Stat 39000/FinMath 34500 Lecture 8

STOCHASTIC INTEGRALS

~ CONTINUOUS

Xt = PROCESS

Mt . MG

{ St STOCK PRICE
W:;: BROWNIAN MOTION

6; = PORTFOLIO: #X; HELD AT ¢

DISCRETE TIME: 0 =ty <t; <...<t, =t

P/Lt — Z 9757; (th'+1 _ th)
<n A‘)’(tz

GRID BECOMES “DENSE”: max At; — 0

1

t
0

INTEGRAL DEFINED AS LIMIT OF SUMS
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PROPERTIES MOSTLY FROM SUMS:

Z(a@ti —+ bntz)Ath = a Z (9752. Ath —+ bz ntzAth

<n 1<n 1<n
o _J/ o _/ N\ _J
WV WV WV

l l l

' ' '
/ (aBy + bny )dX,, a,/ 0,dX, -+ b/ Nud Xy
0 0 0

= LINEARITY OK

TIME VARYING INTEGRAL:

¢
/ 0,dX, = limit of
0

Z eti (Xti—|—1 _ th)

tip1 <t

Limit in probability
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MARTINGALE PROPERTY:
It Xt — Mt = MG:

U = N 0,AX, 0 AU, = 60,AX,,

tit1
ti11<t

If on gI’ld to,tl, coe

BE(AU" | Fy,) = E(0,AX,, | F,)
— thE(Ath ‘ ftz) =0

= U™ is F,, — MG

Taking limits:
EU; | Fs) =Us

Autumn 2008 3 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 8
QUADRATIC VARIATION (Q. V.)

U = 3 0,AX,

z—|-1<t
SO: AUt(z_ ") = Ut(qj’r)l Ut(in) = 0, A Xy,
(AU)? = 07 (AX,)°
Aggregate:

LU(n)’U(n)]E _ Z (AUt(in))z

e ti11<t
— Z 07 (AXy,)? Z 07 A
tir1<t tir1<t
t !
U, U, = / 02d[X, X]u
0

If Xt — Wt = B.M. : d[X,X]t = dt

IT FOLLOWS THAT [U, U], = [ §2du
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DIFFERENTIAL NOTATION

INTEGRAL:

AUt(Zn) — QtiAXti VS. Ut — UO + Z QtiAXti

ti11<t

becomes
¢
dUt = Qtht VS. Ut U() —|—/ HSdXS
0

QUADRATIC VARIATION:

(AU = 02 (AXy,) vs. [UM™, U], =3 07 ALX, X))
AU UM, =02 AIX, X];,

becomes:

t
(dU)? = 07(dX,)? vs. [U,U]; = / 02d[X, X],
0
dlU, U], = 07d[X, X],
BROWNIAN MOTION:
(dW,)? =dt AND d[U,U], = 07dt
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QUADRATIC COVARIATION:

U,Z: [U,Z];=limit of » AU, AZ,

tip1<t

CASE OF TWO INTEGRALS:

t t
U, — / 0.dX,, 7Zi— / nedY
0 0

THEN: t
0.2~ [ oy,
BECAUSE
AU, AZy. = 051, AXy. AY,,
or

dUtdZt — 9,57775 dXtdift

N — N —

d[Uv Z]t d[Xv Y]t
IF: X; =Y, =W, THE SAME B.M.:

d[U, Z]t = thtdt
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DETERMINISTIC INTEGRAND

IF 6, IS NONRANDOM:

t
/ 0sdW, = limit of Y 6y, AW,
0

t;11<t

Zti—|—1 <t eti AWti :

e LINEAR COMBINATION OF NORMAL RANDOM
VARIABLES IS A NORMAL RANDOM VARIABLE

« MEAN: EY, 0, AW, =0

e VARIANCE:
Va’r (Zti—l-lgt thAWtz) — Zti+1§t 9?@ Var (AWtz) —

D tipa <t 07 At;

IN THE LIMIT:
I 0sdW:
e NORMAL RANDOM VARIABLE
e MEAN IS ZERO

* VARIANCE:
Var (f) 0;dWy) = E[[; 0,dWs, [ 0,dW,]; = [ 62ds
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ITO’s FORMULA

Lecture 8

X,;: CONTINUOUS PROCESS (SOME RESTRICTIONS):

¢: TWICE CONTINUOUSLY DIFFERENTIABLE

£(X,) = £(Xo) /5 dX+/§”

DIFFERENTIAL NOTATION:

JE(X,) = €/(X,)dX, + L€' (X)d[X, X],

EX: X; =W; = BROWNIAN MOTION:

df(Wt) — S/(Wt)th + %fll(Wt)dt

EX: dX; = vdt + o, dW, ITO PROCESS
or: X;=Xo+ f(f veds + fg o dW

First question: ;What is d| X, X];7

X]i

Autumn 2008 8 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 8
FIRST: CASE OF EXPLICIT INTEGRATION:
Wi = B.M. (WHAT IS [ W,dW,?
Up = Wy = (W), ((x) = 2

1

= 2WdW; + dt
1 1
SO. Wtth — idUt — §dt
t 1 1 [t
> WsdWys = —(Up — Uy) — —/ ds
0 2 2 Jo
1 1
= W7 — =t
2t 2

DIFFERENT FROM ORDINARY INTEGRAL:

If X; =g(t) ¢ exists, continuous, g(t) = 0
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ITO PROCESS:

t t
X: = Xp +/ VSdS—I—/ osdW
0 0

7

Z Uy
Grid:
AXti — Ath —|— AUtz
SO.

(AX,)? = (AZ,)? + (AU,)? + 207, AU,

STAX)? =Y (AZ)2+ ) (AU )P+ 207, AU,

tit1 tit1
— \/ vsds| S/ lvs|ds
£ ts

1

|Ath

< sup |vs|(tit1 — ti) = sup |vs| AL,
Y (AZ)? < (supus])? ) (At)?

< (sup |vs|)? sup At; ZAti — 0
S N—— T

-0 ——
~
C: 4,7 =0 ALSO: [Z,U]; =0

ONLY: [U,U]; = [, o2ds
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ITO PROCESS

t t
X = Xog+ / Vsds +/ osdW
0 0

H,_/ A\ ~ J/
Z, U,
dZ,Z2]; =0 d[Z,Ul;=0 d[U,U]; =o?dt
(dZ;)? dZ,dU,

USING DIFFERENTITALS:

ANY dt-TERM HAS ZERO Q.V.:
(dZ;)* = v?(dt)* = 0 ETC

COMBINING TERMS:

(dX,)? = (dZ; + dU;)?
= (dZ)? + 2dZ,dU, + (dUy)?
— )" = o;dt
(dUy)? = o7d

RIGOROUS:
(AXy,)? = AZE + 207, AUy, + (AU,)?

SUM OVER t;, TAKE LIMITS, GET SAME RESULT
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INTEGRALS WITH RESPECT
TO AN ITO PROCESS

¢ ¢
X: = Xp —|—/ veds + / o.dW
0 0

CAN SHOW THAT:

¢ ¢ ¢
/ HSdstf Hsvsds—l—/ O.0,dW
0 0 0

A NEW ITO PROCESS
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BACK TO ITO’S FORMULA:

dé(Xy) = &(Xy)d X, + %5”(Xt)d[X, X (*)

ITO PROCESS:
dXt = tht -+ O'tth

SO
d[ X, X], = o2dt

PLUG IN:
df(Xt) = fl(Xt)(tht —+ O'tth)

1
+ 5g”(Xt)a,?dt

= (€(Xow + 58" (X,)o? )
‘|‘ fl(Xt)O'tth

EASIER TO REMEMBER (*)...
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“PROOF” OF ITO’S FORMULA:
U = &£(X4):

AUti = f(Xti_,_l) — f(th)
= §{( Xy, + AXy,) — E(Xy,)

1
= ("( X, )AXy, + —C//(Xti)AXt%;

sum up:

U — Uy = ZC AXt + ZCN

Lecture 8

DAX]

7

t 1 t
(X )dX, — (X )d[X
/O<<X>X ¥ 2/0<<

OTHER “PROOF”:
dUy = ((X; +dXy) — ((Xy)

1
= ("(Xy)d X, + §C"(Xt) (dX)* + -
N——
d[X,X]t

X]s
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MULTIVARIATE FORMULA

Ut — C(Xta 1/75)
dU; = (o (X4, Y2 )d X + C:,/,(Xt, Y;)dY;
1
+ 5 { (X Y dlX, X],

+ Qyy (Xe, V)d[Y, Y],
+ 20, (X, Y)d[X, Y]: |

etc.

Autumn 2008 15 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 8

EXAMPLE: GEOMETRIC BROWNIAN MOTION

' ' 1
S, = S exp{/ o dWy +/ (7“8 — 50?) ds}
0 0

SET
o X, = fg o dW, + f(f (rs — %ag) ds

o Sp = f(Xy) (f(z) = Soexp{z})
USE ITO’S FORMULA

dS; = f(X,)dX, + % (X)X, X],
f'(x) = f"(z) = f(x) AND d[X, X]; = 2dt, SO:
dS; = f(Xy)dX; + %f(Xt)afdt
= S dX,; + %Stafdt
=S, (dXt - %afdt)

= St (Utth + Ttdt)
= StO'tth + Strtdt

DIFFERENTIAL REPRESENTATION OF S}
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VASICEK MODEL

th — (Oz — ﬂRt)dt + O'th
o STEP 1: SET Ut — Rt - %
EQUATION BECOMES:

dUt — —5Utdt + O'th
e STEP 2: NOTE THAT (FROM ITO’S FORMULA)

d(exp{Bt}U;) = exp{Bt}dU; + Urd exp{ 5t}
= exp{St}dU; + U8 exp{Bt}dt
= exp{ St} (AU, + U Sdt)
= exp{ft}todW;

SO t
exp{ft}U; = Uy +/ exp{Bs}todW,
0

OR

t
Uy = exp{—0t}Uy + /0 exp{B(s — t) }adW,
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IN OTHER WORDS: U; IS NORMAL
e MEAN IS exp{—pt}Uy
e VARIANCE IS

/O (exp{B(s — £)}0) ds
:/0 exp{28(s — t)}o?ds

s=t

- [216 exp(28(s ~)}?|

1

=33 (1 — exp{—206t}) o

DEDUCE FOR R; = Uy + 3 % THAT
o 7, IS NORMAL

o E(R:) = exp{—ft}Uo + 3
e Var (R;) =Var (Uy)
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LEVY’S THEOREM

IF M, IS A CONTINUOUS (LOCAL) MARTINGALE,
My = 0, [M,M]; = t FOR ALL ¢, THEN M, IS A
CONTINUOUS BROWNIAN MOTION

PROOF: SET f(x) = exp{hx}
ITO:

A (M) = (MM, + 3 f(M,)d[M, M),

= F/(M)dM, + 3 f(M;)dt

SINCE dM, TERM IS MG, AND f”(z) = h2f(z):

B = £00) + 508 ([ 10n), )

1

= )+ 2 [ BGOn)a

Set g(t) = E(exp{h(M; — M;)}|s):

g(t) =1+ %hzfs g(u)du
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SOLUTION:
|
g(t) = expi h*(t = s)}
IN OTHER WORDS:
1
E(exp{h(M; — M,)}|s) = exp{§h2(t —s)}
CHARACTERISTIC FUNCTION ARGUMENT GIVES:

e M, — M, IS INDEPENDENT OF ,
o M, — M, 1S N(0,t— s)
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ITO PROCESSES

t t
X; = Xp +/ a,sder/ bsdW
0 0

\ 7 \ 7

dt term  dWW; term

Decomposition unique:
o dW, term is martingale

o dt term is drift
(Doob-Meyer decomposition)
UNDER RISK NEUTRAL MEASURE P*

Discounted securities only have dWW term:

dgt = ,utgtdt +Ot§tth
N——
=0
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UNDISCOUNTED SECURITIES UNDER P*:

dgt — O'tgtth

1) Numeraire = B; = exp( fg rodu)
properties: dB; = ryBydt, |[B, Bl = 0, |B, g]t =0

St = gtBt =
dSt — Btdgt —|— gtdBt
= Bta-tgtth + §tBtrt dt
~ ~~ e

NS /!
= O'tStth + TtStdt

2) Other numeraire:
At # Bt7 At has th(2) term

d<W, W(2)>t = ptdt
dgtAt — full use of It6’s formula

Not same P*!!
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UNDISCOUNTED SECURITIES UNDER P*:

dSt — TtStdt -+ O'tStth

LOG SCALE: ITO’S FORMULA

1 1 1
dlog(St) = EdSt + 5(‘@”[57 Sl
t
1(rSdt—|— SdW)+1( 1)28dt
St t-t t-t t 9 Stg t Mt

1
= (Tt — 50’?)6& + O'tth
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OPTIONS PRICES: PDE’S

PAYOFF: f(Sr)
DISCOUNTED PAYOFF: ¢—"T f(Sr) = f(Sr)

§T _ e—rTST f(g) _ —rT ( TT"’)

~

CALL: f(s) = (s — K)* f(3) = (3 — e "TK)*

CANDIDATE PRICE: DISCOUNTED:

~ ~

C(S,,t) satisfies: C(S,T) = f(9)

AND (UNDER P*):

dC(S,,t)
- ~ MG term
Hedge{ = CL(S;,1)dS; }d§ _ S,
B ‘|‘?/(St, tydt )
PDE{ T20ss(558)dlS Sl b gt — terms
=0 \ Ut2§t2dt J
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2 APPROACHES

THE BS PDE:

Solve | €(3.4) + %6;; (5,1)0232 = 0
%k ~ ~_
B\ éen =76
THE MARTINGALE APPROACH:

Set

C(3,t) = E*[f(Sr) | S¢ = 3]

Markov: C(Sy,t) = E*[f(Sr) | F] = price under P*

This C either

1) Market is complete:
C' automatically satisfies (*)

2) Otherwise: check if C satisfies (*):
yes: solution OK
no: try something else
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REVERSAL OF DISCOUNTING
Numeraire: B; = exp{rt}

C(Sy, t) = B.C(S:, 1)

/S,
=B — .t
tC<Bt’)

— " C (e Sy, t)

Hence: C(s,t) = e"*C(e s, )
— "' E*[f(S7) | Sp = e s]
=" TIVE[f(Sr) | Sy = 5]

since

~

f@) =T T3)
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COMPUTATION OF EXPECTED VALUES

log St = log S; + v(T —t) +0 (W — W)
N\ 7 \ . ~ J/

_ 0? VT —tZ

YTT9 Z~N(01)

and so : Sp = S, exp(v(T —t) + oI —t 2)

C(s,t) = E[f(Sr) | S = 3]

= FE|f(sexp(v(T —t) + VT —t Z)]
+oo
= / f(sexp(v(T —t) + VT —t 2)p(z)dz

— 0

L exp(—22?)
ex ——Z
V2T b 2

For non-discounted Sy: v =r %0

where ¢(z) =

2
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MORE GENERAL

“EUROPEAN CONTINGENT CLAIMS” (ECC)

n = PAYOFF AT TIME T
FIXED

LOOKBACK: n= (max S; — K)*
0<t<T

+
ASIAN: n = ( /Sdu— >

(ST — K

BARRIER n = !¢ UNLESS

min S; < X
| 0<t<T

ONLY THE IMAGINATION IS THE LIMIT...
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OPTION PRICES:
GENERAL SCHEME

SELF FINANCING STRATEGIES:

n=Cr

K
dC; = 0,"dB; + " 6;"dS;”

1=1

K
Cr=0"B,+Y 0" s

1=1

Same as (by numeraire invariance):

~ 1 ~ iy
= —— : p— C

77~ BTZ | 77~ T Key

dCy = ) eﬁz)dsﬁ” requirement
i=1
(0) = (1) (i) | Defi

~ (0 i) i efines

o0+ 3050 | o

PROOF: ITO’S FORMULA
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ON THE DISCOUNTED SCALE

~ —

n=~0Cr
dCy =" 0,"dS;"
1=1
UNDER P*: SAME AS

H=c+y /O 6\ g5 (%)
1=1

BY TAKING N
Ce = E*( | F+)

If By=1: ¢ = Cy = PRICE AT 0

(*): “MARTINGALE REPRESENTATION THEOREM”
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WHEN DOES THE REPRESENTATION
THEOREM HOLD?

TueoreM: IFWW . W) INDEPENDENT B.M.’S
F, = ftW(l),...,W(K)

ﬁ@fT, E*|ﬁ|<OO:

P T .
ﬁ=c+§:/ fedw
i=1"0

Brownian motions are like binomial trees
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Lecture 8

FROM BROWNIAN MOTION TO STOCK PRICE

dgt = O'Svtth

or:
~ ~ 1 —
lOgSt = lOgSO — 50'2t —|— O'Wt

TQF eqaFy
T

Get: ﬁ:c—l—/ JrdW,
0

T
:C—|—/ Li dSt
0 O'St
—~—

0

More complex if o; or r; random. ..
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