Stat 39000/FinMath 34500 Lecture 11

MILD INCOMPLETENESS:

e CONTINUITY
e 2 FACTORS, 1 TRADED

Case study: paper by Martin Schweizer (1992)
By, & independent Brownian motions
(F%) generated by (By, &)

dSt = ,utStdt + O'tStdBt
dFt = thtdt + UtFtdgt

where d&; = p;dBy + /1 — p? d&;
Additional regularity conditions

F = traded, S = untraded, r =0

Problem:

gréi(gE [(m+ L—Gr(0))?]

t
m = payoff, L =fixed, G;= / 0.dE,
0

i/ = actual probabilty measure!
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QUADRATIC UTILITY FUNCTION:

Hence

arg min E(7 + L — Gr(0))? = arg max Eu(Gr(0) — )
7 f

Overall minimum: minimize over L
Minimalization procedure:
Suppose 0; is optimal delta, set
0y = 07 + oy
Z; = tracking value for m: “price process”

o
%E (Z, + L — G4(0)]°

0 . 2
— %E Zi + L — Gi(0%) — 6G(n)]

= 20EG(n)? — 2EG(n)[Zs + L — G4(6%)]
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First: more general approach: F'traded, S untraded

e Choose a ﬁNN P: Fis P — MG
o Take V; = E(w | F)

e A hedge:
dV, = 0.dF; + dR;
dV, F
0; = d{? Fi R; = remainder

One particular choice of P:

the Minimal Martingale Measure P:

N

e Fis P— MG R
o if Kisa P— MG, [F,K]; =0, then K isa P — MG

AN

P = The risk neutral measure with the least change from P
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Original system under P:
B, € independent BM’s, generating (F;)

dSt — /,LtStdt + O'tStdt
dFt = thtdt + ’UtFtdft

d§t = prdBr +4/1 — p; dE
dNt = \/ 1 — ,0% dBt — ,Otdgt

Set also

So

d Ny d&; V1-—p? — Pt

Inverse system: A; is orthonormal (each %, w)

A7l = Ar = A,

d By . | dft . d&
(d&) =4 (dN) _At(dN)

dSt = ,utStdt + O'tSt(,Otdft -+ A\/ 1 — IO% dNt)
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¢, N are independent Brownian motions:

dl¢, €le = pid[B, Bl + (1 — p;)d[E, £, = dt
d[Na Nt — (1 o p%)d[BaB]t +p%d[€ag]t = dt

d[§, Nt = pi\/1 = p d[B, Bly — /1 — p{ prd[E,E]; = 0

Generating (F;)

T T
T=c+ / fYdB, + / f2de,
0 0

then
T T
=c+ / o Dde, + / o2 dN,
0 0
where
b pu+ 0V = Pl = fi
SOV~ 6 pu = 1
or
SO
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dFt = thtdt -+ UtFtdft

dSy = peSdt + oSy (Ptdft +4/1 - 3 dNt)

For minimal martingale measure:

e need to drift — correct &;:

Tt + d§t>

dFt == ’UtFt (
Ut

\ .

dex
& must be ﬁ—martingale

e leave alone N as P-martingale: [£, N]; = 0. If K is
P-martingale, [£, K|; = 0:

t t
K, — (1) g, 2)qaN,
t
with 0 = [£, K] :/ ¢&1)d[§a§]u
0

t

so K; =c +/ gbf)dNu
0

—P- martingale

Hope (F;) is generated by &/, IV

OK since, by assumption, TZ—: nonrandom
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Find conclusions for minimal martingale measure P
dFt = vtFtdfz

" m
dSt = ,LLtStdt + O'tSt (Ptd&g — Ptv—tdt + \/ 1 — p€ dNt)
t

m * /
= St (,th — O'tptv—t) dt -+ StUt,Otdft + StO't 1 — p% dNt
t
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Set

If

then

solves

Autumn 2008

Solution of original problem

m ~
2t (V75+2_Gt)

’Ut t
dG* = B(GH)dF, Gf =0
0 = 2(Gy)

argemin E[(m+ L —Gr(0))?]

= dG; by (3.2)

Lecture 11

(3.1)

(3.2)

(%)
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Set
D=V, +L—-G}
th = é\tdFt -+ thNt — (I)(G;k)dFt
= é\tdFt -+ thNt — (é\t -+ Tt Dt) dFt
Uy Ft
my
= — D.dF; d N,
o2 F, tabt + VyalVy
Dtht (77) = DtntdFt
= Dtntthtdt -+ dMGt
d[Da G(U)]t F Dtntd[Fv F]t
t
= Ft Dtntvt F2dt
SO
DidGy(n) + d[D,G(n)]s = dM G
Hence

d(D:G¢(n)) = G¢(n)dDy + DdGy(n) + d[D, G(n)]+
= Gt(n)th + dMG,

o _Gt( ) thtdt + dMGt

2

U Gt( )Dtdt+dMGt
t
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Dy=V,+L-G;

9
m
dD:G(n)] = —U—JGt(n)Dtdt +dMG,
7
SO
tm?2
EDG(n) = — FEGt(U)Dtdt
0o Vi
or ,
H'(t) = — "L H(t)
Uy
where

Since H(0) = 0:
EDrGr(n) = H(T) =0

Hence G7 is optimal.
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Solution of a Linear Stochastic Differential Equation

We shall in the following ignore all regularity conditions.
— Suppose that G; satisfies

th — (At - Bth)dFt.

To solve this, set H;y = G exp(X;). Use [t0’s formula to
get

1
dH; = exp(Xp)(dGe + GrdXy + 5 Gyd(X, X))y + d{G, X))

1
— eXP(Xt)((At — Bth)dFt + Gd Xy + §th<X7 X>t
+ (Ay — B:Gy)d(F, X)),

where the second line is obtained by replacing all dG;
terms by (A; — B:Gy)dF;. It is now clear that X; must
be on the form

t
X, = / (a.d(F, F), + bodF).
0

We plug this expression into (2) to get
dHt = exp(Xt){(At — Bth + tht)dFt
1
+ [a: Gy + §b§Gt + (A; — BiGy)byd(F, F);}.

Autumn 2008 11 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 11

If we set |
bt — Bt and at — §Btz,

equation (4) reduces to
dH; = exp(Xy)(AidFy + Ay Bid(F, F);).

In other words,

Gy = eXp(—Xt){G(ﬁ—/O exp(Xs)(AsdFs+AsBsd(F, F)g)}.

Autumn 2008 12 Per A. Mykland



