
Stat 39100/FinMath 34600 Lecture 12

Uncertain Volatility and Interest

Λt = zero coupon bond, ΛT = 1

S̃t = St/Λt

dS̃t = µtS̃tdt + σtS̃tdWt

Suppose
σ− ≤ σt ≤ σ+ for all t (1)

(Pointwise bound assumption) or

≡−≤

∫ T

0

σ2
t dt ≤≡+ (2)

(Integral bound assumption)

What is the “ask” price A for European payoff

η = f(ST ) = f(S̃T )? (note: ΛT = 1 : ST = S̃T )
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Case: Pointwise bounds

σ− ≤ σt ≤ σ+ (1)

(Avellaneda, Levy, Paras (1995), Lyons (1995)).

Let V (s, t) solve (V (S̃t, t) = discounted value of portfo-
lio)

{
Vt(s, t) + 1

2s2 max
(1)

(σ2VSS(s, t)) = 0 (3)

V (s, T ) = f(s) (4)

(3): Barenblatt equation

Ito + (3)

dV (S̃t, t) = Vs(S̃, t)dS̃t + Vt(S̃, t)dt + 1
2 S̃2

t σ2
t VSS(S̃t, t)dt

= VS(S̃, t)dS̃t − dD̃t

dD̃t = −(Vt(S̃, t) + 1
2 S̃tσ

2
t VSS(S̃, t))dt

= 1
2 S̃2

t (max
(1)

[σ2VSS(S̃t, t)] − σ2
t VSS(S̃t, t))dt

≥ 0

Winter 2007 2 Per A. Mykland



Stat 39100/FinMath 34600 Lecture 12

Interpretation 1:

V (S̃t, t) = super-replication of f(ST )

Dt = dividend

Interpretation 2:

V (S̃t, t) = P ∗ − supermartingale

V (S̃T , T ) = f(S̃T )

In any case: Ã ≤ V (S̃0, 0)

However, if

σ2
t =

{
(σ+)2 if VSS(S̃t, t) ≥ 0

(σ−)2 if VSS(S̃t, t) < 0

(one choice of P ∗ under (1))

then Dt ≡ 0, so V (S̃t, t) exact replication on discounted
scale,

so Ã ≥ V (S̃0, 0)

Conclusion:
Ã = V (S̃0, 0)

f convex: use V (s, t) = BS with σ = σ+

f concave: use V (s, t) = BS with σ = σ−
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Case: Integral bounds (2)

Recall:

Λt = zero coupon bond, maturity T

S̃t = St/Λt

dS̃t = µtS̃tdt + σtS̃tdWt

Suppose

≡−≤

∫ T

0

σ2
udu ≤ ≡+ (2)

What is the ask price A for payoff?

η = f(ST ) = f(S̃T )

A = sup
P ∗∼(2)

E∗Λ0f(S̃T )

Computation of A:

Under P ∗ ∼ (2):

dS̃t = σtS̃tdW ∗
t

Or

d log S̃t = −
σ2

t

2
dt + σtdW ∗

t
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We set

τt =

∫ t

0

σ2
udu

(require t → τt to be 1-1 (σ2
u > 0 a.s.)) and define Ŝ by

S̃t = Ŝτt

Define Mt =
∫ t

0
σudW ∗

u = M̂τt

If Ft = F̂τt
, then

M̂t is (F̂t) − MG (show below)

Also

[M̂, M̂ ]τt
= [M, M ]t =

∫ t

0

σ2
udu = τt

so
[M̂, M̂ ]u = u ⇒ M̂t is std BM ·/· (F̂t)

log Ŝτt
= log S̃t

= log S̃0 −

∫ t

0

σ2
u

2
du +

∫ t

0

σudW ∗
u

= log S̃0 −
1
2τt + M̂τt

or

log Ŝt = log S̃0 −
1
2 t + M̂t

or
dŜt = ŜtdM̂t
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Why is (M̂t) an (F̂t) − MG?

Set λt: τλt
= λτt

= t

If t → τt is 1 − 1
then λt is continuous

since Mt = M̂τt
, get M̂t = Mλt

by Ft = F̂τt
we mean F̂t = Fλt

Use optional stopping:

E(M̂t | F̂s) = E(Mλt
| Fλs

)

= Mλs

= M̂s

Recall

Fλ = {A ∈ F : ∀t, A ∩ {λ ≤ t} ∈ Ft}
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Back to original problem:

S̃T = ŜτT
τT =

∫ T

0

σ2
udu

P ∗ ∼ (2) ⇔ ≡−≤

∫ T

0

σ2
udu ≤≡+

⇔ ≡−≤ τT ≤ ≡+

It follows:

A = sup
P ∗∼(2)

Λ0E
∗f(S̃T )

= sup
≡−≤τT ≤ ≡+

Λ0E
∗f(ŜτT

)

Also, Ŝ is the same for all P ∗

Ŝ0 = S̃0 =
1

Λ0
S0 dŜt = ŜtdM̂t

If f = convex, Jensen’s inequality ⇒

E[f(Ŝ≡+) | F̂τT
] ≥ f(ŜτT

) since τT ≤ ≡+

so
A = Λ0E

+f(Ŝ≡+) = BS(S0,− log Λ0,≡
+)

If f = concave:

E[f(ŜτT
) | F≡− ] ≤ f(Ŝ≡−)

A = Λ0E
∗f(Ŝ≡−) = BS(S0,− log Λ0,≡

−)
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Integral bound + traded options?

Ask price A for payoff f(S̃T ) = (S̃T − K)+ under call
prices

Λ0E
∗(S̃T − Ki)

+ = C
(i)
0 i = 1, . . . , p (5)

Set

hλ(s) = (s − K)+ +
P∑

i=1

λi[(s − Ki)
+ − C̃

(i)
0 ]

A ≤ inf
λ

sup
P ∗∼(2)

Λ0E
∗hλ(S̃T )

since one can replicate hλ(S̃T ) instead of f(S̃T ). Any
λ ⇒ sup over P ∗ satisfying (5):

A ≤ sup
P ∗∼(2),(5)

Λ0E
∗(S̃T − K)+

Some regularity conditions: A = this supremum
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Time change:

A = sup
τ

Λ0E
∗(Ŝτ − K)+

where τ = stopping time:

≡−≤ τ ≤≡+ (2)′

Λ0E
∗(Ŝτ − Ki)

+ = C
(i)
0 (5)′

Ŝ as before: dŜt = ŜtdM̂t

If τ ′ solves problem (in place of τ), set

τ = inf{t ≥ τ ′ Ŝt = Ki}∧ ≡+,

then
E∗[(Ŝτ − Ki)

+ | Fτ ′ ] = (Sτ ′ − Ki)
+

and (Jensen)

E∗(Ŝτ − K)+ ≥ E∗(Ŝτ ′ − K)+

Can take

Ŝτ = Ki for some i, or τ = ≡+
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Simple case: all calls have some implied volatility ≡:

BS(S0,− log Λ0,≡) = Λ0E
∗(Ŝ≡ − Ki)

+ = C
(i)
0

Can take
τ ′ = ≡

This gives optimal A.
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