BtBtT‘

max

— max [(67)TB9 - (60) b
1<i,j<d
() () ’ Q) (9) () () ’
< (1) 1 MO [ J ‘ 7 ‘ T _ )
= (@@Hbt H.b, > +21£3‘)§dubt H:b; Htht + (%?SXCI b > I H, — T

Then based on the Assumptions 4 and 5, we know that

max Hth,Ei) b{)

1<i<d

=0, (1) and 112;1;;‘

‘:opu).

On the other hand, based on the result (iii) in Lemma 7, and following the similar discussion of the proof for

Lemma 11 (b) in Fan et al. (2013), by conditioning on §; = ¢, we obtain:

HIHt —I;, =0, (Hét - Ct”max +d ”StH) :

Finally, recall result (i) in Lemma 7 to obtain:

)Bth _B,BT

= 0, (61 el + 72 2]

On the other hand, because of the identity & — ¢; = Etﬁg — B;B] +8; — s, we obtain:

A

18 = Stlwe < 116 = ille + || BB — B/B]

max

O (It~ el + 472 511

Based on the result of Lemma 4 and noting that ||s;|| < ||s¢||; < Y2 by Assumption 5, the theorem is proved. O
Before the proof of the convergence rateof the precision matrix estimator, we first introduce some preliminary

results, which are parallel to Lemmae 14 and 15 in Fan et al. (2013). Define
&, = Bl — H,B]. (F.22)

LEMMA 8. Assume that w:=™"mg = o(1), then with probability approaching 1, there exists some Cy > 0 such
that
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(i) @)% = O, (du?)

(ii) | BY (57) 7" By — HUB] (s7') BH]|| = O, (dwlma)
(ii1) Amin (I + H:BJ (s;1) B;HJ) > Cud,

(i9) Amin (Hq + BT (8 Bt) > Cyd,

(v) Amin (I + B]s; 'B;) > Cud, and

(vi) Amin ((HtH{)_l +Btht_1Bt) > COyd.

Proof. We condition on §; = ¢q. Recall that BEZ) — thf) is the i—th column of BtT — H;B]. Then, by the
result (ii) of Lemma 7, it is easy to verify (i). Result (i) implies result (ii) by following the similar proof of Lemma
14 in Fan et al. (2013). By the result (iii) of Lemma 7, following the similar proof in Lemma 15(a) of Fan et al.
(2013), we obtain (iii). The result (iv) follows from (ii) and (iii). The results (v) and (vi) follows from a similar
argument as Lemma 15(a) of Fan et al. (2013) and based on result (iii) of Lemma 7. O

Proof of Theorem 5. Define ¢ = B;H/H;B] + s;, and also define

RN .\ —1
G = (L+BIG)'B)

= 1

G, = (I,+HB](s;")BH])

then we know that ‘ (&)~ - (62‘)71” < Z?:l L;, where

Li = |6) " =,

L, = |60 =57 BiGBT 60 -5
Ly = 2|[e) 7" - s BiaBTs |

L = |s'BH] (ét—Gt)Hths;l ,

Ls = |s;'®]G®;s;'||,and

Lg = 2|s;'®GH,BJs;'|.

First of all, Ly is bounded by the result of Proposition 3. By result (iv) of Lemma 8, we have: ||Gy|| = O, (d7!),
which implies that Ly = O, (L1) and Ly = 0, (L1) . By the result (i) of Lemma 8, we know that Ls = Op (ws,)

and L5 = op, (wy) . Following from result (iii) of Lemma 8, we have: Hét = Oy (d71) . Then note that

G, (é;1 — G;l) GtH <0, (d7?) HBJ (3;) "B, - H;B] (s;}) BH || = 0, (d 'l "my),

n

|G- =
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based on result (ii) of Lemma 8. Therefore,
_ 2 ||
|24l < [[s7 BHT|||G - G| =0, (

On the other hand, by applying the Sherman-Morrison-Woodbury formula again for (éf)fl and (ct)f1 , and based

on the results (v) and (vi) in Lemma 8, we obtain:

[@™ =™ = op (wima)

which follows from the similar argument in the proof of subsection C.4.2 of Fan et al. (2013). Finally, by the

triangular inequality we obtain:

The theorem is thus proved. [

@) e <]

@)™ =@+ @ = e = 0y (whrma)

G More Detailed Simulation Results

G. 1 Simulation Comparison under Different Scenarios In the following, we present more
detailed simulation results in the three scenarios described in Section 6.3, where A7, = 5, 15, and 60 seconds,

respectively.
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CLT: 1st Eigenvalue CLT: 2nd Eigenvalue

Figure G.1 Finite Sample Distributions of Standardized Statistics
Notes. This figure reports the histogram of the 1000 trials simulation for estimating the four integrated eigenvalues with Ar, = 5 seconds
for 30 stocks over 1 week. The solid blue lines are the standard normal density; the histograms with bars of red dashed border are the

distributions of the estimates before bias correction; the gray histograms are the distributions of the estimates after bias correction.

G.2 Distributional performance of the bias-corrected estimator
To validate the asymptotic behavior of the bias corrected estimator, the finite sample distribution of the
standardized statistics for d = 30 stocks are reported in Figure G.1 where A71,, = 15 seconds. Note that the

standardized statistics are calculated by the following formulas:

V (AT, X3 F)) — [T F) (cs) ds

p

AVAR (AT,, X; F))

?

N|=

for the standardized statistics of bias-corrected estimator, while

V (AT, X3 F)) — [T F) (cs) ds

AVAR (AT, X; F))*

Y

for the standardized statistics of the estimator before bias correction.
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