Stat 39100/FinMath 34600 Lecture 12
Uncertain Volatility and Interest

A; = zero coupon bond, A =1
gt — St/At
dgt = ,thgtdt + O-tgtth

Suppose
0- <o; <ot forallt (1)

(Pointwise bound assumption) or

T
z—gf ordt <=" (2)
0

(Integral bound assumption)

What is the “ask” price A for European payoff

n= f(Sr) = f(Sr)? (note: Ar =1:Sr = S7)
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Case: Pointwise bounds

c- <oy <o” (1)

(Avellaneda, Levy, Paras (1995), Lyons (1995)).

Let V (s, t) solve (V(S;,t) = discounted value of portfo-
lio)

{ Vi(s,t) + %s2 Il’(lla)X(O'QVSs(S, t)) =0 (3)
Vi(s,T) = f(s) (4)

(3): Barenblatt equation
Ito + (3)

dV (S, t) = Vi(S,t)dS; + Vi(S, t)dt + 38202 Vss(S;, t)dt
— Vs(S,t)dS, — dD,

dD; = —(Vi(S,t) + 15,02 Vss(S, t))dt

= %gf(r??)x[02vss(§t,t)] — 07 Vss(St, 1)) dt

> ()
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Interpretation 1:

V(S,,t) = super-replication of f(St)
D,; = dividend

Interpretation 2:
V(S;,t) = P* — supermartingale
V(Sr,T) = f(Sr)
In any case: A < V(Sp,0)

However, if

Oy =

~

(U_)2 if Vss(St, t) <0
(one choice of P* under (1))

5 {(a+)2 if Vgg(Sy,t) >0

then D; = 0, so V(gt, t) exact replication on discounted
scale,

so A >V (S,0)

Conclusion:

~

A=V(S,0)
f convex: use V(s,t) = BS with o = o™

f concave: use V(s,t) = BS with 0 =0~
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Case: Integral bounds (2)

Recall:
A; = zero coupon bond, maturity 1T’

gt — St/At N N N
dSt = ,utStdt + O'tStth

Suppose

T
=< / aidu < =t
0
What is the ask price A for payoff?
n=f(Sr) = f(Sr)

A= sup E*Aof(St)

P*~(2)

Computation of A:
Under P* ~ (2):
d§t - O'tgtth*

Or
2

m%iz—%m+@mw

Winter 2007 4

Lecture 12

Per A. Mykland



Stat 39100/FinMath 34600 Lecture 12

t
Tt:/ o2 du
0

(require t — 7; to be 1-1 (62 > 0 a.s.)) and define S by

We set

AN

gt — STt
Define M, = fg o, AW = ]\/4\Tt

AN

It 7y = F.,, then
M, is (F:) — MG (show below)
Also .
(M, M],, = [M, M], = / o2du = 7
SO ’

[]\7, ]\/Z]u = u = M, is std BM /. (F)

log §n = log §t
N t 2 t
:logSo—/ —“du+/ g, dW
0 2 0

= log §O - %Tt + ]/W\Tt
or
loggt = log§0 — %t—l— ]\/It

or R o
dSt — Stht
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Why is (M) an (F) — MG?

Set \i: T, = A, =1

Lecture 12

Ift—misl—1
then )\; is continuous

—

since M; = M,,, get ]\/Zt = M,

AN

bet:fT

. we mean Fy = Fy,

Use optional stopping:

E(M; | Fs) = E(My, | Fa,)

Recall

Fr={AcF:Vt, An{r<t}eF)}
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Back to original problem:

N R T
St =5 TP = / o2 du
0
T
P~ (2) & =" / o2du <="
0
= =<K TT < E+
It follows:

A= sup AoE"f(Sr)

P*~(2)
= sup AOE*f(gTT)

E_<TT§ =+

Also, S is the same for all P*

S\O = §0 A—OSO dgt = §td]/\4\t

If f = convex, Jensen’s inequality =
E[f(S=+) | Frp] = f(Sy) since 7p < =

SO

A= A0E+f(§5+) — BS(S07 — 10g A07 E+)

If f = concave:

Elf(S:) | F=-] < £(S=-)
A= AgE*f(S=-) = BS(Sy, —log Ag,=")
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Integral bound + traded options?

Ask price A for payoff f(S7) = (Sr — K)*t under call
prices

AoE*(gT —Ki)+ == C(()Z) 1= 1,...,p (5)

Set

A <inf sup AgE*hx(ST)
A P*~(2)

since one can replicate hy(St) instead of f(Sr). Any
A = sup over P* satisfying (5):

A< sup AgE*(Sr—K)*t
Pr~(2),(5)

Some regularity conditions: A = this supremum
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Time change:

A =supAgE*(S, — K)*t

where 7 = stopping time:
="<7<=" (2)
AoE*(S, — K;)t =) (5)’
S as before: dgt = gtd]\/it
If 7/ solves problem (in place of 7), set
7 =inf{t > 7' §t = K;}A =T,

then R
E*[(ST - KZ) | ]:T’] — (ST’ - Ki)+
and (Jensen)

AN AN

E* (S, — K)Jr > E* (S — K)+
Can take

AN

S, =K, forsomei, orT=="
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Simple case: all calls have some implied volatility =:
BS(Sy, —log Ay, =) = AOE*(§E Kt = C(g’i)

Can take

This gives optimal A.
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