Stat 39000/FinMath 34500

P AND P*
(B, Sgt), e St(p)): securities
P: actual probability

P*: risk neutral probability

Lecture 9

Realtionship: mutual absolute continuity P ~ P*

For example:

P : dSt = ,utStdt + O'tStth
P* dSt = /,L;kstdt -+ O':Stth*

Money market bond numeraire:
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CONTINUOUS CASE: o, AND o7}

P : dSt = /ltStdt + O'tStth
P dSt = ,ufStdt + O':Stth*
P : legSt:dt+Utth
hence: (dlog S;)* = o2(dW,)? = oidt
d|log S, log S|;

P*: same argument : dl[log S, log S|; = afgdt

Process same under P, P*:

ot dt = d[log S, log S]; = o2dt

2
hence: o} =o?

In particular: if ¢ is constant:

O —O0

If numeraire = Money Market Bond:
dSt = rtStdt -+ O'tStth*
dgt — O'tgtth*
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CONTINUOUS CASE: THE MARKET PRICE OF RISK

dSt = ,utStdt -+ O'tStth

dSt — ,LLZ< Stdt + O'tStth*
utStdt + O'tStth = /L;;Stdt -+ O'tStth*
hence: pidt + ordWy = pidt + o dW

hence: M2 Ft gr 4 AW, = dW;

Ot
At
Change from P to P*:

Market price of risk

th* — th —I—)\tdt
—— —~—~
P*—BM P—-EM

Autumn 2008 3 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 9

OTHER NUMERAIRE

dlogSt = dt—l—O'tth

P, P*
- S, -
Sy = v = log S; = log S; — log A4
t
=

(dlog S;)? = (dlog S;)? + (dlog Ay)? — 2(dlog Sy)(dlog Ay)
= 07 (dAW,)? + 7 (dVi)? — 2047y (dWy) (dV;)

\ - 7

prdt
= (07 + 7 — 20,vp)dt
1
pr=— d|W, V] = correlation (dW,dV)

(can be random)
o; =0} +7; —200mpe P, P
£ 0?2 ex v =0: MONEY MARKET BOND
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OTHER NUMERAIRE

dlogSt = .. .dt—|—0'tth

SO leggt = .. .dt—l—O't ‘|‘Utth _’Ytd‘/t
N——
{ =...dt+ thWt } previous page

or dgt = ... gtdt —|—5t§td/W7t
N——

{ = (0 if P* for numeraire A
575th — O'tth — ’}/td‘/;g

or . o
aw, = Ztaw, — Lay,

Ot Ot

Yet another Brownian motion
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P* DEPENDS ON NUMERAIRE

A:, B;: NUMERAIRES, SUPPOSE P* SAME

M, = — = P" — MG
¢ B,
1 By
— =t = p* MG
Mt At
1
d — dM; + —= d|\M, M
Mt M2 t+ M3 | I
W—/ _y ~ _y
dMG dMG dMG??
NEED d[M, M]; = dMG
dt ‘E;rm

UNIQUENESS OF DOOB-MEYER =
(M, M]; =0
= M, constant if continuous

= A, B are the same
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THE RADON-NIKODYM THEOREM

Theorem. Let P,(Q) be probabilities, () < P. Then

dQ .
ar.v. 75

d
if BEg|X| < oo, then EgX = Ep (ng)

dQ - :
75 1S unique P — a.s.

Proof and elaborations: Billingsley, Section 32.

aQ
Uniqueness: Suppose both Y, Z satisfy conditions on -5.

Set
A={w: Y(w) > Z(w)}.

Then
Q(A) =FEpYIs > EpZIs=Q(A)

unless P(A) = 0.
The finite case: F = o(P):

WQ ) _ A
dP P(A

when we AeP
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CONTINUOUS DISTRIBUTIONS

P(Z € A) = /A f(2)dz  Q(Z e A) = /A g(2)dz.

Then:
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NORMAL PROCESSES WITH DRIFT

Pyp: Xip1 =Xy +0i+ 0641
€t41 N(O, 1), I ft.

t—1
¢ 1
fo(x1, ,l’t):(27”72) QGXP{W (Tut1 wueu)2}
u=0
@ _ f@(Xla 7Xt)
dPy  fo(X1,...,X¢)
S 1
= €XP { T 952 (Xut1 — Xy Z u+1
\ u=0
( 1 t—1
B 2
= €XP { guz::oeu( u+1 — 20.2 ZH }

= exp {Yt — %[K Y]t}

where: Yt:%fgﬁuqu and 0, =0, fort <u<t+1
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GIRSANOV’S THEOREM

dX, = dW, +6,dt
—~— —~—~
P— BM Q- BM
dQ 1

d—P = eXp(MT — §[M7 M]T)

¢
where M, = / 0,dX, =P — MG
0

dP
o — exp(—= My +

1
a0 —[M, M]|r)

5
T 1 1 T
0 0

T 1 T
0 0

1 — —

- !
= exp(MT — §[M M|r) where M; = —/ 0,dW,,
0

Q — MG as function of T°
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SMALL INCREMENTS, § CONSTANT
Pg: Xt+A:Xt—|—(9A—|—O'(Bt+A—Bt)

0 replaced by A o replaced by oV A

If T fixed, N — o0, A — 0O:

P@I thet—l—O'Bt

BROWNIAN MOTION WITH DRIFT

Form of fl—];g: simplest case of Girsanov’s Theorem.
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APPLICATION:
EVALUATION OF THE EURO-RUSSIAN OPTION

Recall: Vy = e~ "1 E*[payofi]

_ —rT p*
Vo=e " L f(ogltaéxT St)

—e "TEf (exp( max log St))

0<t<T

—e TR f (exp( max log St))

0<t<T

—e TTE*f (exp (log So + o0 max (vt + Bf)))

0<t<T
1,

oV =7r——=0
2

dP*
_ ,—rT
=e " Eqf (exp(log So+o Jnax Xt)> 10

P*: X,=vuvt+ B}
@ : X, is Brownian motion.

dP* 1
0 " exp{v X — §V2T}.

Problem reduced to one involving maxima of Brownian
motion.
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Mt = max Xy
0<t<T

1
Vo =e "TEqf (Soexp(cMr)) exp (I/XT — §V2T)

Vo=e "1 / / f(Soexp(ob))

1
exp (l/a — §V2T> fx a(a,b) daddb
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ADDITIVE AND MULTIPLICATIVE MARTINGALES

M; IS A MARTINGALE

Zt = exp(M; — %[M, M) = f(X)

“/”

Xt

A&

1t0:
1
dZy = f'(Xy)dX, + §f”(Xt)d[Xa Xy

= exp(X) [dX, + Sd[X, X,

\ .

dM,
— thMt — MG
Since dX, +id[X, X

7\ 7\
ld N\ r N\

1 1
= dM; — Zd[M, M), + zd[M, M}, = dM,

In particular:

FZr=FEZy=FE1l=1
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THE DISTRIBUTION OF HITTING TIMES

P : Xy=vt+oW,and Q: X;=0cW/
1% 1 1?
= — X — =—t ;.
exp{02 202 }
t
Martingale property:

v 1 12
= — X, — —— i
exp{02 2027}

T

dpP*
de)

dpP*
)

A special case
T =inf {t: X;=b}.

P*(T < u) — E*I{Tgu}
v 1 2

XT/\’LL — 5;(7’/\’&)}

0‘2

= EQI{Tgu} exp {

v 1 v?
= FEol{T < u}exp{;b— 5;7}

U v 12
= —b— ——t ~(t)dt
/0 exp(02 20_2>fQ, ()
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. “ v 1 2
or: 9
1% lv
fP*,T(t) — exXPp (;b — 5;1:) fQ,T(t)

From distribution of maximum:

fo.r(t) = b 8 - t>0
T — X T ’ -
@ V2wo?t3 P 202¢

EXAMPLE: DOWN AND IN OPTIONS

{(ST—K)Jr of min S; < K’
= 0<t<T
0 otherwise

X; = log S; — log Sy b =log K' —log Sy

price = E*e "'y
= E*E*le™""'n | F)l<)

— F*e TTE* |:6—7“(T—7')77 ‘ F. I(TST)
= FEe ""BS(T — T)I(TST)

T
- / e "' BS(T — t) fpe () dt
0
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