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‘%omoﬁeneoa\s data are all a//‘,ée)'
all hez‘erogeneoa\s data are hez‘erogeneoaé

in 2helr own a)ay.'



Y/eZ‘erogene/Z‘y

> Stadtus ¢ response/ explanatory.
> idden (/alert)/meascred.
> Type
> Continuous
Binary, categorical
6r@?/75/ Trees
Images
Maps/ Spdatial Information
£ an(’ings

vV vy vy VvYyy

> Armounts of dependency: independent /time
Series/. spat ral.



Goals in Modern B/o/ogy-‘ Sy\sfems /4/9proac/7
Loo,é a the data/ all the data’ data fhieg/‘c?é/on
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7/6'2(//73 Caz‘egor/ca/ Data and Maé/ng 7 into a

Continuetn
Yorseshoe fxamp/efjo/nz‘ ewith Persi Diacon's and Sharad
Goel. Data Frorr 2008 U.S. Howse o%’f%preéenﬁaiN&§
roll call vetes. te furdher restricted our ana/yS/S Zo
Zhe 401 (ep/-e&shiai/\/es 2hat voted on at least 0% of Che
roll calls (220 Kepublicans, 1§50 Democrats and |
Indepeno/enz‘> /eaa//ng Zo a 401 X 669 smadrix of \/oi/ng data.

'7%e\Daia

vVl v2 V3 V4 V5 Ve V7 v8 V9 V10
1 -1 -1 1 -1 0 1 1 1 1 1
2 -1 -1 1 -1 0 1 1 1 1 1
3 1 1 -1 1 -1 1 1-1-1 -1
4 1 1 -1 1 -1 1 1-1-1 -1
5 1 1 -1 1 -1 1 1-1-1 -1
6 -1 -1 1 -1 0 1 1 1 1 1
7 -1 -1 1 -1 -1 1 1 1 1 1
8 -1 -1 1 -1 0 1 1 1 1 1
9 1 1 -1 1 -1 1 1-1-1 -1
10 -1 =1 1 =1 0 1 1 0O =°0 G



3-Dimensiona) MDS magping of /33,‘5/aior5 based on the
2005 US. %oaSe of ( epreSenZ‘aZ‘/\/eS roll call votes.



—01~ 02

3-Dimensional MDS qup/nﬂ ofF /eﬂfS/dZ‘ol\S based on Zhe
2005 US. %0115& of ( epreSenZ‘aZ‘/\/eS roll call votes.
Color Ahas been added to indicate Zhe /962/{}/ atffiliction of
each representative.
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Comparison of the MDS derived rank For Ke epresentatives
with the Nationa! Jowrnal's /idera/ score



Tterative Structurdation Taéey, 1927

A distance—-> projection



P/7>// ogenez‘ ' Trees
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Distances betioeen Trees

> Neares? A/e{ghéor Inierc/mnge (NND).
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Distances betioeen Trees

> Neares? /\/e{g/]éor Inierc/mnﬁe (NND). Retation Moves
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Distances betioeen Trees

> Neares? /\/e{ghéor Inierc/zanﬁe (NND). Retation Moves

1 2 3 4 1 2 3 4 1 23 4
> Fill-in of NNI moves: Billera, ¥olmes, \/ogimann
(BN,
The bowundaries betioeen reg/oné represent an area of
wuncertanty about the exact Aranc/z/ng order. In

Al‘o/ogl‘Cd/ Z‘ermfho/oﬂy Zhis is called an ‘é(hreéo/\/ea’l
Zree.



EM/?/HCQ/ &vidence on M/X/nﬁ on Bethe latdice
£. Mosse/! noticed 2Ahal one of the extresie po/hz‘\s of

Zree space coith I‘eﬁa’rc{& Zo prec{/‘cz‘/‘nﬂ Zhe root was the
Bethe lice: &
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Se,e/ng 2he Mudadion Kale (GGradient
We 3eneraz‘eo/ 9 sets of Crees with mulation rates set
Frorn a = 0.01 Zo a=0.09 and e 5eneraz‘ea/ the data
QCCora’/nﬁ Zo the Bethe lattice tree.
>//ere are the reswul/ts in 2he £First p/ane of the MDS:
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Nontec hrnca/ c/eSC/‘/‘/?Z‘/on of Ma/z‘/—z‘aé/e methrods
Variance, Inertia, Co-TInertia The study of \/ariaéi/iz‘y of
one continuous variable is done z‘/1roa3/7 the wuse of Zhe
variance. e 3enera//‘ztg iZ in several directions Z‘/]/‘oaﬁ/l
Che idea of inertia.

As in PAYSICS, we define inertia as a weig/ited sur of
distances of we{ghz‘ed POInts.

THhis enables wus to wuse abundance data in a contingency
Zable and compide iZs inertia which in Chis case will be
Zh e a)ezg/ﬂ‘ea/ Swunrr of the sguares of distances betioeen
observed and expected /’re?é(enc/eé , SUch as 1s wused in
campaﬁnﬂ Zhe c/7/5?aare statistic.

Ancther 3enera//‘zai/on of variance—inertia 1s the wusefu/
p/?}//oﬁenez‘/‘c diversity index. ( (',ompaz‘/ng the swurm of Zhe
sguares of distances between a Subset of taxa Z‘/Iroag/l
the tree).

We also have swuch 3enera/f2dz(fon5 thad cover \/ar/aé///iy
of points on a graph Zaken From standard spatial
stat/stics.



Co-Tnrnerdia

When SZ‘aa/yfng Zwo variables measured at the same
locations, for instance P¥ and huridity Che standard
wantification of covariation is the covariance. A Simple
genera//zal‘/on o Chs when Lhe Var/aé//iz‘y IS rore
complicated Co measire as above i5 done Z‘/]l‘odg/]
Co-Inertia analysis (CZAD.
Co-inertia ana/ySis (CIAD is a multivariate method that
Identifies Crends or CO—re/dZ‘/on\S/ﬁPS ) Ma/f/p/e, datasets
which contan the same samples or the sare time
points. Thad is the rows or columns of the matrix have
Zo be we{g/li‘ec/ SI‘M/‘/ar/y and thus must be matchable.



A coetFticient

7 he 3/05&/ measure of Sf'mi/ar/z‘y of two data tables as
cpposed Co wo veclors can be done 5}/ a 3enera/fzaz‘/on
of covariance provided .éy an 1nner product betieen tables
that gives 2he KV coefficient, a number betieen O and I,
like a correlation coetfficient, but for tables.



Mo/ f/p/ e Zable methods

>

Zn PCA e compide Che variance—covariance malrix, in
meltiple 2able methods we can take a cube of tables and
compite the K coefficient of their characterizing
operatlors.

We then c//‘agona//‘Ze 2hIs and Find the best we{g/n‘ea’
‘en\Semé/e'.

This is called 2he ‘COMP/‘OMI.SQI and all 2he individua/
Zables can be projected onto 2.




Data Madrix: (Geometrical 4//9roac/7

/. The data are ¥ variables measwured on n observations.
i1 X woith n roews (Zhe observations) and ¥ columns
(Zhe variables).

1. D, s an n X n madrix of we{g/ziS on the
Vobservations"y which is most often a’/agona/ .

v Sy/y/mez‘r/c definte poS/Z‘/\/e malrix &often

o ol
o~ o
Pl o o
o o o o

\qw‘ =



tuclidean Spaces

These three matrices fors the essentia/ “fr/p/ez‘ “

(X, &,2) a/e//’n/‘nﬂ a multivariate data analysis.

& and D define geomelries or inner products in R and R”,
respectively, f/7roa3/7

xiQy:< X, >g xy € R
xz‘Dy =<,y > >,y € R”.

This simple dype of inner product has been 3enera/izea/
Zo Kernels in Elizabeth Purdor's thesis (200%).



An A @eéra/c Approac/

> § can be Seen as a linear function from R Zo
R = L(R?), ¢he space of scalar linear functions on

R”.
> D can be Seen as a linear Function Fron R Zo
R — L(R").

>



An A @eéra/‘c Approac/

Duality diagram
i. €igendecomposition of XDXg = Vg
i1 bigendec opmposition of XGX°D = 1D

i Transition Formuelae.



Notes

©) Sa/?po\se we have data and inner products defined éy g
and D :

(oY) ERZ X R x'gy = <xy>g€R
(>,y) €ER" X R” — xf_by = <xy>3eR.
7 _ 7
[IX][% =< >, x >4= Z@(W)Q X3 =< 3, x >2=_ 2i(x:)?
J=1 J=1
(2) We say an cperalor O /s B-symmetric if
< x, Oy >2=< Ox,y >z, or eguivalently BO = O°B.
The duality diagram is eguivalent Zo (X, ,2) such that X
s X po.
Escowtier (1922) defined as XGXD = LD and XDXG = Vg
as the characteristic operators of the diagram.



(3) V= XEDX wiill be the variance-covariance mdadrix, i£ X
1S centered with rejards Zo D (XD, = 0).



77‘@/75 /905 aé/ e Dala

There /s an important symmetry betioeen Che rows and
colurmns of X in the a//aﬂram, and onrne can /'Majfne
sSituations where the role of observation or variable is
not wuniguely defined. For instance in microarray studies
the geres can be considered either as variables or
observations. THs makes sense in mamy Contemporary
sSitudions which evade the more classical notion of »
obServations Seen as a randor Sample of a popilation.
IZ /s Cerfa/n/y not the case that the 9,000 Species are a
randor sarmple of bacteria Since these proée\s Zry Zo be
an exhaustive set.



7o Dual (Geometries
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;p/‘o/el‘z‘/‘e\s of” ZA e D/‘agram

Kank of the c//aﬂram-' X, X¢ , \/Q and WD all have the sare

rark.
For & and D Symmetric mdalrices, Vg and WD are
a//aﬂona//\saé/e and have Che samre e{gem/a/ae\s .

AM>X2>2X32>...2A02>20>--->0.

bigendec opposition of the diagras: Vg is § Symmelric,
Chus we can Find Z swch that

VQZ = ZA, ZZ‘QZ =1,, where A = c//.aﬂ()\l, Aoy, )\/y). ©)



Fedz‘ UreS

I. Inertia © Trace(Vq) = Trace(4)D)
(nerdia in the Sense of >f/ay3/7en5 Inertia formela For
instance). Y/ayﬁens, C. Ges),

Z/p,'aﬂ (X/’ a)

=1
Znertia eoith regards 2o a point a of a clowud oFf
Y —we{g/lz‘ea/ fo/nZ‘S .
PCA with §=1T,, D =11, and the variables are centered,
the inertia is the sum of the variances of all the
variables.
IF the variables are standardized (4§ is the diagonal madrix
of inverse variances), then the inertia is the number of
variables P
For Correspondence ana/yS/S the inertia is Zhe
Chi-s ?aw‘ed statistic.



Compar/ng 7 oo D/‘agra/ms-‘ 2he AV coefficient

Many problesms can be rephrased in terms of comparison
of two duality diagrams” or put more simply, tewo
c/mracz‘er/zing operdlors, built £rom Zwo ”Z‘Hp/ez‘S "
wusually cith one of the triplets being a response or
/zat//nﬂ Constrants imposed on it. Most often what /s
done is 2o compare two such d/'angS y and Zry o 3@1‘
one o match the other in Some cptimal way .

7o compare two Symmelric operalors, there is either a
veclor covariance as inner product

COVL/(Ol, 02) = ﬁ(olog) =< 01,09 > or a vector
correlation (Escoutier, 1972)

7010
\7HO00)2r(0500)

N0, 09) =

I we cere to compare the Cwo Criplets (X ox 15 1, %In)
a/?d (YnXl; 1; %In) we a.)OL{/d /]a]/e W: p2'



PCH: Special case

PCA can be seen as ﬁnd/nﬁ Zhe madrix Y which
maxinnzes the RV coefFficient betieen c/mracz‘er/z/nﬂ

operalors, that i's, between (X,,X/, @,D) and (Y,,X?, I,D),
wunder the constrant that Y be of rank 2<p .

77 (xgx2vv2)

A (qu@, w@) - .
\/ 7F (XgXD)? 77 (YY‘D)



This maximum 1S adlained where Y Is chosSen as the
£irs? g ezﬂem/ecz‘ohs of X&%D normed so that YtDY A

ﬂe PICI PIUAT W 'S

7 )\2
V= %/, -
OF course, classical PCA has D = %I , § =1, bt 2he
ex?ra f/eX/A///z‘y IS often useful!. e define the distance
beleoeen Lriplets (X, &,D) and (2, &, M) where Z is a/so
n X py as the distance deduced £rorr Zhe KA inner product
betieen operators XGXD and ZMZ°D.



One D/‘agra/n Zo N.ap/dde 7 oo D/agra/ns

Canonical correlation analysis was introduced Ay
>//oz‘e///n3 Zo Find 2he commron Structure in wo Sets of
variables X1 and Xo measured on the same observations.
This is e_?aiva/enf Zo Me./-ging the two madrices
columnoirse Co Form a /arﬁe MAFx eoith n roews and
Pt Py columns and i@@nﬁ as Zhe we{g/zz‘/ng of the
variables the matrix defined é/ Zhe tewo c//aﬁona/ blocks
(62X1) " and (X52%)

(X{DXl)_l 0

0 (X5DX5) ™



RA* —— R~ R72* —— R~

X1 X2
I R I I A
R?P1 «— [R”* R?2 «— PR~
= 4
RATP2* —» R~

[X1;X2]

This analysis gves the Same eigemectors as the analysis
of the 2riple

(X§DX1, (X{DXl)‘l, (XgDXQ)_l), a/so known as the
canonical correlation analysis of X1 and Xa.



PCAH woith regarafs Zo Instrumertal Variables

CR Kao, 1964 fxp/a/h one malrix éy ancther Cone ricdrix
S a reSponSe, Z2he other exp/anafory), TZ /s Zhe extension
of PCA and regression. I Z is the explanadory Zable and
X /s 2he response, e Zake the projector:

Pr=2(222)12>, X = P2X are the predicted values

T ke the triplet (X, 8,D) and do the PCA.
See L¢1 for rore deta/s.



Inieﬁraz‘/ng Spaz‘/‘a/ Information into he Z‘/‘/p/ez‘

IF we make Z the explanatory Zable contan he spatial
information, we are integrating the spatial information
into the multivariate analys:s.

Ancther solution explained in Dray and Jormbart's paper is
lo study the coinertia of’ X and wWX, the spatially /agged
version of X.



Sﬁdf/d/ Mut/ Zivariale 0az‘/%zf

"TBonations s
A=1.286 o 4% ]
g
Eigenvalues Infarts B : B " .. DDE Eb
1 ~ Sl O s Raarie? 0
A iteracy Suicides s s 3
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Fic 8. MULTISPATI of Guerry’s data. (A) Barplot of eigenvalues. (B) Coefficients of
variables. Mapping of scores of plots on the first (C) and second (E) azis and of lagged
scores (averages of neighbors weighted by the spatial connection matriz) for the first (D)
and second (F) azis. Representation of scores and lagged scores (G) of plots (for each
département, the arrow links the score to the lagged score). Only the départements discussed
in the text are indicated by their labels.



Jean 7Thiowlouse wuses Zhe 3enera//zggd notion of
co—inertia o ana/yzg Zhese COmp/eX data:

Winter Winter
Autumn Autumn [
Summer Summer __|
Spring Spring 1

__| Environmental | Ephemeroptera
© | variables (10) (= species (13)
[} [%2]
2 2
n ()

An example data set consists of two data cubes. The
FIrSt one contans 10 environmental variables thad have
been measired Four times (in 5//-//73, Swmmer, Adumn
and Winter) a/ong Six Samp//ng sites. The second one
contans the numbers of Ephemeroptlera ée/onginj Zo 13
Species, collected in the same conditions.
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Beneﬁz‘z‘/ng Fronr the tools and schools of
Stadisticians.......

Thanks 2o ¢he R Ciomman/fy, n parz‘/ca/ar Chessel,
Jormbard, Dray, Thiowlouse(ades group in Lyon) and
Emmanite! Paradis.

Persi Diacom's, Sharad Goel, John Chakarian, Adar
Guetz, Adam Kape/ner, flisabeth Purdorr, Omar delaCrez,
NelsSon (ay, Yes Escoutier.

Alfred Spormann, Peter lee, Francesca Setiadi.
ﬁ(nc/fnﬂ From NI/ NIGMS Kol and NSF-DMS.
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