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A Decomposition of the Smoothed TSRV Estimator

We only show the case when r = s and 0 ≤ t ≤ T . The proof for other cases (i.e., 1 ≤ r, s ≤ d) will be similar.

Recall the definition of the S-TSRV as follows:

〈̂X,X〉t =
1

(1− b/N) (K − J)

{
K
[̃
Ȳ , Ȳ

](K)

t
− J

[̃
Ȳ , Ȳ

](J)

t

}
,

where for a pair (J,K), and N∗ (t) defined in (2.3), we set

K
[̃
Ȳ , Ȳ

](K)

t
=

1

2

J∑
i=1

(
Ȳi+K − Ȳi

)2
+

N∗(t)−b∑
i=J+1

(
Ȳi+K − Ȳi

)2
+

1

2

N∗(t)−K∑
i=N∗(t)−b+1

(
Ȳi+K − Ȳi

)2
with

b = K + J.

We define J
[̃
Ȳ , Ȳ

](J)

t
similarly by switching J and K.

Recall the results of Theorem 1, Proposition 1 and Theorem 3 in Mykland et al. (2019), if we assume that
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∆τ+
n → 0,M−n →∞ and K − J →∞ as n→∞, we have the following expression:

〈̂X,X〉t =
1

K − J

1

2

N∗(t)−b∑
i=1

+

N∗(t)−K∑
i=J+1

(Xτ i+K−1
−Xτ i

)2 − 1

2

N∗(t)−b∑
i=1

+

N∗(t)−J∑
i=K+1

(Xτ i+J−1
−Xτ i

)2
︸ ︷︷ ︸

Signal Part

− 2

K − J

N∗(t)−K∑
i=1

−1

2

b−K∑
i=1

−1

2

N∗(t)−K∑
i=N∗(t)−b+1

 ε̄iε̄i+K +
2

K − J

N∗(t)−J∑
i=1

−1

2

b−J∑
i=1

−1

2

N∗(t)−J∑
i=N∗(t)−b+1

 ε̄iε̄i+J︸ ︷︷ ︸
Noise U-Statistics

+Op

((
∆τ+

n +
(
M−n

)−1
) 1

2

)
. (A.1)

A. 1 Edge Part of Noise U-Statistics

According to formula (A.1), we know that the main martingale part for the noise U-Statistics of the estimator

〈̂X,X〉t is:

− 2

K − J

N∗(t)−K∑
i=1

ε̄iε̄i+K +
2

K − J

N∗(t)−J∑
i=1

ε̄iε̄i+J ,

and its edge part is:

1

K − J

b−K∑
i=1

+

N∗(t)−K∑
i=N∗(t)−b+1

 ε̄iε̄i+K −
1

K − J

b−J∑
i=1

+

N∗(t)−J∑
i=N∗(t)−b+1

 ε̄iε̄i+J

=
1

K − J

 b∑
i=K+1

+

N∗(t)∑
i=N∗(t)−J+1

 ε̄i−K ε̄i −
1

K − J

 b∑
i=J+1

+

N∗(t)∑
i=N∗(t)−K+1

 ε̄i−J ε̄i

= − 1

K − J

K∑
i=J+1

ε̄i−J ε̄i −
1

K − J

N∗(t)−J∑
i=N∗(t)−K+1

ε̄i−J ε̄i

+
1

K − J

b∑
i=K+1

(ε̄i−K − ε̄i−J) ε̄i +
1

K − J

N∗(t)∑
i=N∗(t)−J+1

(ε̄i−K − ε̄i−J) ε̄i︸ ︷︷ ︸
(I)

,

where

(I) = Op

(
J1/2

(K − J)M−n

)
= op

((
M−n

)−1
)
,

and

− 1

K − J

K∑
i=J+1

ε̄i−J ε̄i −
1

K − J

N∗(t)−J∑
i=N∗(t)−K+1

ε̄i−J ε̄i = Op

(
(K − J)

−1/2 (
M−n

)−1
)
.
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If we let

K − J = Op

((
N/M−n

)2/3)
,

then (K − J)
−1/2

(M−n )
−1

= Op

(
N−1/3 (M−n )

−2/3
)
. Comparing to the order of the edge term discussed in

Proposition 1 of Mykland et al. (2019), for example, of order Op

(
J1/2

(
∆τ+

n + (M−n )
−1
)1/2

(∆τ+
n )

1/2
)

=

Op

(
N−1 +N−1/2 (M−n )

−1/2
)
, we know that

N−1/3 (M−n )
−2/3

N−1
=

(
N

M−n

) 2
3

→∞,

N−1/3 (M−n )
−2/3

N−1/2
(
M−n

)−1/2
=

(
N

M−n

) 1
6

→∞.

Thus, we know that for the edge effect in noise U-statistics, the part that really matters for the AVAR estimator

is

− 1

K − J

K∑
i=J+1

ε̄i−J ε̄i −
1

K − J

N∗(t)−J∑
i=N∗(t)−K+1

ε̄i−J ε̄i.

It is worth to mention that because the rate of convergence of the estimator is Op

(
N−1/6 (M−n )

−1/3
)
, which is

equivalent to the order Op

(
[(K − J) ∆τ+

n ]
1
2

)
under the Assumption 3. Then without loss of generality, denote

Op

(
N−1/6 (M−n )

−1/3
)

by Op (an) , then we have:

− 1

K − J

K∑
i=J+1

ε̄i−J ε̄i −
1

K − J

N∗(t)−J∑
i=N∗(t)−K+1

ε̄i−J ε̄i = Op
(
a2
n

)
.

In the next section, we are going to find the edge term in the signal part which has the order Op
(
a2
n

)
.
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A. 2 Further Decomposition of Signal Part

Based on the definition of the signal part in formula (A.1), we obtain for 〈̂X,X〉t that

1

2

N∗(t)−b∑
i=1

+

N∗(t)−K∑
i=J+1

(Xτ i+K−1
−Xτ i

)2 − 1

2

N∗(t)−b∑
i=1

+

N∗(t)−J∑
i=K+1

(Xτ i+J−1
−Xτ i

)2
=

1

2

2

N∗(t)−K∑
i=1

−
J∑
i=1

−
N∗(t)−K∑

i=N∗(t)−b+1

(Xτ i+K−1
−Xτ i

)2 − 1

2

2

N∗(t)−J∑
i=1

−
K∑
i=1

−
N∗(t)−J∑

i=N∗(t)−b+1

(Xτ i+J−1
−Xτ i

)2
=

N∗(t)−(K−J)−1∑
i=J

(
Xτ i+K−J

−Xτ i

)2
︸ ︷︷ ︸

(Sum of Squared Terms)

+
1

2

K∑
i=J+1

(
Xτ i+J−1

−Xτ i

)2 − 1

2

2J−1∑
i=J

(
Xτ i+K−J

−Xτ i

)2
︸ ︷︷ ︸

(II)

−1

2

N∗(t)−(K−J)−1∑
i=N∗(t)−K

(
Xτ i+K−J

−Xτ i

)2 − 1

2

N∗(t)−J∑
i=N∗(t)−K+1

(
Xτ i+J−1

−Xτ i

)2
︸ ︷︷ ︸

(III)

+

N∗(t)−b∑
i=1

+

N∗(t)−K∑
i=J+1

(Xτ i+K−1
−Xτ i+J−1

) (
Xτ i+J−1

−Xτ i

)
︸ ︷︷ ︸

(IV)

,

where

(II) + (III) = Op
(
J (K − J) ∆τ+

n

)
,

(IV) = Op
(
J (K − J) ∆τ+

n

)
.

Moreover, the main part of the squared terms can be decomposed as follows:

N∗(t)−1−(K−J)∑
i=J

(
Xi+(K−J) −Xi

)2
= R

X(2)

t +R
X(1,1)

t − CX(2)

t − CX(1,1)

t , (A.2)

where

R
X(2)

t = (K − J)

N∗(t)∑
i=J+1

∆X2
τ i
,

R
X(1,1)

t = 2
K−J−1∑
p=1

(K − J − p)
N∗(t)∑

i=J+p+1

∆Xτ i−p∆Xτ i ,
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and

C
X(2)

t =
K−J−1∑
i=1

(K − J − i) ∆X2
τJ+i

+
K−J−1∑
i=0

(K − J − i) ∆X2
τN∗(t)−i

,

C
X(1,1)

t = 2
K−J−1∑
p=1

K−J−p∑
i=1

(K − J − p− i) ∆XτJ+i
∆XτJ+i+p

+ 2
K−J−1∑
p=1

K−J−p∑
i=0

(K − J − p− i) ∆XτN∗(t)−i−p
∆XτN∗(t)−i

.

Observe that C
X(2)

t = Op

(
(K − J)

2
∆τ+

n

)
and C

X(1,1)

t = Op

(
(K − J)

2
∆τ+

n

)
.

If we let K − J = Op

(
(N/M−n )

2/3
)
, then based on all of above calculations, we obtain:

Signal Part in formula (A.1) =

N∗(t)∑
i=J+1

∆X2
τ i

+ 2
K−J−1∑
p=1

(
K − J − p
K − J

) N∗(t)∑
i=J+p+1

∆Xτ i−p
∆Xτ i

− 1

K − J

(
C
X(2)

t + C
X(1,1)

t

)
+ op

(
a2
n

)
.

B Proof of Lemma 1

Based on formulae (2.7), (3.2) and (3.3), the estimation error of ĉ
(r,s)
∆Tn,t

can be separated into two parts:

c̄
(r,s)
∆Tn,t

− c(r,s)t =
1

∆Tn

∫ t+∆Tn

t

(t+ ∆Tn − u) dc(r1,s1)
u ,

ĉ
(r,s)
∆Tn,t

− c̄(r,s)∆Tn,t
=

1

∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)
+

1

∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)
. (B.1)

By Lemma 1 and 4 of Mykland and Zhang (2006), we know that
∥∥∥c̄(r,s)∆Tn,t

− c(r,s)t

∥∥∥2

2
= Op (∆Tn) , then for ε > 0,

sup
t

∣∣∣c̄(r,s)∆Tn,t
− c(r,s)t

∣∣∣ = Op

(
∆T 1/2−ε

n

)
.

Because ∆τ+
n = op

(
a2
n

)
and a2

n = op (∆Tn) , we have:

1

∆Tn

∫ t+∆Tn

t

(t+ ∆Tn − u) dc(r1,s1)
u

= β̄
(r,s)
∆Tn,t +

1

∆Tn

∫ t+∆Tn

τN∗(t+∆Tn)

(t+ ∆Tn − u) dc(r1,s1)
u − 1

∆Tn

∫ t

τN∗(t)

(t+ ∆Tn − u) dc(r1,s1)
u

= β̄
(r,s)
∆Tn,t +Op

(
∆T−1

n

(
∆τ+

n

)3/2−ε)
+Op

((
∆τ+

n

)1/2−ε)
= β̄

(r,s)
∆Tn,t + op

(
(K − J)

−3/2+ε
∆T−1

n (∆Tn)
3/2−ε

)
+ op

(
(K − J)

−1/2+ε
(∆Tn)

1/2−ε
)

= β̄
(r,s)
∆Tn,t + op

(
∆T 1/2

n

)
.
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Moreover, by Definition (2.8), we have 1
∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)
= β̃

(r,s)

∆Tn,t and
∥∥∥M (r,s)

t+∆Tn
−M (r,s)

t

∥∥∥2

2
= Op

(
a2
n∆Tn

)
.

Thus,

sup
t

∣∣∣∣ 1

∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)∣∣∣∣ = Op

(
∆T−1

n

(
a2
n∆Tn

)1/2−ε)
.

Finally, we have supt

∣∣∣ 1
∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)∣∣∣ = Op

(
∆T−1

n

(
a4
n

)1/2−ε)
= op

(
∆T−1

n

(
a2
n∆Tn

)1/2)
. Thus the

asymptotic representation of the estimation error is as follows:

sup
t

∣∣∣c̄(r,s)∆Tn,t
− c(r,s)t

∣∣∣ = Op

(
∆T 1/2−ε

n

)
, (B.2)

sup
t

∣∣∣ĉ(r,s)∆Tn,t
− c̄(r,s)∆Tn,t

∣∣∣ = Op

(
∆T−1

n

(
a2
n∆Tn

)1/2−ε)
.

By (B.2), we have:

sup
t

∣∣∣ĉ(r,s)∆Tn,t
− c(r,s)t

∣∣∣ = Op

(
∆T 1/2−ε

n

)
+Op

(
∆T−1

n

(
a2
n∆Tn

)1/2−ε)
,

and it is obvious that if ∆Tn satisfies (3.1), then

sup
t

∣∣∣ĉ(r,s)∆Tn,t
− c(r,s)t

∣∣∣ = op (1) .

C Proof of Lemma 2

Recall the formulas (2.7), (3.2) and (3.3), the estimation error of ĉ
(r,s)
∆Tn,t

can be expressed as:

ĉ
(r,s)
∆Tn,t

− c(r,s)t = c̄
(r,s)
∆Tn,t

− c(r,s)t︸ ︷︷ ︸
Op

(
∆T

1/2
n

)
+

1

∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)
+

1

∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)
︸ ︷︷ ︸

Op(a2
n∆T−1

n )

. (C.1)

Recall that 1
∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)
= β̃

(r,s)

∆Tn,t, and by definition (3.3), we know that

β
(r,s)
∆Tn,t

= β̃
(r,s)

∆Tn,t + c̄
(r,s)
∆Tn,t

− c(r,s)t +
1

∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)
, (C.2)

and thus

E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)

= E
(
β̃

(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)

+Op (∆Tn) +Op
(
a4
n∆T−2

n

)
,
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uniformly with respect to t. Therefore, if a−1
n ∆Tn → 0 as n→∞, we have ∆Tn = op (an) and then

E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)

= E
(
β̃

(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)

+Op
(
a4
n∆T−2

n

)
+ op (an) . (C.3)

Recall the decomposition (C.2), and by the Cauchy-Swartz inequality, we have:

∥∥∥β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

− β̃
(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t

∥∥∥
2

= Op

(
∆T−3/2

n a3
n

)
,

and when a−1
n ∆Tn → 0 as n→∞, ∆T

−3/2
n a3

n = op
(
∆T−1

n a2
n

)
, thus,

β
(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

= β̃
(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t + op
(
∆T−1

n a2
n

)
, (C.4)

uniformly with respect to t.

By the Minkowski inequality, we have

∥∥∥∥β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

− 1

∆T 2
n

ϕ
(r1,r2,s1,s2)
∆Tn,t

∥∥∥∥
2

≤
∥∥∥β(r1,s1)

∆Tn,t
β

(r2,s2)
∆Tn,t

− E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)∥∥∥

2
+

∥∥∥∥E (β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)
− 1

∆T 2
n

ϕ
(r1,r2,s1,s2)
∆Tn,t

∥∥∥∥
2

.

C. 1 Bound of
∥∥∥β(r1,s1)

∆Tn,t
β

(r2,s2)
∆Tn,t

− E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)∥∥∥

2

For the simplicity of discussion, set B
(r,s)
i = B̃

(r,s)
i [2], then

β̃
(r,s)

∆Tn,t =
1

∆Tn

N∗(t+∆Tn)∑
i=N∗(t)+1

B
(r,s)
i , (C.5)

and

β̃
(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t =
1

∆T 2
n

N∗(t+∆Tn)∑
i=N∗(t)+1

B
(r1,s1)
t+∆Tn,i

B
(r2,s2)
t+∆Tn,i

+
1

∆T 2
n

N∗(t+∆Tn)∑
i=N∗(t)+2

i−N∗(t)−1∑
l=1

B
(r1,s1)
t+∆Tn,i−l

B
(r2,s2)
t+∆Tn,i

[2], (C.6)

where [2] denotes the summation by switching (r1, s1) and (r2, s2).
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Assume γ ∈ (α, 2α). Recall the decomposition (C.2), (C.4), (C.5) and (C.6), we know that

∥∥∥β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

− E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)∥∥∥

2

has the same order as:

π1 =
1

∆T 2
n

N∗(t+∆Tn)∑
i=N∗(t)+2

i−N∗(t)−1∑
l=1

B
(r1,s1)
t+∆Tn,i−l

B
(r2,s2)
t+∆Tn,i

[2].

In what follows, we prove ‖π1‖2 = Op
(
a2
n∆T−1

n

)
. Note that

E
[
π2

1|Ft
]

=
1

∆T 4
n

E


N∗(t+∆Tn)∑
i=N∗(t)+2

i−N∗(t)−1∑
l=1

B
(r1,s1)
t+∆Tn,i−l

B
(r2,s2)
t+∆Tn,i

[2]

2

|Ft


=

1

∆T 4
n

N∗(t+∆Tn)∑
i=N∗(t)+2

E


i−N∗(t)−1∑

l=1

B
(r1,s1)
t+∆Tn,i−l

2 (
B

(r2,s2)
t+∆Tn,i

)2

[2]|Ft


=

1

∆T 4
n

N∗(t+∆Tn)∑
i=N∗(t)+2

i−N∗(t)−1∑
l=1

E

[(
B

(r1,s1)
t+∆Tn,i−l

)2 (
B

(r2,s2)
t+∆Tn,i

)2

|Ft
]

[2], (C.7)

where

E

[(
B

(r1,s1)
t+∆Tn,i−l

)2 (
B

(r2,s2)
t+∆Tn,i

)2

|Ft
]

= Op

((K − J)
(
∆τ+

n

)2
+

1

(K − J)
2 (
M−n

)2
)2
 . (C.8)

Substituting (C.8) into (C.7), we obtain:

E
[
π2

1|Ft
]

= Op

 1

∆T 4
n

(N∗ (t+ ∆Tn)−N∗ (t))
2

(
(K − J)

(
∆τ+

n

)2
+

1

(K − J)
2 (
M−n

)2
)2
 ,

and if we make Assumption 3, then

1

∆T 4
n

(N∗ (t+ ∆Tn)−N∗ (t))
2

(
(K − J)

(
∆τ+

n

)2
+

1

(K − J)
2 (
M−n

)2
)2

∼ ∆T−2
n

(
(K − J) ∆τ+

n +
N

(K − J)
2 (
M−n

)2
)2

∼ a4
n∆T−2

n ,
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and we have E
[
π2

1|Ft
]

= Op
(
a4
n∆T−2

n

)
uniformly with respect to t. Finally we obtain:

sup
t

∥∥∥β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

− E
(
β

(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)∥∥∥

2
= Op

(
a2
n∆T−1

n

)
.

C. 2 Bound of
∥∥∥E (β(r1,s1)

∆Tn,t
β

(r2,s2)
∆Tn,t

|Ft
)
− 1

∆T 2
n
ϕ

(r1,r2,s1,s2)
∆Tn,t

∥∥∥
2

First find the conditional expectation of β̃
(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t as follows:

E
(
β̃

(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)

=
1

∆T 2
n

N∗(t+∆Tn)∑
i=N∗(t)+1

E
(
B

(r1,s1)
t+∆Tn,i

B
(r2,s2)
t+∆Tn,i

|Ft
)
,

where

E
(
B

(r1,s1)
t+∆Tn,i

B
(r2,s2)
t+∆Tn,i

|Ft
)

=

[
K−J−1∑
p=1

(
K − J − p
K − J

)2 ∫ τ i−p

τ i−p−1

c(r1,r2)
u du

]∫ τ i

τ i−1

c(s1,s2)
u du[2][2]+

2ς(r1,r2)ς(s1,s2)

(K − J)
2 (
M−n

)2 [2][2].

(C.9)

Finally, by formula (C.3), it is easy to see that

∥∥∥∥E (β(r1,s1)
∆Tn,t

β
(r2,s2)
∆Tn,t

|Ft
)
− 1

∆T 2
n

ϕ
(r1,r2,s1,s2)
∆Tn,t

∥∥∥∥
2

≤
∥∥∥E (β(r1,s1)

∆Tn,t
β

(r2,s2)
∆Tn,t

|Ft
)
− E

(
β̃

(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)∥∥∥

2
+

∥∥∥∥E (β̃(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)
− 1

∆T 2
n

ϕ
(r1,r2,s1,s2)
∆Tn,t

∥∥∥∥
2

= Op
(
a4
n∆T−2

n

)
+ op (an) ,

uniformly with respect to t, because supt

∥∥∥E (β̃(r1,s1)

∆Tn,t β̃
(r2,s2)

∆Tn,t |Ft
)
− 1

∆T 2
n
ϕ

(r1,r2,s1,s2)
∆Tn,t

∥∥∥
2

= Op
(
a8
n∆T−3

n

)
= op (an)

by comparing (C.3), (C.9) and (3.4).

D Proof of Theorem 1

The estimation error can be decomposed as follows: for 1 ≤ m ≤ d,

V̂ (∆Tn, X;Fm)−
∫ T

0

Fm (cs) ds− a2
n∆T−1

n ϕ
(m)
T = RExpansion +RSpot-V +RBias −RDiscrete, (D.1)
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where RDiscrete is defined in (4.2), RSpot-V and RSpot-B is defined in (4.3), and

RExpansion = ∆Tn

B∑
i=1

(
Fm
(
ĉ∆Tn,Tn,i−1

)
− Fm

(
cTn,i−1

)
−

d∑
r1,s1=1

∂r1s1Fm
(
cTn,i−1

)
β

(r1,s1)
∆Tn,Tn,i−1

−1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2Fm

(
cTn,i−1

)
β

(r1,s1)
∆Tn,Tn,i−1

β
(r2,s2)
∆Tn,Tn,i−1

)
, (D.2)

RBias = RSpot-B − a2
n∆T−1

n ϕ
(m)
T .

First of all, it is straightforward to see that

RDiscrete = Op (∆Tn) . (D.3)

Next, because the symmetric function f is C3 on D (g1, g2, . . . , gr) , we obtain:

RExpansion = Op

(
∆Tn

B∑
i=1

(∥∥∥β∆Tn,Tn,i−1

∥∥∥3
))

.

By result (ii) of Lemma 2, we know that
∥∥∥β∆Tn,Tn,i−1

∥∥∥3

= Op

(
a3
n∆T

−3/2
n

)
and consequently, when a−2

n ∆Tn →∞,

RExpansion = Op
(
a3
n∆T−1

n

)
= op (an) . (D.4)

Thirdly, by result (ii) of Lemma 2, it is easy to see that

RSpot-V = Op (an) . (D.5)

Lastly, we calculate the order of RBias, which could be defined as:

RBias = RSpot-B − a2
n∆T−1

n ϕ
(m)
T = RBias-I +RBias-II +RBias-III, (D.6)

with

ϑ
(r1,r2,s1,s2)
Ti−1

= RSpot-B − a2
n∆T−1

n ϕ
(m)
n,B,T = β

(r1,s1)
∆Tn,Ti−1

β
(r2,s2)
∆Tn,Ti−1

− β̃
(r1,s1)

∆Tn,Ti−1
β̃

(r2,s2)

∆Tn,Ti−1
,

and

ϕ
(m)
n,B,T = a−2

n

∫ T
0

1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2Fm (cu) d

[
M (r1,s1),M (r2,s2)

](B)

u
,
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and

RBias-I = ∆Tn

B∑
i=1

[
1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2Fm

(
cTn,i−1

) (
ϑ

(r1,r2,s1,s2)
Ti−1

− E
(
ϑ

(r1,r2,s1,s2)
Ti−1

|FTi−1

))]
,

RBias-II = ∆Tn

B∑
i=1

[
1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2Fm

(
cTn,i−1

)
E
(
ϑ

(r1,r2,s1,s2)
Ti−1

|FTi−1

)]
,

RBias-III = a2
n∆T−1

n ϕ
(m)
n,B,T − a

2
n∆T−1

n ϕ
(m)
T .

By formula (3.7) of result (iii) in Lemma 2, we know that supi

∥∥∥ϑ(r1,r2,s1,s2)
Ti−1

− E
(
ϑ

(r1,r2,s1,s2)
Ti−1

|FTi−1

)∥∥∥
2

=

Op
(
a2
n∆T−1

n

)
, and because a−2

n ∆Tn →∞,

∥∥RBias-I
∥∥

2
= Op

(
a2
n∆T−1/2

n

)
= op (an) . (D.7)

Then by formula (3.6) of result (iii) in Lemma 2, we know that supi

∥∥∥E (ϑ(r1,r2,s1,s2)
Ti−1

|FTi−1

)∥∥∥
2

= Op
(
a4
n∆T−2

n

)
+

op (an) , and therefore ∥∥RBias-II
∥∥

2
= Op

(
a4
n∆T−2

n

)
+ op (an) . (D.8)

Note that a−2
n

[
M (r1,s1),M (r2,s2)

](B)

u

p−→ACOV
(
M (r1,s1),M (r2,s2)

)
u

for all u and (r1, s1) , (r2, s2) , we obtain

ϕ
(m)
n,B,T

p−→ ϕ
(m)
T and thus,

RBias-III = op
(
a2
n∆T−1

n

)
. (D.9)

Finally, by substituting (D.3)-(D.9) into (D.1), we obtain:

a−2
n ∆Tn

(
V̂ (∆Tn, X;Fm)−

∫ T
0

Fm (cs) ds

)
− ϕ(m)

T = op (1) .

E Proof of Theorem 2

Before the proof, we introduce notations as follows:

ψ
(r,s)
i = c̄

(r,s)
∆Tn/2,(i−1/2)∆Tn

− c̄(r,s)∆Tn/2,(i−1)∆Tn
,

β̆
(r,s)

∆Tn,t = ĉ
(r,s)
∆Tn,t

− c̄(r,s)∆Tn,t
, (E.1)
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where c̄
(r,s)
∆Tn,t

is defined in (3.3). We also define:

ϕ̄
(r1,r2,s1,s2)
∆Tn,Tn,i−1

=
1

4
β̆

(r1,s1)

∆Tn/2,(i−1)∆Tn
β̆

(r2,s2)

∆Tn/2,(i−1)∆Tn
+

1

4
β̆

(r1,s1)

∆Tn/2,(i−1/2)∆Tn
β̆

(r2,s2)

∆Tn/2,(i−1/2)∆Tn
. (E.2)

Moreover, recall the definition (3.3), we have:

β̆
(r,s)

∆Tn,t = β̃
(r,s)

∆Tn,t +
1

∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)
=

1

∆Tn

(
M

(r,s)
t+∆Tn

−M (r,s)
t

)
+

1

∆Tn

(
ẽ

(r,s)
t+∆Tn

− ẽ(r,s)
t

)
.

Note that the estimation error could be decomposed as follows: for 1 ≤ m ≤ d,

Ṽ (∆Tn, X;Fm)−
∫ T

0

Fm (cs) ds = RExpansion +RSpot-V +RAdjusted-Bias −RDiscrete, (E.3)

where RDiscrete is defined in (4.2), RSpot-V is defined in (4.3), RExpansion is defined in (D.2) and

RAdjusted-Bias = RAdjusted-Bias-I +RAdjusted-Bias-II +RAdjusted-Bias-III +RAdjusted-Bias-IV, (E.4)

with

RAdjusted-Bias-I = ∆Tn

B∑
i=1

1

2

d∑
r1,s1,r2,s2=1

[
∂2
r1s1,r2s2

Fm
(
cTn,i−1

)
− ∂2

r1s1,r2s2
Fm

(
ĉ∆Tn,Tn,i−1

)]
β

(r1,s1)
∆Tn,Tn,i−1

β
(r2,s2)
∆Tn,Tn,i−1

 ,
RAdjusted-Bias-II = ∆Tn

B∑
i=1

1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2

Fm
(
ĉ∆Tn,Tn,i−1

)(
β

(r1,s1)
∆Tn,Tn,i−1

β
(r2,s2)
∆Tn,Tn,i−1

− β̆(r1,s1)
∆Tn,(i−1)∆Tn

β̆
(r2,s2)
∆Tn,(i−1)∆Tn

) ,
RAdjusted-Bias-III = ∆Tn

B∑
i=1

1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2

Fm
(
ĉ∆Tn,Tn,i−1

) [
φ̆

(r1,r2,s1,s2)
Tn,i−1

− E
(
φ̆

(r1,r2,s1,s2)
Tn,i−1

|FTn,i−1

)] ,
RAdjusted-Bias-IV = ∆Tn

B∑
i=1

1

2

d∑
r1,s1,r2,s2=1

∂2
r1s1,r2s2

Fm
(
ĉ∆Tn,Tn,i−1

)
E
(
φ̆

(r1,r2,s1,s2)
Tn,i−1

|FTn,i−1

) ,
where β

(r1,s1)
∆Tn,Tn,i−1

is defined in (3.3),

φ̆
(r1,r2,s1,s2)

Ti−1
= β̆

(r1,s1)

∆Tn,(i−1)∆Tn
β̆

(r2,s2)

∆Tn,(i−1)∆Tn
− ϕ̂(r1,r2,s1,s2)

∆Tn,Tn,i−1
,

and β̆
(r1,s1)

∆Tn,(i−1)∆Tn
is defined in (E.1).

If we assume a−1
n ∆Tn → 0 and a

−3/2
n ∆Tn →∞ as n→∞, then following from the results (D.3)-(D.5) in the
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proof of Theorem 1, we obtain:

RDiscrete = Op (∆Tn) = op (an) ,

RSpot-V = Op (an) ,

RExpansion = Op
(
a3
n∆T−1

n

)
= op (an) . (E.5)

For RAdjusted-Bias-I, because the symmetric function f is C3 on D (g1, g2, . . . , gr) , then we know that ∂2
r1s1,r2s2Fm

is in C1, and thus,

sup
i

∥∥∂2
r1s1,r2s2Fm

(
cTn,i−1

)
− ∂2

r1s1,r2s2Fm
(
ĉ∆Tn,Tn,i−1

)∥∥
2

= Op

(
sup
i

∥∥ĉ∆Tn,Tn,i−1
− cTn,i−1

∥∥
2

)
= Op

(
an∆T−1/2

n

)
.

Recall the result (ii) of Lemma 2, we have supi

∥∥∥β(r1,s1)
∆Tn,Tn,i−1

β
(r2,s2)
∆Tn,Tn,i−1

∥∥∥
2

= Op
(
a2
n∆T−1

n

)
, and therefore

∥∥RAdjusted-Bias-I
∥∥

2
= Op

(
a3
n∆T−1

n

)
= op (an) . (E.6)

For RAdjusted-Bias-II, because

β
(r1,s1)
∆Tn,(i−1)∆Tn

β
(r2,s2)
∆Tn,(i−1)∆Tn

− β̆
(r1,s1)

∆Tn,(i−1)∆Tn
β̆

(r2,s2)

∆Tn,(i−1)∆Tn

= β̆
(r1,s1)

∆Tn,(i−1)∆Tn

(
c̄
(r2,s2)
∆Tn,(i−1)∆Tn

− c(r2,s2)
(i−1)∆Tn

)
[2] +

(
c̄
(r1,s1)
∆Tn,(i−1)∆Tn

− c(r1,s1)
(i−1)∆Tn

)(
c̄
(r2,s2)
∆Tn,(i−1)∆Tn

− c(r2,s2)
(i−1)∆Tn

)
,

where it is obvious that

sup
i
E
[
β̆

(r1,s1)

∆Tn,(i−1)∆Tn

(
c̄
(r2,s2)
∆Tn,(i−1)∆Tn

− c(r2,s2)
(i−1)∆Tn

)
[2]|FTn,i−1

]
= op (an) ,

and by Lemma 1, supi

∥∥∥c̄(r,s)∆Tn,(i−1)∆Tn
− c(r,s)(i−1)∆Tn

∥∥∥
2

= Op

(
∆T

1/2
n

)
and supi

∥∥∥β̆(r,s)

∆Tn,(i−1)∆Tn

∥∥∥
2

= Op

(
an∆T

−1/2
n

)
,

and thus, we obtain:

RAdjusted-Bias-II = Op

(
an∆T 1/2

n

)
+Op (∆Tn) = op (an) . (E.7)

For RAdjusted-Bias-III and RAdjusted-Bias-IV, we first decompose φ̆
(r1,r2,s1,s2)

Tn,i−1
as follows:

φ̆
(r1,r2,s1,s2)

Ti−1
=
(
β̆

(r1,s1)

∆Tn,(i−1)∆Tn
β̆

(r2,s2)

∆Tn,(i−1)∆Tn
− ϕ̄(r1,r2,s1,s2)

∆Tn,Tn,i−1

)
+
(
ϕ̄

(r1,r2,s1,s2)
∆Tn,Tn,i−1

− ϕ̂(r1,r2,s1,s2)
∆Tn,Tn,i−1

)
,
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where ϕ̄
(r1,r2,s1,s2)
∆Tn,Tn,i−1

is defined in (E.2), and it is straightforward to obtain:

β̆
(r1,s1)

∆Tn,(i−1)∆Tn
β̆

(r2,s2)

∆Tn,(i−1)∆Tn
− ϕ̄(r1,r2,s1,s2)

∆Tn,Tn,i−1

=
1

∆T 2
n

(
M

(r1,s1)
i∆Tn

−M (r1,s1)
(i−1/2)∆Tn

)(
M

(r2,s2)
(i−1/2)∆Tn

−M (r2,s2)
(i−1)∆Tn

)
[2]

+
2

∆T 2
n

(
M

(r1,s1)
i∆Tn

−M (r1,s1)
(i−1/2)∆Tn

)(
ẽ

(r2,s2)
(i−1/2)∆Tn

− ẽ(r2,s2)
(i−1)∆Tn

)
[2]

+
1

∆T 2
n

(
ẽ

(r1,s1)
i∆Tn

− ẽ(r1,s1)
(i−1/2)∆Tn

)(
ẽ

(r2,s2)
(i−1/2)∆Tn

− ẽ(r2,s2)
(i−1)∆Tn

)
[2],

and

ϕ̂
(r1,r2,s1,s2)
∆Tn,Tn,i−1

− ϕ̄(r1,r2,s1,s2)
∆Tn,Tn,i−1

=
1

4
ψ

(r1,s1)
i ψ

(r2,s2)
i − 1

4
β̆

(r1,s1)

∆Tn/2,(i−1/2)∆Tn
β̆

(r2,s2)

∆Tn/2,(i−1)∆Tn
[2]

+
1

4

(
β̆

(r1,s1)

∆Tn/2,(i−1/2)∆Tn
− β̆

(r1,s1)

∆Tn/2,(i−1)∆Tn

)
ψ

(r2,s2)
i [2],

where ψ
(r1,s1)
i is defined in (E.1).

Because we can further simplify ψ
(r,s)
i as follows:

ψ
(r,s)
i =

∫ i∆Tn

(i−1/2)∆Tn

(
Tn,i − u
∆Tn/2

)
dc(r,s)u +

∫ (i−1/2)∆Tn

(i−1)∆Tn

(
u− Tn,i−1

∆Tn/2

)
dc(r,s)u ,

then we know that supi

∥∥∥ψ(r,s)
i

∥∥∥
2

= Op

(
∆T

1/2
n

)
. By Lemma 1, we know that sup1≤i≤2B

∥∥∥β̆(r1,s1)

∆Tn/2,i∆Tn/2

∥∥∥
2

=

Op

(
an∆T

−1/2
n

)
, sup1≤i≤2B

∥∥∥∆T−1
n

(
M

(r1,s1)
i∆Tn/2

−M (r1,s1)
(i−1)∆Tn/2

)∥∥∥
2

= Op

(
an∆T

−1/2
n

)
and

sup1≤i≤2B

∥∥∥∆T−1
n

(
ẽ

(r2,s2)
i∆Tn/2

− ẽ(r2,s2)
(i−1)∆Tn/2

)∥∥∥
2

= Op
(
a2
n∆T−1

n

)
, which implies that

sup
i

∥∥∥φ̆(r1,r2,s1,s2)

Tn,i−1
− E

(
φ̆

(r1,r2,s1,s2)

Tn,i−1
|FTn,i−1

)∥∥∥
2

= Op
(
a2
n∆T−1

n

)
,

and because a−1
n ∆Tn → 0 and a

−3/2
n ∆Tn →∞ as n→∞, we have:

sup
i

∣∣∣E (φ̆(r1,r2,s1,s2)

Tn,i−1
|FTn,i−1

)∣∣∣ = Op (∆Tn) +Op
(
a4
n∆T−2

n

)
= op (an) .

Finally, we obtain:

RAdjusted-Bias-III = Op

(
a2
n∆T−1/2

n

)
= op (an) , (E.8)

RAdjusted-Bias-IV = op (an) . (E.9)
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Plugging (E.6)-(E.9) into (E.4), we obtain:

RAdjusted-Bias = op (an) . (E.10)

Plugging (E.5) and (E.10) into (E.3), we finally obtain:

Ṽ (∆Tn, X;Fm)−
∫ T

0

Fm (cs) ds = RSpot-V + op (an) = Op (an) .

Recall the definition of RSpot-V in (4.3), and β
(r,s)
∆Tn,Tn,i−1

and β̃
(r,s)

∆Tn,Tn,i−1
in (3.5) and (3.3), and by Lemma 1, we

have the following decomposition:

β
(r,s)
∆Tn,Tn,i−1

= c̄
(r,s)
∆Tn,Tn,i−1

− c(r,s)Tn,i−1︸ ︷︷ ︸
Op

(
∆T

1/2
n

)
+

1

∆Tn

(
M

(r,s)
Tn,i
−M (r,s)

Tn,i−1

)
︸ ︷︷ ︸

β̃
(r,s)
∆Tn,Tn,i−1

+
1

∆Tn

(
ẽ

(r,s)
Tn,i
− ẽ(r,s)

Tn,i−1

)
︸ ︷︷ ︸

Op(a2
n∆T−1

n )

. (E.11)

Therefore, we obtain:

RSpot-V −∆Tn

B∑
i=1

[
d∑

r1,s1=1

∂r1s1Fm
(
cTn,i−1

)
β̃

(r,s)

∆Tn,Tn,i−1

]
= Op (∆Tn) +Op

(
a2
n∆T−1/2

n

)
= op (an) ,

and finally, the estimation error of the bias corrected estimator could be expressed as:

Ṽ (∆Tn, X;Fm)−
∫ T

0

Fm (cs) ds = R̃Spot-V + op (an) .

with

R̃Spot-V =
B∑
i=1

[
d∑

r1,s1=1

∂r1s1Fm
(
cTn,i−1

) (
M

(r,s)
Tn,i
−M (r,s)

Tn,i−1

)]
.

If we define
[
M (r1,s1),M (r2,s2)

](B)

t
as (4.5), then we know that the (p, q)-th element of the covariance matrix Σ̃n

of Ṽ (∆Tn, X;F )−
∫ T

0
F (cs) ds can be expressed as follows:

Σ̃(p,q)
n =

d∑
r1,s1,r2,s2=1

∫ T
0

∂r1s1Fp (cu) ∂r2s2Fq (cu) d
[
M (r1,s1),M (r2,s2)

](B)

u
.

Note that a−2
n Σ̃

(p,q)
n

p−→ Σ(p,q), the theorem got proved.
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F Proof of Theorems 3, 4 and 5

Before the proof of the main theorems, we first show some preliminary lemmas. As in Assumption 5, we denote

the columns of Bᵀ
t as b

(1)
t ,b

(2)
t , . . . ,b

(d)
t . We also denote the columns of Bt as b̃

(1)
t , b̃

(2)
t , . . . , b̃

(q)
t .

LEMMA 4. If we define ĉt =
{
ĉ
(r,s)
∆Tn,t

}
1≤r,s≤d

with ∆Tn � an and an is defined in (2.6). For basic settings

about the observations, we assume Conditions 1-4 in Mykland et al. (2019), and Assumptions 1-3. Then the

elementwise max norm of the estimation error has the rate ‖ĉt − ct‖max = Op

(
(∆Tn log d)

1
2

)
.

Proof. Based on the results of Lemma 1 and 2, we can conclude that there exists positive constants C1 and

C2, such that for all 1 ≤ r, s ≤ d, and any x > 0,

P
(∣∣∣ĉ(r,s)t − c(r,s)t

∣∣∣ > x
)
≤ C1 exp

(
−C2x

2

∆Tn

)
. (F.1)

The detailed proof follows from the similar discussion in the proof of Lemma A.1 in Fan et al. (2016a). Because

of the fact that

{‖ĉt − ct‖max > x} =
⋃
r,s

{∣∣∣ĉ(r,s)t − c(r,s)t

∣∣∣ > x
}
,

it follows from the Bonferroni inequality that we can easily obtain the convergence rate, using the similar technique

in Lemma A.2 (iv) of Fan et al. (2016a). �

Next, we show the q−th largest eigenvalue of the spot covariance matrix estimator diverges with respect to d,

where q is the number of common factors.

LEMMA 5. Denote the q−th largest eigenvalue of ĉt by λ̂
(q)

t . Assume log d = o
(
∆T−1

n

)
, where ∆Tn follows the

definition in Lemma 4. Then λ̂
(q)

t > C3d with probability approaching 1 for some constant C3 > 0.

Proof. First of all, by Proposition 2 and its assumptions, it is easy to see that the q−th largest eigenvalue of

ct, denoted by λ
(q)
t , satisfies that, for some C ′3 > 0,

λ
(q)
t ≥

∥∥∥b̃(q)
t

∥∥∥2

−
∣∣∣∣λ(q)
t −

∥∥∥b̃(q)
t

∥∥∥2
∣∣∣∣ ≥ C ′3d− ‖st‖ ≥ (C ′32

)
d,

when d is large enough. This is because ‖st‖ is bounded with respect to d. Next, by Weyl’s theorem, we just

need to show that ‖ĉt − ct‖ = op (d). Because of the fact that ‖A‖ ≤ d ‖A‖max for d× d matrix A, and based on

the result of Lemma 4, we obtain:

‖ĉt − ct‖ ≤ d ‖ĉt − ct‖max = Op

(
d (∆Tn log d)

1
2

)
= op (d) ,
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which follows from the assumption log d = o
(
∆T−1

n

)
. This proves the lemma. �

Next, we complete the proof of Theorem 3.

Proof of Theorem 3. Define

Kn,d = (∆Tn log d)
1/2

+ d−1,

and

V
(
k, B̂k,t

)
= d−1tr

(
ĉt − B̂k,tB̂

ᵀ
k,t

)
,

PC
(
k, B̂k,t

)
= V

(
k, B̂k,t

)
+ kG (∆Tn, d) ,

where B̂k,t is as in Definition (5.13). Similarly, we define Λ̂k,t =Diag
(
λ̂

(1)

t , λ̂
(2)

t , . . . , λ̂
(k)

t

)
and Γ̂k,t =

(
γ̂

(1)
t , γ̂

(2)
t , . . . , γ̂

(k)
t

)
,

where λ̂
(i)

t is the i−th largest eigenvalue of ĉt, and γ̂
(i)
t is the corresponding eigenvector.

Observe that:

PC
(
k, B̂k,t

)
− PC

(
q, B̂q,t

)
= V

(
k, B̂k,t

)
− V

(
q, B̂q,t

)
+ (k − q)G (∆Tn, d) , (F.2)

where

V
(
k, B̂k,t

)
− V

(
q, B̂q,t

)
= d−1tr

(
B̂q,tB̂

ᵀ
q,t − B̂k,tB̂

ᵀ
k,t

)
.

We first show that P
(
PC
(
k, B̂k,t

)
< PC

(
q, B̂q,t

))
→ 0 for k < q. Because tr

(
B̂q,tB̂

ᵀ
q,t

)
=tr
(
B̂ᵀ
q,tB̂q,t

)
, we

have for C3 > 0,

tr
(
B̂q,tB̂

ᵀ
q,t − B̂k,tB̂

ᵀ
k,t

)
= tr

(
Λ̂q,t

)
− tr

(
Λ̂k,t

)
=

q∑
i=k+1

λ̂
(i)

t ≥ λ̂
(q)

t > C3d,

with probability approaching 1, which follows from the result of Lemma 5. It is then easy to see that

V
(
k, B̂k,t

)
− V

(
q, B̂q,t

)
> C3 > 0, (F.3)

with probability approaching 1. Moreover, because k ≤ qmax and (k − q)G (∆Tn, d)→ 0, the statement is proved

for k < q.

Second, we show P
(
PC
(
k, B̂k,t

)
< PC

(
q, B̂q,t

))
→ 0 for k > q. Because V

(
k, B̂k,t

)
− V

(
q, B̂q,t

)
=
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−d−1
∑k
i=q+1 λ̂

(i)

t , we have:

∣∣∣V (k, B̂k,t

)
− V

(
q, B̂q,t

)∣∣∣ ≤ d−1
k∑

i=q+1

∣∣∣λ̂(i)

t − λ
(i)
t

∣∣∣+ d−1
k∑

i=q+1

λ
(i)
t ,

where the first term on the right hand side can be bounded by Weyl’s theorem and the fact that ‖A‖ ≤ d ‖A‖max

for a d× d matrix A :

d−1
k∑

i=q+1

∣∣∣λ̂(i)

t − λ
(i)
t

∣∣∣ ≤ d−1 (k − q) ‖ĉt − ct‖ ≤ 2qmax ‖ĉt − ct‖max ,

while the second term can be bounded similarly using Weyl’s theorem:

d−1
k∑

i=q+1

λ
(i)
t ≤ d−1 (k − q)λ(q+1)

t ≤ d−1qmax ‖st‖ .

Based on the result of Lemma 4, and Assumption 5, we know that ‖st‖ ≤ ‖st‖1 < ϑ2, and consequently

V
(
q, B̂q,t

)
− V

(
k, B̂k,t

)
= Op (Kn,d) .

for q < k < qmax. From the assumption that K−1
n,dG (∆Tn, d)→∞, and noting that

P
(
PC
(
k, B̂k,t

)
< PC

(
q, B̂q,t

))
= P

(
V
(
q, B̂q,t

)
− V

(
k, B̂k,t

)
> (k − q)G (∆Tn, d)

)
,

we can conclude that for q < k < qmax, P
(
PC
(
k, B̂k,t

)
< PC

(
q, B̂q,t

))
→ 0. �

F. 1 Results by conditioning on q̂t = q

In view of Theorem 3, all the subsequent results and related proofs will be conditioning on

q̂t = q.

Without loss of generality, from now on, we omit the subscript q̂t is the notation, for example, denote B̂q̂t,t, Γ̂q̂t,t, Λ̂q̂t,t, ŝ
∗
q̂t,t

and ĉ∗q̂t,t by B̂t, Γ̂t, Λ̂t, ŝ
∗
t and ĉ∗t , respectively.

Following definition (5.10), we denote the columns of B̂ᵀ
t as b̂

(1)
t , b̂

(2)
t , . . . , b̂

(d)
t . Thus, B̂ᵀ

t =
(
b̂

(1)
t , b̂

(2)
t , . . . , b̂

(d)
t

)
.
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Also recall that Bᵀ
t =

(
b

(1)
t ,b

(2)
t , . . . ,b

(d)
t

)
. Define a transition matrix

Ht = Λ̂
−1/2
t Γ̂ᵀ

tΓtΛ
1/2
t , (F.4)

and recall the definition of the projection matrix PA in formula (5.7). Define

Vt = Γ̂tΓ̂
ᵀ
t , (F.5)

and note that B̂ᵀ
t = Λ̂

1/2
t Γ̂ᵀ

t . Consequently we have:

PB̂t
= Id − B̂tΛ̂

−1
t B̂ᵀ

t = Id −Vt. (F.6)

LEMMA 6. We have the following identities:

(i)

ŝt − st = PB̂t
(ĉt − ct) Pᵀ

B̂t
+ PB̂t

(
BtB

ᵀ
t − B̂tB̂

ᵀ
t

)
Pᵀ

B̂t
− stV

ᵀ
t −Vtst + VtstV

ᵀ
t , (F.7)

(ii)

B̂ᵀ
t −HtB

ᵀ
t = Λ̂

−1/2
t Γ̂ᵀ

t [(ĉt − ct) + stV
ᵀ
t + Vtst −VtstV

ᵀ
t ] , and (F.8)

(iii)

HtH
ᵀ
t − Iq̂t = Λ̂

−1/2
t Γ̂ᵀ

t [VtstV
ᵀ
t − stV

ᵀ
t −Vtst − (ĉt − ct)] Γ̂tΛ̂−1/2

t . (F.9)

Proof. (i) In view of the identities and related derivation of (5.8) and (5.9), we have the following fact:

ŝt = PB̂t
ĉtP

ᵀ
B̂t
. (F.10)

This equality can be further decomposed based on (F.6) and ct = BtB
ᵀ
t + st, as follows:

ŝt = PB̂t
(ĉt − ct) Pᵀ

B̂t
+ PB̂t

(BtB
ᵀ
t ) Pᵀ

B̂t
+ PB̂t

stP
ᵀ
B̂t
. (F.11)

In the above equation, the second term on the right hand side can be simplified as:

PB̂t
(BtB

ᵀ
t ) Pᵀ

B̂t
= PB̂t

(
BtB

ᵀ
t − B̂tB̂

ᵀ
t

)
Pᵀ

B̂t
, (F.12)
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because of the fact that PB̂t
B̂t = 0, while the third term can be further decomposed as:

PB̂t
stP

ᵀ
B̂t

= (Id −Vt) st (Id −Vt)
ᵀ

= st − stV
ᵀ
t −Vtst + VtstV

ᵀ
t , (F.13)

using formula (F.6). Combing (F.10)-(F.13), we obtain (F.7).

(ii) Recalling the definitions B̂ᵀ
t = Λ̂

1/2
t Γ̂ᵀ

t , Bᵀ
t = Λ

1/2
t Γᵀ

t , as well as (F.4), we have:

B̂ᵀ
t −HtB

ᵀ
t = Λ̂

1/2
t Γ̂ᵀ

t − Λ̂
−1/2
t Γ̂ᵀ

t (ΓtΛtΓ
ᵀ
t )

= Λ̂
1/2
t Γ̂ᵀ

t − Λ̂
−1/2
t Γ̂ᵀ

tBtB
ᵀ
t

= Λ̂
1/2
t Γ̂ᵀ

t − Λ̂
−1/2
t Γ̂ᵀ

t (ct − ĉt + ĉt − ŝt + ŝt − st)

= Λ̂
1/2
t Γ̂ᵀ

t + Λ̂
−1/2
t Γ̂ᵀ

t (ĉt − ct)− Λ̂
−1/2
t Γ̂ᵀ

t (̂st − st)− Λ̂
−1/2
t Γ̂ᵀ

t (ĉt − ŝt) , (F.14)

where, in view of ĉt− ŝt = B̂tB̂
ᵀ
t = Γ̂tΛ̂tΓ̂

ᵀ
t and Γ̂ᵀ

t Γ̂t = Iq, we have Λ̂
−1/2
t Γ̂ᵀ

t (ĉt − ŝt) = Λ̂
1/2
t Γ̂ᵀ

t . We then obtain:

B̂ᵀ
t −HtB

ᵀ
t = Λ̂

−1/2
t Γ̂ᵀ

t (ĉt − ct)− Λ̂
−1/2
t Γ̂ᵀ

t (̂st − st) . (F.15)

On the other hand, observing that PB̂t
= PΓ̂t

and PBt
= PΓt

, then substituting (F.7) into (F.15), we obtain

(F.8), based on the fact that Γ̂ᵀ
tPΓ̂t

= PΓ̂t
Γ̂t = 0.

(iii) Based on a similar derivation as (F.14), and recalling the definition (F.4), we obtain:

HtH
ᵀ
t − Iq̂t = Λ̂

−1/2
t Γ̂ᵀ

t (ct − ĉt) Γ̂tΛ̂
−1/2
t + Λ̂

−1/2
t Γ̂ᵀ

t (̂st − st) Γ̂tΛ̂
−1/2
t . (F.16)

Then substituting (F.7) into (F.16), we obtain (F.9) by using the similar techniques as in (ii). �

Recall the definition B̂ᵀ
t =

(
b̂

(1)
t , b̂

(2)
t , . . . , b̂

(d)
t

)
, whereby b̂

(i)
t =

(
B̂ᵀ
t

)
•,i

. The i−th column of B̂ᵀ
t −HtB

ᵀ
t

can then be expressed as
(
B̂ᵀ
t −HtB

ᵀ
t

)
•,i

= b̂
(i)
t −Htb

(i)
t . Further define:

št = VtstV
ᵀ
t − stV

ᵀ
t −Vtst. (F.17)

Also define ej to be the row vector for which the j−th element equals 1, and the others equal zero. Then for any

matrix A, its i−th row can be expressed as (A)i,• = eiA, while its j−th column has the form (A)•,j = Aeᵀ
j . We

then have the following preliminary lemma.
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LEMMA 7. We have the following results:

(i)

‖št‖ ≤ 3 ‖st‖ , (F.18)

(ii)

max
1≤i≤d

∥∥∥b̂(i)
t −Htb

(i)
t

∥∥∥ = Op

(
‖ĉt − ct‖max + d−1/2 ‖st‖

)
, and (F.19)

(iii)

‖HtH
ᵀ
t − Iq̂t‖ = Op

(
‖ĉt − ct‖max + d−1 ‖st‖

)
. (F.20)

Proof. (i) Recalling the definition (F.17), and by the properties of the spectral norm, we obtain:

‖št‖ ≤ ‖Vt‖2 ‖st‖+ 2 ‖Vt‖ ‖st‖ = 3 ‖st‖ ,

since ‖Vt‖ = ‖Vᵀ
t ‖ = 1.

(ii) Because b̂
(i)
t −Htb

(i)
t is the i−th column of B̂ᵀ

t −HtB
ᵀ
t , then by identity (F.8), we have:

max
1≤i≤d

∥∥∥b̂(i)
t −Htb

(i)
t

∥∥∥ ≤ max
1≤i≤d

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t (ĉt − ct) eᵀ
i

∥∥∥+ max
1≤i≤d

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t šte
ᵀ
i

∥∥∥ . (F.21)

The first term on the right hand side of (F.21) can bounded as follows. Since the Cauchy-Schwarz inequality

assures ‖Ax‖ ≤ ‖A‖F ‖x‖ for a matrix A and a vector x, we obtain:

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t (ĉt − ct) eᵀ
i

∥∥∥ ≤
∥∥∥Λ̂−1/2

t Γ̂ᵀ
t

∥∥∥
F
‖(ĉt − ct) eᵀ

i ‖

=
∥∥∥Λ̂−1/2

t

∥∥∥
F
‖(ĉt − ct) eᵀ

i ‖

≤
∥∥∥∥(d−1Λ̂t

)−1/2
∥∥∥∥

F

‖ĉt − ct‖max

in view of the facts that
∥∥∥Λ̂−1/2

t Γ̂ᵀ
t

∥∥∥
F

=

(∑q
l=1

(
λ̂

(l)

t

)−1
)1/2

and ‖A‖ ≤ √pq ‖A‖max for a matrix A of dimension

p × q. Based on the result of Lemma 5, we know that there exists some C3 > 0 such that

∥∥∥∥(d−1Λ̂t

)−1/2
∥∥∥∥

F

≤

q1/2C
−1/2
3 , and consequently, we obtain that:

max
1≤i≤d

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t (ĉt − ct) eᵀ
i

∥∥∥ ≤ q1/2C
−1/2
3 ‖ĉt − ct‖max ,

with probability approaching 1.
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For the second term on the right hand side of (F.21), we have:

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t šte
ᵀ
i

∥∥∥ ≤ d−1/2

∥∥∥∥(d−1Λ̂t

)−1/2
∥∥∥∥ ∥∥∥Γ̂ᵀ

t

∥∥∥ ‖št‖ ‖eᵀ
i ‖ .

Since ‖eᵀ
i ‖ =

∥∥∥Γ̂ᵀ
t

∥∥∥ = 1, and by Lemma 5, we have

∥∥∥∥(d−1Λ̂t

)−1/2
∥∥∥∥ ≤ C

−1/2
3 with probability approaching 1.

Also recall the result in (i) to obtain:

max
1≤i≤d

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t šte
ᵀ
i

∥∥∥ ≤ 3C
−1/2
3 d−1/2 ‖st‖ .

Therefore, we obtain (F.19).

(iii) Conditioning on q̂t = q. Recall the identity (F.9), by triangle inequality, we obtain:

‖HtH
ᵀ
t − Iq‖ ≤

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t štΓ̂tΛ̂
−1/2
t

∥∥∥+
∥∥∥Λ̂−1/2

t Γ̂ᵀ
t (ĉt − ct) Γ̂tΛ̂

−1/2
t

∥∥∥ ,
where the first term on the right hand side can be bounded as follows:

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t štΓ̂tΛ̂
−1/2
t

∥∥∥ ≤ ∥∥∥Λ̂−1/2
t

∥∥∥2

‖št‖ ≤ 3C−1
3 d−1 ‖st‖ ,

with probability approaching 1, while the second term on the right hand side has the following bound:

∥∥∥Λ̂−1/2
t Γ̂ᵀ

t (ĉt − ct) Γ̂tΛ̂
−1/2
t

∥∥∥ ≤ ∥∥∥Λ̂−1/2
t

∥∥∥2

‖ĉt − ct‖ ≤ C−1
3 d−1 ‖ĉt − ct‖ ≤ C−1

3 ‖ĉt − ct‖max ,

where the last inequalities is based on the fact that ‖A‖ ≤ d ‖A‖max for a d × d matrix A. Finally the result

(F.20) is proved. �

Proof of Theorem 4. Recall that B̂ᵀ
t =

(
b̂

(1)
t , b̂

(2)
t , . . . , b̂

(d)
t

)
, and hence the (i, j)−th element of B̂tB̂

ᵀ
t can

be expressed as
(
b̂

(i)
t

)ᵀ
b̂

(j)
t . Consequently, the (i, j)−th element of B̂tB̂

ᵀ
t −BtB

ᵀ
t is

(
b̂

(i)
t

)ᵀ
b̂

(j)
t −

(
b

(i)
t

)ᵀ
b

(j)
t .

By definition (F.4), we obtain the following identity:

(
b̂

(i)
t

)ᵀ
b̂

(j)
t −

(
b

(i)
t

)ᵀ
b

(j)
t =

(
b̂

(i)
t −Htb

(i)
t

)ᵀ (
b̂

(j)
t −Htb

(j)
t

)
+
(
b̂

(i)
t −Htb

(i)
t

)ᵀ
Htb

(j)
t

+
(
Htb

(i)
t

)ᵀ (
b̂

(j)
t −Htb

(j)
t

)
+
(
b

(i)
t

)ᵀ
(Hᵀ

tHt − Iq) b
(j)
t .
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By triangular inequality, we have:

∥∥∥B̂tB̂
ᵀ
t −BtB

ᵀ
t

∥∥∥
max

= max
1≤i,j≤d

∣∣∣(b̂
(i)
t

)ᵀ
b̂

(j)
t −

(
b

(i)
t

)ᵀ
b

(j)
t

∣∣∣
≤

(
max

1≤i≤d

∥∥∥b̂(i)
t −Htb

(i)
t

∥∥∥)2

+ 2 max
1≤i,j≤d

∥∥∥b̂(i)
t −Htb

(i)
t

∥∥∥ ∥∥∥Htb
(j)
t

∥∥∥+

(
max

1≤i≤d

∥∥∥b(i)
t

∥∥∥)2

‖Hᵀ
tHt − Iq‖ .

Then based on the Assumptions 4 and 5, we know that

max
1≤i≤d

∥∥∥Htb
(i)
t

∥∥∥ = Op (1) and max
1≤i≤d

∥∥∥b(i)
t

∥∥∥ = Op (1) .

On the other hand, based on the result (iii) in Lemma 7, and following the similar discussion of the proof for

Lemma 11 (b) in Fan et al. (2013), by conditioning on q̂t = q, we obtain:

Hᵀ
tHt − Iq = Op

(
‖ĉt − ct‖max + d−1 ‖st‖

)
.

Finally, recall result (ii) in Lemma 7 to obtain:

∥∥∥B̂tB̂
ᵀ
t −BtB

ᵀ
t

∥∥∥
max

= Op

(
‖ĉt − ct‖max + d−1/2 ‖st‖

)
.

On the other hand, because of the identity ĉt − ct = B̂tB̂
ᵀ
t −BtB

ᵀ
t + ŝt − st, we obtain:

‖ŝt − st‖max ≤ ‖ĉt − ct‖max +
∥∥∥B̂tB̂

ᵀ
t −BtB

ᵀ
t

∥∥∥
max

= Op

(
‖ĉt − ct‖max + d−1/2 ‖st‖

)
.

Based on the result of Lemma 4 and noting that ‖st‖ ≤ ‖st‖1 < ϑ2 by Assumption 5, the theorem is proved. �

Before the proof of the convergence rateof the precision matrix estimator, we first introduce some preliminary

results, which are parallel to Lemmae 14 and 15 in Fan et al. (2013). Define

Φt = B̂ᵀ
t −HtB

ᵀ
t . (F.22)

LEMMA 8. Assume that ω1−ν
n md = o (1) , then with probability approaching 1, there exists some C4 > 0 such

that
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(i) ‖Φt‖2F = Op
(
dω2

n

)
,

(ii)
∥∥∥B̂ᵀ

t (̂s∗t )
−1

B̂t −HtB
ᵀ
t

(
s−1
t

)
BtH

ᵀ
t

∥∥∥ = Op
(
dω1−ν

n md

)
,

(iii) λmin

(
Iq + HtB

ᵀ
t

(
s−1
t

)
BtH

ᵀ
t

)
≥ C4d,

(iv) λmin

(
Iq + B̂ᵀ

t (̂s∗t )
−1

B̂t

)
≥ C4d,

(v) λmin

(
Iq + Bᵀ

t s
−1
t Bt

)
≥ C4d, and

(vi) λmin

(
(HtH

ᵀ
t )
−1

+Bᵀ
t s
−1
t Bt

)
≥ C4d.

Proof. We condition on q̂t = q. Recall that b̂
(i)
t −Htb

(i)
t is the i−th column of B̂ᵀ

t −HtB
ᵀ
t . Then, by the

result (ii) of Lemma 7, it is easy to verify (i). Result (i) implies result (ii) by following the similar proof of Lemma

14 in Fan et al. (2013). By the result (iii) of Lemma 7, following the similar proof in Lemma 15(a) of Fan et al.

(2013), we obtain (iii). The result (iv) follows from (ii) and (iii). The results (v) and (vi) follows from a similar

argument as Lemma 15(a) of Fan et al. (2013) and based on result (iii) of Lemma 7. �

Proof of Theorem 5. Define c̃∗t = BtH
ᵀ
tHtB

ᵀ
t + st, and also define

Gt =
(
Iq + B̂ᵀ

t (̂s∗t )
−1

B̂t

)−1

,

G̃t =
(
Iq + HtB

ᵀ
t

(
s−1
t

)
BtH

ᵀ
t

)−1
,

then we know that
∥∥∥(ĉ∗t )

−1 − (c̃∗t )
−1
∥∥∥ ≤∑6

i=1 Li, where

L1 =
∥∥∥(̂s∗t )

−1 − s−1
t

∥∥∥ ,
L2 =

∥∥∥[(̂s∗t )−1 − s−1
t

]
B̂tGtB̂

ᵀ
t

[
(̂s∗t )

−1 − s−1
t

]∥∥∥ ,
L3 = 2

∥∥∥[(̂s∗t )−1 − s−1
t

]
B̂tGtB̂

ᵀ
t s
−1
t

∥∥∥ ,
L4 =

∥∥∥s−1
t BtH

ᵀ
t

(
G̃t −Gt

)
HtB

ᵀ
t s
−1
t

∥∥∥ ,
L5 =

∥∥s−1
t Φᵀ

tGtΦts
−1
t

∥∥ , and

L6 = 2
∥∥s−1
t Φᵀ

tGtHtB
ᵀ
t s
−1
t

∥∥ .
First of all, L1 is bounded by the result of Proposition 3. By result (iv) of Lemma 8, we have: ‖Gt‖ = Op

(
d−1

)
,

which implies that L3 = Op (L1) and L2 = op (L1) . By the result (i) of Lemma 8, we know that L6 = Op (ωn)

and L5 = op (ωn) . Following from result (iii) of Lemma 8, we have:
∥∥∥G̃t

∥∥∥ = Op
(
d−1

)
. Then note that

∥∥∥G̃t −Gt

∥∥∥ =
∥∥∥G̃t

(
G̃−1
t −G−1

t

)
Gt

∥∥∥ ≤ Op (d−2
) ∥∥∥B̂ᵀ

t (̂s∗t )
−1

B̂t −HtB
ᵀ
t

(
s−1
t

)
BtH

ᵀ
t

∥∥∥ = Op
(
d−1ω1−ν

n md

)
,
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based on result (ii) of Lemma 8. Therefore,

‖L4‖ ≤
∥∥s−1
t BtH

ᵀ
t

∥∥2
∥∥∥G̃t −Gt

∥∥∥ = Op
(
ω1−ν
n md

)
.

On the other hand, by applying the Sherman-Morrison-Woodbury formula again for (c̃∗t )
−1

and (ct)
−1
, and based

on the results (v) and (vi) in Lemma 8, we obtain:

∥∥∥(c̃∗t )
−1 − (ct)

−1
∥∥∥ = op

(
ω1−ν
n md

)
,

which follows from the similar argument in the proof of subsection C.4.2 of Fan et al. (2013). Finally, by the

triangular inequality we obtain:

∥∥∥(ĉ∗t )
−1 − c−1

t

∥∥∥ ≤ ∥∥∥(ĉ∗t )
−1 − (c̃∗t )

−1
∥∥∥+

∥∥∥(c̃∗t )
−1 − (ct)

−1
∥∥∥ = Op

(
ω1−ν
n md

)
.

The theorem is thus proved. �

G More Detailed Simulation Results

G. 1 Simulation Comparison under Different Scenarios In the following, we present more

detailed simulation results in the three scenarios described in Section 6.3, where ∆τn = 5, 15, and 60 seconds,

respectively.
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Figure G.1 Finite Sample Distributions of Standardized Statistics
Notes. This figure reports the histogram of the 1000 trials simulation for estimating the four integrated eigenvalues with ∆τn = 5 seconds

for 30 stocks over 1 week. The solid blue lines are the standard normal density; the histograms with bars of red dashed border are the

distributions of the estimates before bias correction; the gray histograms are the distributions of the estimates after bias correction.

G.2 Distributional performance of the bias-corrected estimator

To validate the asymptotic behavior of the bias corrected estimator, the finite sample distribution of the

standardized statistics for d = 30 stocks are reported in Figure G.1 where ∆τn = 15 seconds. Note that the

standardized statistics are calculated by the following formulas:

Ṽ
(
∆Tn, X;Fλp

)
−
∫ T

0
Fλp (cs) ds

ÂV AR
(
∆Tn, X;Fλp

) 1
2

,

for the standardized statistics of bias-corrected estimator, while

V̂
(
∆Tn, X;Fλp

)
−
∫ T

0
Fλp (cs) ds

ÂV AR
(
∆Tn, X;Fλp

) 1
2

,

for the standardized statistics of the estimator before bias correction.
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