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STOCHASTIC INTEGRALS

Xt =
CONTINUOUS
PROCESS

{
St : STOCK PRICE
Mt : MG
Wt : BROWNIAN MOTION

θt = PORTFOLIO: #Xt HELD AT t

DISCRETE TIME: 0 = t0 < t1 < . . . < tn = t:

P/Lt =
∑

i<n

θti
(Xti+1 − Xti

)︸ ︷︷ ︸
∆Xti

GRID BECOMES “DENSE”: max
i

∆ti → 0

P/Lt →
∫ t

0

θudXu

INTEGRAL DEFINED AS LIMIT OF SUMS
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PROPERTIES MOSTLY FROM SUMS:

∑

i<n

(aθti
+ bηti

)∆Xti

︸ ︷︷ ︸y

= a
∑

i<n

θti
∆Xti

︸ ︷︷ ︸y

+ b
∑

i<n

ηti∆Xti

︸ ︷︷ ︸y
∫ t

0

(aθu + bηu)dXu a

∫ t

0

θudXu + b

∫ t

0

ηudXu

⇒ LINEARITY OK

TIME VARYING INTEGRAL:

∫ t

0

θudXu = limit of

∑

ti+1≤t

θti
(Xti+1 − Xti

)

Limit in probability
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MARTINGALE PROPERTY:

If Xt = Mt = MG:

U
(n)
t =

∑

ti+1≤t

θti
∆Xti

: ∆U
(n)
ti+1

= θti
∆Xti

If on grid t0, t1, . . . :

E(∆U
(n)
ti+1

| Fti
) = E(θti

∆Xti
| Fti

)

= θti
E(∆Xti

| Fti
) = 0

⇒ U
(n)
t is Fti

− MG

Taking limits:
E(Ut | Fs) = Us
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QUADRATIC VARIATION (Q. V.)

U
(n)
t =

∑

ti+1≤t

θti
∆Xti

so: ∆U
(n)
ti

= U
(n)
ti+1

− U
(n)
ti

= θti
∆Xti

(∆U
(n)
ti

)2 = θ2
ti

(∆Xti
)2

Aggregate:

[U (n), U (n)]t︸ ︷︷ ︸ =
∑

ti+1≤t

(∆U
(n)
ti

)2

y

=
∑

ti+1≤t

θ2
ti

(∆Xti
)2 =

∑

ti+1≤t

θ2
ti

∆[X, X]ti

︸ ︷︷ ︸y

[U, U ]t =

∫ t

0

θ2
ud[X, X]u

If Xt = Wt = B.M. : d[X, X]t = dt

IT FOLLOWS THAT [U, U ]t =
∫ t

0
θ2

udu
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DIFFERENTIAL NOTATION

INTEGRAL:

∆U
(n)
ti

= θti
∆Xti

vs. Ut = U0 +
∑

ti+1≤t

θti
∆Xti

becomes

dUt = θtdXt vs. Ut = U0 +

∫ t

0

θsdXs

QUADRATIC VARIATION:

(∆U
(n)
ti

)2 = θ2
ti

(∆Xti
)2 vs. [U (n), U (n)]t =

∑
θ2

ti
∆[X, Xti

]

” ”

∆[U (n), U (n)]ti
= θ2

ti
∆[X, X]ti

becomes:

(dUt)
2 = θ2

t (dXt)
2 vs. [U, U ]t =

∫ t

0

θ2
ud[X, X]u

” ”

d[U, U ]t = θ2
t d[X, X]t

BROWNIAN MOTION:

(dWt)
2 = dt AND d[U, U ]t = θ2

t dt
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QUADRATIC COVARIATION:

U, Z : [U, Z]t = limit of
∑

ti+1≤t

∆Uti
∆Zti

CASE OF TWO INTEGRALS:

Ut =

∫ t

0

θsdXs, Zt =

∫ t

0

ηsdYs

THEN:

[U, Z]t =

∫ t

0

θsηsd[X, Y ]s

BECAUSE

∆Uti
∆Zti

= θti
ηti

∆Xti
∆Yti

or
dUtdZt︸ ︷︷ ︸
d[U, Z]t

= θtηt dXtdYt︸ ︷︷ ︸
d[X, Y ]t

IF: Xt = Yt = Wt THE SAME B.M.:

d[U, Z]t = θtηtdt
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DETERMINISTIC INTEGRAND

IF θt IS NONRANDOM:

∫ t

0

θsdWs = limit of
∑

ti+1≤t

θti
∆Wti

∑
ti+1≤t θti

∆Wti
:

• LINEAR COMBINATION OF NORMAL RANDOM
VARIABLES IS A NORMAL RANDOM VARIABLE

• MEAN: E
∑

ti+1≤t θti
∆Wti

= 0

• VARIANCE:
Var (

∑
ti+1≤t θti

∆Wti
) =

∑
ti+1≤t θ2

ti
Var (∆Wti

) =∑
ti+1≤t θ2

ti
∆ti

IN THE LIMIT:
∫ t

0
θsdWs:

• NORMAL RANDOM VARIABLE

• MEAN IS ZERO

• VARIANCE:
Var (

∫ t

0
θsdWs) = E[

∫ ·

0
θsdWs,

∫ ·

0
θsdWs]t =

∫ t

0
θ2

sds
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ITÔ’s FORMULA

Xt: CONTINUOUS PROCESS (SOME RESTRICTIONS):
ξ: TWICE CONTINUOUSLY DIFFERENTIABLE

ξ(Xt) = ξ(X0) +

∫ t

0

ξ′(Xu)dXu +
1

2

∫ t

0

ξ′′(Xu)d[X, X]t

DIFFERENTIAL NOTATION:

dξ(Xt) = ξ′(Xt)dXt +
1

2
ξ′′(Xt)d[X, X]t

EX: Xt = Wt = BROWNIAN MOTION:

dξ(Wt) = ξ′(Wt)dWt +
1

2
ξ′′(Wt)dt

EX: dXt = νtdt + σtdWt ITÔ PROCESS

or: Xt = X0 +
∫ t

0
νsds +

∫ t

0
σsdWs

First question: ¿What is d[X, X]t?
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FIRST: CASE OF EXPLICIT INTEGRATION:

Wt = B.M. ¿WHAT IS
∫ t

0
WsdWs?

Ut = W 2
t = ζ(Wt), ζ(x) = x2

dUt = ζ ′(Wt)dWt +
1

2
ζ ′′(Wt)dt

= 2WtdWt + dt

so: WtdWt =
1

2
dUt −

1

2
dt

>:

∫ t

0

WsdWs =
1

2
(Ut − U0) −

1

2

∫ t

0

ds

=
1

2
W 2

t − 1

2
t

DIFFERENT FROM ORDINARY INTEGRAL:

If Xt = g(t) g′ exists, continuous, g(t) = 0

∫ t

0

XsdXs =

∫ t

0

g(s)g′(s)ds

=
1

2
g(t)2

=
1

2
X2

t
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ITÔ PROCESS:

Xt = X0 +

∫ t

0

νsds

︸ ︷︷ ︸
Zt

+

∫ t

0

σsdWs

︸ ︷︷ ︸
Ut

Grid:
∆Xti

= ∆Zti
+ ∆Uti

so:

(∆Xti
)2 = (∆Zti

)2 + (∆Uti
)2 + 2∆Zti

∆Uti∑
(∆Xti

)2 =
∑

(∆Zti
)2 +

∑
(∆Uti

)2 +
∑

2∆Zti
∆Uti

|∆Zti
| = |

∫ ti+1

ti

νsds| ≤
∫ ti+1

ti

|νs|ds

≤ sup
s

|νs|(ti+1 − ti) = sup
s

|νs|∆ti
∑

(∆Zti
)2 ≤ (sup

s
|νs|)2

∑

i

(∆ti)
2

≤ (sup
s

|νs|)2 sup∆ti︸ ︷︷ ︸
→ 0

∑

i

∆ti

︸ ︷︷ ︸
' t

→ 0

⊂: [Z, Z]t = 0 ALSO: [Z, U ]t = 0

ONLY: [U, U ]t =
∫ t

0
σ2

sds
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ITÔ PROCESS

Xt = X0 +

∫ t

0

νsds

︸ ︷︷ ︸
Zt

+

∫ t

0

σsdWs

︸ ︷︷ ︸
Ut

d[Z, Z]t = 0 d[Z, U ]t = 0 d[U, U ]t = σ2
t dt

(dZt)
2 dZtdUt

USING DIFFERENTIALS:

ANY dt-TERM HAS ZERO Q.V.:

(dZt)
2 = ν2

t (dt)2 = 0 ETC

COMBINING TERMS:

(dXt)
2 = (dZt + dUt)

2

= (dZt)
2 + 2dZtdUt + (dUt)

2

= (dUt)
2 = σ2

t dt

RIGOROUS:

(∆Xti
)2 = ∆Z2

ti
+ 2∆Zti

∆Uti
+ (∆Uti

)2

SUM OVER ti, TAKE LIMITS, GET SAME RESULT
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INTEGRALS WITH RESPECT
TO AN ITÔ PROCESS

Xt = X0 +

∫ t

0

νsds +

∫ t

0

σsdWs

CAN SHOW THAT:

∫ t

0

θsdXs =

∫ t

0

θsνsds +

∫ t

0

θsσsdWs

A NEW ITÔ PROCESS
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BACK TO ITÔ’S FORMULA:

dξ(Xt) = ξ′(Xt)dXt +
1

2
ξ′′(Xt)d[X, X]t (∗)

ITÔ PROCESS:

dXt = νtdt + σtdWt

SO
d[X, X]t = σ2

t dt

PLUG IN:

dξ(Xt) = ξ′(Xt)(νtdt + σtdWt)

+
1

2
ξ′′(Xt)σ

2
t dt

= (ξ′(Xt)νt +
1

2
ξ′′(Xt)σ

2
t )dt

+ ξ′(Xt)σtdWt

EASIER TO REMEMBER (*). . .
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“PROOF” OF ITÔ’S FORMULA:

Ut = ξ(Xt):

∆Uti
= ξ(Xti+1) − ξ(Xti

)

= ξ(Xti
+ ∆Xti

) − ξ(Xti
)

= ζ ′(Xti
)∆Xti

+
1

2
ζ ′′(Xti

)∆X2
ti

+
1

3!
ζ ′′′(Xti

)∆X3
ti

+ · · ·

sum up:

Ut − U0 =
∑

ζ ′(Xti
)∆Xti︸ ︷︷ ︸y

+
1

2

∑
ζ ′′(Xti

)∆X2
ti

︸ ︷︷ ︸y

+ · · ·︸︷︷︸
NEGLIGIBLE

∫ t

0

ζ ′(Xs)dXs +
1

2

∫ t

0

ζ ′′(Xs)d[X, X]s +

OTHER “PROOF”:

dUt = ζ(Xt + dXt) − ζ(Xt)

= ζ ′(Xt)dXt +
1

2
ζ ′′(Xt) (dXt)

2

︸ ︷︷ ︸
d[X,X]t

+ · · ·
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MULTIVARIATE FORMULA

Ut = ζ(Xt, Yt)

dUt = ζ ′x(Xt, Yt)dXt + ζ ′y(Xt, Yt)dYt

+
1

2

{
ζ ′′xx(Xt, Yt)d[X, X]t

+ ζ ′′yy(Xt, Yt)d[Y, Y ]t

+ 2ζ ′′xy(Xt, Yt)d[X, Y ]t

}

etc.
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EXAMPLE: GEOMETRIC BROWNIAN MOTION

St = S0 exp{
∫ t

0

σsdWs +

∫ t

0

(
rs −

1

2
σ2

s

)
ds}

SET

• Xt =
∫ t

0
σsdWs +

∫ t

0

(
rs − 1

2σ2
s

)
ds

• St = f(Xt) (f(x) = S0 exp{x})
USE ITÔ’S FORMULA

dSt = f ′(Xt)dXt +
1

2
f ′′(Xt)d[X, X]t

f ′(x) = f ′′(x) = f(x) AND d[X, X]t = σ2
t dt, SO:

dSt = f(Xt)dXt +
1

2
f(Xt)σ

2
t dt

= StdXt +
1

2
Stσ

2
t dt

= St

(
dXt +

1

2
σ2

t dt

)

= St (σtdWt + rtdt)

= StσtdWt + Strtdt

DIFFERENTIAL REPRESENTATION OF St

Autumn 2005 16 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 8

VASICEK MODEL

dRt = (α − βRt)dt + σdWt

• STEP 1: SET Ut = Rt − α
β

EQUATION BECOMES:

dUt = −βUtdt + σdWt

• STEP 2: NOTE THAT (FROM ITO’S FORMULA)

d(exp{βt}Ut) = exp{βt}dUt + Utd exp{βt}
= exp{βt}dUt + Utβ exp{βt}dt

= exp{βt} (dUt + Utβdt)

= exp{βt}σdWt

SO

exp{βt}Ut = U0 +

∫ t

0

exp{βs}σdWs

OR

Ut = exp{−βt}U0 +

∫ t

0

exp{β(s − t)}σdWs
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IN OTHER WORDS: Ut IS NORMAL

• MEAN IS exp{−βt}U0

• VARIANCE IS

∫ t

0

(exp{β(s − t)}σ)
2
ds

=

∫ t

0

exp{2β(s − t)}σ2ds

=

[
1

2β
exp{2β(s − t)}σ2

]s=t

s=0

=
1

2β
(1 − exp{−2βt}) σ2

DEDUCE FOR Rt = Ut + α
β

THAT

• Rt IS NORMAL

• E(Rt) = exp{−βt}U0 + α
β

• Var (Rt) =Var (Ut)
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LEVY’S THEOREM

IF Mt IS A CONTINUOUS (LOCAL) MARTINGALE,
M0 = 0, [M, M ]t = t FOR ALL t, THEN Mt IS A
CONTINUOUS BROWNIAN MOTION

PROOF: SET f(x) = exp{hx}
ITO:

df(Mt) = f ′(Mt)dMt +
1

2
f ′′(Mt)d[M, M ]t

= f ′(Mt)dMt +
1

2
f ′′(Mt)dt.

SINCE dMt TERM IS MG, AND f ′′(x) = h2f(x):

E(f(Mt)|Fs) = f(Ms) +
1

2
h2E

(∫ t

s

f(Mu)du|Fs

)

= f(Ms) +
1

2
h2

∫ t

s

E(f(Mu)|Fs)du

Set g(t) = E(exp{h(Mt − Ms)}|Fs):

g(t) = 1 +
1

2
h2

∫ t

s

g(u)du
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SOLUTION:

g(t) = exp{1

2
h2(t − s)}

IN OTHER WORDS:

E(exp{h(Mt − Ms)}|Fs) = exp{1

2
h2(t − s)}

CHARACTERISTIC FUNCTION ARGUMENT GIVES:

• Mt − Ms IS INDEPENDENT OF Fs

• Mt − Ms IS N(0, t − s)
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ITÔ PROCESSES

Xt = X0 +

∫ t

0

asds

︸ ︷︷ ︸
dt term

+

∫ t

0

bsdWs

︸ ︷︷ ︸
dWt term

Decomposition unique:

• dWt term is martingale

• dt term is drift

(Doob-Meyer decomposition)

UNDER RISK NEUTRAL MEASURE P ∗

Discounted securities only have dW term:

dS̃t = µtS̃tdt︸ ︷︷ ︸
= 0

+σtS̃tdWt
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UNDISCOUNTED SECURITIES UNDER P ∗:

dS̃t = σtS̃tdWt

1) Numeraire = Bt = exp(
∫ t

0
rudu)

properties: dBt = rtBtdt, [B, B]t = 0, [B, S̃]t = 0

St = S̃tBt ⇒
dSt = BtdS̃t + S̃tdBt

= BtσtS̃tdWt︸ ︷︷ ︸+ S̃tBtrt︸ ︷︷ ︸ dt

↖↗ ↗
= σtStdWt + rtStdt

2) Other numeraire:

Λt 6= Bt, Λt has dW
(2)
t term

d〈W, W (2)〉t = ρtdt

dS̃tΛt = full use of Itô’s formula

Not same P ∗!!!
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UNDISCOUNTED SECURITIES UNDER P ∗:

dSt = rtStdt + σtStdWt

LOG SCALE: ITO’S FORMULA

d log(St) =
1

St

dSt +
1

2
(− 1

S2
t

)d[S, S]t

=
1

St

(rtStdt + σtStdWt) +
1

2
(− 1

S2
t

)σ2
t Stdt

= (rt −
1

2
σ2

t )dt + σtdWt
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OPTIONS PRICES: PDE’S

PAYOFF: f(ST )

DISCOUNTED PAYOFF: e−rT f(ST ) = f̃(S̃T )

S̃T = e−rT ST f̃(s̃) = e−rT f(erT s̃)

CALL: f(s) = (s − K)+ f̃(s̃) = (s̃ − e−rT K)+

CANDIDATE PRICE: DISCOUNTED:

C̃(S̃t, t) satisfies: C̃(S̃, T ) = f̃(S̃)

AND (UNDER P ∗):

dC̃(S̃t, t)

Hedge
{

= C̃ ′
s(S̃t, t)dS̃t

}MG term

dS̃ = σtS̃tdWt

BS
PDE
= 0





+C̃ ′
t(S̃t, t)dt

+ 1
2 C̃ ′′

ss(S̃t, t) d[S̃, S̃]t︸ ︷︷ ︸
σ2

t S̃2
t dt





dt − terms
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2 APPROACHES

THE BS PDE:

Solve
(*)





C̃ ′
t(s̃, t) +

1

2
C̃ ′′

ss(s̃, t)σ
2s̃2 = 0

C̃(s̃, T ) = f̃(s̃)

THE MARTINGALE APPROACH:

Set
C̃(s̃, t) = E∗[f̃(S̃T ) | S̃t = s̃]

Markov: C̃(S̃t, t) = E∗[f̃(S̃T ) | Ft] = price under P ∗

This C̃ either

1) Market is complete:

C̃ automatically satisfies (*)

2) Otherwise: check if C̃ satisfies (*):
yes: solution OK
no: try something else
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REVERSAL OF DISCOUNTING

Numeraire: Bt = exp{rt}

C(St, t) = BtC̃(S̃t, t)

= BtC̃

(
St

Bt

, t

)

= ertC̃(e−rtSt, t)

Hence: C(s, t) = ertC̃(e−rts, t)

= ertE∗[f̃(S̃T ) | S̃t = e−rts]

= er(T−t)E∗[f(ST ) | St = s]

since
f̃(s̃) = e−rT f(erT s̃)
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COMPUTATION OF EXPECTED VALUES

log S̃T = log S̃t + ν(T − t)︸ ︷︷ ︸

ν = −σ2

2

+σ (WT − Wt)︸ ︷︷ ︸√
T − t Z

Z ∼ N(0, 1)

and so : S̃T = S̃t exp(ν(T − t) + σ
√

T − t Z)

C̃(s, t) = E[f̃(S̃T ) | S̃t = s̃]

= E[f̃(s̃ exp(ν(T − t) + σ
√

T − t Z)]

=

∫ +∞

−∞

f̃(s̃ exp(ν(T − t) + σ
√

T − t z)φ(z)dz

where φ(z) =
1√
2π

exp(−1

2
z2)

For non-discounted St: ν = r 1
2σ2
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MORE GENERAL

“EUROPEAN CONTINGENT CLAIMS” (ECC)

η = PAYOFF AT TIME T︸ ︷︷ ︸
FIXED

LOOKBACK: η = ( max
0≤t≤T

St − K)+

ASIAN: η =

(
1

T

∫ T

0

Sudu − K

)+

BARRIER η =





(ST − K)+

UNLESS
min

0≤t≤T
St ≤ X

ONLY THE IMAGINATION IS THE LIMIT. . .
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OPTION PRICES:
GENERAL SCHEME

SELF FINANCING STRATEGIES:

η = CT

dCt = θ
(0)
t dBt +

K∑

i=1

θ
(i)
t dS

(i)
t

Ct = θ
(0)
t Bt +

K∑

i=1

θ
(i)
t S

(i)
t

Same as (by numeraire invariance):

η̃ = 1
BT

η : η̃ = C̃T

dC̃t =
K∑

i=1

θ
(i)
t dS̃

(i)
t

]
Key

requirement

C̃t = θ
(0)
t +

K∑

i=1

θ
(i)
t S̃

(i)
t

]
Defines

θ
(0)
t

PROOF: ITÔ’S FORMULA
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ON THE DISCOUNTED SCALE

η̃ = C̃T

dC̃t =
K∑

i=1

θ
(i)
t dS̃

(i)
t




UNDER P ∗: SAME AS

η̃ = c +
K∑

i=1

∫ T

0

θ
(i)
t dS̃

(i)
t (∗)

BY TAKING
C̃t = E∗(η̃ | Ft)

If B0 = 1: c = C̃0 = PRICE AT 0

(*): “MARTINGALE REPRESENTATION THEOREM”
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WHEN DOES THE REPRESENTATION
THEOREM HOLD?

Theorem: IF W (1), . . . , W (K) INDEPENDENT B.M.’S

Ft = FW (1),...,W (K)

t

η̃ @ FT , E∗|η̃| < ∞ :

η̃ = c +

P∑

i=1

∫ T

0

ftdW
(i)
t

Brownian motions are like binomial trees

Autumn 2005 31 Per A. Mykland



Stat 39000/FinMath 34500 Lecture 8

FROM BROWNIAN MOTION TO STOCK PRICE

dS̃t = σS̃tdWt

or:

log S̃t = log S̃0 −
1

2
σ2t + σW̃t

η̃ @ F S̃
T ⇔ η̃ @ FW

T

Get: η̃ = c +

∫ T

0

ftdWt

= c +

∫ T

0

ft

σS̃t︸︷︷︸
θt

dS̃t

More complex if σt or rt random. . .
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