Stat 39000/FinMath 34500 Lecture 3

MARTINGALES BASED ON IID:

ADDITIVE MG

Yy,....Ys,...: 1ID EY =0
X,=Y,+...+Y, is MG

MULTIPLICATIVE MG

Yi,....Y,,...: IID EY =1
Xt:Y1><...><Yt: Xt—l—lthl/t—i—l

E(Xiy1 | Ft) = E(XyYi | F)
= X E(Yi1 | F2)
= Xt X 1 = Xt

MORE REALISTIC FOR STOCKS, FOR EXAMPLE

BINOMIAL MODEL: X; = S,, Y = e "u or e "d under

s
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MARKOV PROCESSES

X, t=0,...,T is process adapted to filtration (F;)

(X¢) is a Markov process if for every function f there is
a function g so that

E(f(Xtv1) | Fr) = g(Xe)

In other words: all current info relevant to the future of
(X;) is contained in the current value of (X;).

FOR EXAMPLE:
(S¢) IS MARKOV IN THE BINOMIAL TREE

St wt 1, H —USt 1(wt 1)
S
- 1% 1 <St wt 1,1 —dSt 1(wt 1)

For S;_1(w¢—1) = s¢—1, and if Z = u with probability
p(H) and = d with probability p(T)

E(f(St) | Fr—1)(wi—1) = E(f(ZS¢-1) | Fr—1)(w—1)
= E(f(Zst—1) | Fi—1)(wi—1)
= FE(f(Zs;_1)) (since Z is independent of F;_1)

= g(st—1)
where:

9(s) = E(f(Zs)) = [(us)p(H) + f(ds)p(T)
This works for both actual and risk neutral probability
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General principle for taking out what is known

Lemma: Let X = (Xq,...,Xg) and Y = (Y3,..., X1)
be random variables, and let f(x,y) be a function. If
X = (X1,...,X,) is G-measurable, then on the set w €
(X =z}

E(f(X,Y)|G)(w) = E(f(z,Y)]|G)(w).

Proof of Lemma: Let P be the partition corresponding
to G. For each w € {X = z}, there is a B € P, so that
w e B C{X = x}. (This is since X is G-measurable.)
Then

E(f(X,Y) | G)(w) = E(f(X,Y) | B)
= FE(f(z,Y) | B) since X(w) =x on B
= E(f(z,Y) ] G)(w)
QED

When Y is independent of G

E(f(z,Y) ] G)(w) = E(f(z,Y))

consequently

E(f(X,Y) ] G)(w) = E(f(z,Y))
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THE STRUCTURE OF EUROPEAN OPTIONS
IN THE BINOMIAL TREE

Payoff V = ’UT(ST).

Induction: assume value of option at t+1 is v;11(S¢a1).
Then

value of option at t = F, (e "vpr1(Sia1) | Fr)
— EW(G_TUt+1(ZSt) | ft)
where Z =uor =d

— Ut (St)
where

v:(8) = Brvir1(Zs) = w(H)vig1(us) + w(T)veg1(ds)
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A NON-MARKOV PROCESS

M; = max S,
0<u<t

___— M;3(HHH) =32
My(HH) = 16
T~ M3(HHT) = 16

_— M3(HTH)=38
M2(HT) = 8
T~—~—  M\(HTT)=8

/ ﬂth} =

fll.fir — 1

\ M, (T) = -

Fig. 2.5.1. The maximum stock price to date.

(from Shreve p. 48)

___— My(THH)=8
My(TH) = 4
T~~~ Ms3(THT)=14

__— M3(TTH) =1
Ma(TT) = 4
T~~~  M(TTT) =4

LN
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CREATING A MARKOV PROCESS
BY ADDING STATE VARIABLES

M; = max S,

o<u<t

CLAIM: (S, M;) is a Markov process

Proof: If S; = s and M; = m: with Z = u or d:

St_|_1 = s/ and Mt_|_1 — Mt V St_|_1 =—mV st
(x Vy =max(x,y) and x A y = min(z,y))

E(f(St41, Mit1) | Fr) = E(f(sZ,m V (sZ)))
= g(s,m)
by appropriate definition of g QED

It follows, by induction, that, for payoff vy (St, Mr):
value of option at t = v(S¢, My)

General Theorem (Feynman-Kac): If Xg, X1,..., X7 is a
Markov process under 7 (e.g. Xy = (S;, My)). For payoff

UT()QT%
value of option at t = v:(Xy)

for some function v (x).
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CHANGE OF MEASURE
Q, R: PROBABILITIES, G: o-field

RIS ABSOLUTELY CONTINUOUS UNDER @ (on G):
R<@Q:VAeG: QA)=0=P(A)=0

RIS EQUIVALENT TO Q@ (on G):
R~@Q: RCKQAND QKR

ACTUAL AND RISK NEUTRAL:
NO ARBITRAGE = P~

BECAUSE
(i) f r(A) >0, P(A) =0
. [1ifA o
St =14 = {Oifnot soP(St=0)=1

Butw(ST>O)>Oj7r(B—1TST>O)>O

1
T

(ii)) If 7(A) =0, P(A) > 0:
P(St >0)>0

1
So=FE.— St =0 ARBITRAGE
Br
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BOND WIH DEFAULT
NUMERAIRE: B; =€ t=0,1

BOND: V;, =1fort =20

_ { e no default } for f — 1

0 default
~ V,
Vi = Ei =1fort=0
e™ ™" no default
- { 0 default } for £ =1

1=V = E,V; =™ "n( no default) (+0x7( default))
Condition: m > r or m > r? or 77

P(default) = 0 = w(default) =0 (7 < P)
= m(no default) =1
=m=r

1 > P(default) >0 = 1> mw(default) >0
= m>r
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RADON-NIKODYM DERIVATIVES
Q, R: PROBABILITIES, Q < R (on G)

P is partition associated with G

DEFINITION OF R-N DERIVATIVE

dR, . R(B)
@(w)—wwhenwEBEP

. dR . dR __ dR

PROPERTIES

e For all G-measurable Y: Er(Y) = Eg (Yd—R)

—1
o If R~ Q: 98 = (42)
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EXAMPLE OF PROOF

Since Y is G- measurable:

for every B € P: Y (w) is constant for w € B: Y(w) =
Y (B). Hence:

Er (Y)

||
(]
Ja
X
=
X
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BINOMIAL TREES

Sy = u?S; H, then H

H, then T
SQ — udSo
T, then H

Sy = d?S, T, then T

ACTUAL MEASURE: P(H), P(T)
RISK NEUTRAL MEASURE: n(H), n(T)

o-FIELD F,, OR PARTITION P,: BASED ON n FIRST
COIN TOSSES: (w1, ...wp)
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CALCULATION OF R-N DERIVATIVE
IN BINOMIAL CASE

e For every sequence w = (w1, ...,wn): {w} = {(w1,...,wn)}
is a set in P,

e Value of derivative for this set:

dm B W(le Wn)
ﬁ(wl" “n) P(wy,...,wn)
_ m(wy) X ... X w(wy)
P(wy) X ... X P(wy)

-(Gm) (o)

where H = H(w) = # of heads among wy, ..., w,
AMBIGUITY ABOUT “w”

Could consider w = (wq, ..., Wy, ...) (the outcome of in-
finitely many coin tosses). Then

dm dm

P 7 (w) = dp(wl,... Wn)

Each set in P,: one (w1, ...,wy ), many (w1, ...,wpy, -..)
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RELATIONSHIP BETWEEN R-N DERIVATIVE
AND STOCK PRICE IN BINOMIAL CASE

Sn = SO X U#H X d#T

u\ #H
= 0" (3)
since #H + #1 = n. Thus:

LH = log S, —log Sy — nlogd

logu — log d

ON THE OTHER HAND:

o= (7m) (5m)
= f(Sn, 1)

dr 1S A FUNCTION OF S,

Autumn 2005 13 Per A. Mykland



Stat 39000/FinMath 34500
STATE PRICE DENSITY
For payoffs at time ¢:
& (w) =e " IE |5 (W)

Price at time O for payoft

lifwe A
Ta(w) = {
Aw) 0 otherwise

at time t:

d
G_TtEﬁ(IA) —e "Ep (IA—W>

dP
= Ep (1a&:)

State price corresponding to w: A = {w}:

Ep (I{wy&) = &(w)P{w}

General valuation formula:

price for payoff V at time t = e ""E, (V)
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THE RADON-NIKODYM DERIVATIVE
IS A MARTINGALE

DEFINE Z; = 4% |,
IN THE BINOMIAL CASE:
Ziy1 = ZtYi

WHERE Y}, Ya, ... ARE TID,

v, = 17;((?) if outcome H at time ¢
]7;((?) if outcome T at time ¢
AND
m(H) m(T)
Epr(Y P(H P(T)=n(H T) =1
() = TG PUH) + T P(T) = n(f) + (1)
Zo =1

A TYPICAL MULTIPLICATIVE MARTINGALE
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THE GENERAL CASE

dm

7, —
LT ap 7

Filtration on partition form: P

I Ae P, AND A=U,B, WHERE B, € P;4;:
E(Ziy1 | A) ZZtH By | A)

IF w e A:
E(Zip1 | Py)(w) = E(Ziy1 | A) = Zi(A) = Zi(w)
THUS: (Z;) IS A MARTINGALE
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THE R-N DERIVATIVE
REPRESENTATION BY FINAL VALUE

I[F T IS THE FINAL TIME, AND 3_17; IS R-N DERIVA-
TIVE ON Fr:

dm

Zy=FE(Zr | F:)=FEp (ELE

) fort < T
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THE R-N DERIVATIVE:
CONDITIONAL EXPECTATIONS

Theorem: Suppose Q < P on F. Let dQ/dP® F and
G C F. Then

£ (x4 |9)
5 (8]9)

IN THE TIME DEPENDENT SYSTEM: G — 7,
Ep (XZT ‘ ]—“t)

Ep (Z1|F)

Ep (XZT ‘ ]—"t>
_ 7

Eq(X |G) =

Ex(X | Ft) =

PRICE AT TIME ¢ OF PAYOFF V AT TIME T
Ep (T/ZT ‘ ]—"t)
Zy
Ep (e‘TTVZT ‘ ]—"t)
e—Tt7,
Ep (VﬁT ft)
&t

Vi = Ex(V | Fy) =

Vi =
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ANOTHER APPLICATION OF
THE CONDITIONAL EXPECTATION FORMULA:

MODIFYING PATH DEPENDENT OPTIONS
IN THE BINOMIAL MODEL

V' = payoff of option (at T')

V' = E.(V | Sr)
E(Vg—;; ST)
- £ (| s)
B (v]st)
o dm

apr
dm

(since P is a function of S7)

= E(V | St)

(G = o(57))

WE HAVE HERE USED G = o(S7)
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ARE PATH DEPENDENT OPTIONS OPTIMAL?
V = payoft
V' =E.(V|Sr)=EWV|Sr)

e Price:

Pricc of V= e "1 E. V
—e TRV tower property
— price of V'

e Expected payoff of V

e ™ EV =e ™ EV’ tower property
= expected payoff of V'

e The Rao-Blackwell inequality:

Var (V) = E (Var (V | St)) + Var (E(V | S7))
— E (Var (V | S7)) + Var (V')
> Var (V')

unless V =V,
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UTILITY: TYPICAL ASSUMPTIONS

e more is better: V3 > Vo =>U(Vy) > U(Vs)
e risk aversion: strict concavity:

UaVi+(1—-—a)Va) >aU(V1)+ (1 —a)U(V3)
non-strict concavity: replace “<” by “<”
Jensen: U strictly concave: unless V' is G-measurable:

EUWV)|G) <UENV]G)) P-a.s.

PATH DEPENDENT OPTIONS AGAIN

VI=E.(V|Sr)=EV|Sr)
e Price of V = price of V’

EU(V)=EEU(V) | S7)
< EU(E(V | ST1)) unless V™) o (St)
= EU (V')
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OPTIMAL INVESTMENT IN BIN. MODEL

MAXIMIZATION OF UTILITY SUBJECT TO INITTAL
CAPITAL:
max EU (Vr)

subject to constraints:

capital constraint: Vy = v
replicability: Vpr =V + Z A AS;
t=0

BY COMPLETENESS: CONSTRAINTS EQUIVALENT
TO (with & = e ™ (dm /dP))

Eﬂ-VT =

or
EVTfT =0

BY ARGUMENT ON PREVIOUS PAGE:
Ve IF FUNCTION OF Sz, OR, EQUIVALENTLY, &7

Vr = f(&r)
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REFORMULATION OF PROBLEM

&1 can take values x4, ..., x711 Problem becomes:
max Y U(f(2:))P(¢ = )

subject to:
Y fle)zP(€=z;) = v

Lagrangian:

L= U(f(2:)P(& = ;) - (Z fla)ziP(€ = 2;) — v)

Want:

)
-~ Of(x)

In other words:

0 = U'(f(2:))P(§ = zi) — Az P(€§ = )

U'(f(z:)) = Az

or:

U (Vr) = Mr

Finally:
Ve = (U)"D(Ar)
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