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Graphical Data in Biology

I Phylogenetic trees
I Transcription networks
I Metabolic networks
I Signalling pathways

AY005056
nOTU M107
nOTU B176.contig

nOTU ME48
AF371891

Prv corpor
nOTU N064

nOTU ME28
Bac ovatu2
AY538687

AJ408982
nOTU NP35

nOTU NC94
Bac.thetai

Bac fragi3
nOTU MG55

nOTU Z091.contigs
Bac caccae

AF139524
AJ409009

Bac.stercr
nOTU NO48

AJ408988
Bac vulgat

nOTU NK86
nOTU C703.contigs

nOTU D790
nOTU MR34.contigs



Data connected to Graphs

Data on p genes

Known Graph on p genes

YFR055W
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YAL039C

YJR130C

YML082W

YGR012W

YLR303WYNL247W

YKL106W
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Data connected to Graphs
Data on p genes Known Graph on p genes

YFR055W

YAL012W

YAL039C

YJR130C

YML082W

YGR012W

YLR303WYNL247W

YKL106W

I Improved interpretability of
inference/hypothesis testing

I Relevant Features for
Prediction of Outcome

I Classify objects onto graph
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Intestinal Bacterial Data

A

B

C

-.13

-.026

-.005

.005

.036

.26

Eckburg et al. (2005)
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Transform Data Based on Graph

Observe x ∈ Rp Graph G linking p variables

Transform based on G, e.g. various summaries
I Averages over k subgraphs
I Difference between xi and its neighbors
I Contrasts between subgraphs

Linear combinations based on graph: x̃ = VTx
Decompose x: x = Vx̃ =

∑
i x̃(i)vi

Reweight directions: f (x) =
∑

i λ
1/2
i x̃(i)vi

New metric space with S = VΛVT : 〈xk, x`〉S = xT
k Sx`
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Representing Graphs
I Adjacency Matrix: A

exp(αA) =
∞∑

k=0

αkAk/k!

(I− αA)−1 =
∞∑

k=0

αkAk

I Laplacian: L = D− A

exp(αL) =
∞∑

k=0

αkLk/k!

(I + αL)−1 =
∞∑

k=0

αk(−L)k/k!

L+

I Normalized Laplacian L = D−1/2LD−1/2

Number of Paths

← Heat Kernel

← Commute Distance

Analysis of Graphs
Data → Graph: Cut Algorithms, Laplacian Eigenmaps

Smola and Kondor (2003); Fouss et al. (2003)
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Sample of Eigenvectors for L

λ0 = 0 λ1 λ2

λ12 λ52 λ71



Sample of Eigenvectors of ΣT

 23.3 

 4.49 

 0.312 

 0.241 

 0.218 

 0.102 

 0.0995 

 0.0863 

 0.0753 

 0.0679 

 0.0521 

 0.0409 

 0.0375 

 0.0299 

 0.0279 

 0.0232 

 0.0215 

 0.014 

 0.0104 

 0.00926 

 0.00786 

 0.00341 

 0.00118 

 0.000799 
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Generalized PCA
Metric space with Sp×p, x ∈ Rp, Xn×p

Find b ∈ Rp:

max
‖b‖2

S=1
var(〈b, x〉S)

USbi = λibi

U = ĉov(x) = XTQX

e.g.
I Correspondence Analysis ⇒ S, Q diagonals

SALSA Algorithm
I PCA on f (xi) ⇒ Q = I
I DPCoA ⇒ S = ΣT covariance for trees, Q diagonal

Kernel PCA

Escoufier (1973)



Generalized PCA
Metric space with Sp×p, x ∈ Rp, Xn×p

Find b ∈ Rp:

max
‖b‖2

S=1
var(〈b, x〉S)

USbi = λibi
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Generalized PCA of Intestinal Data

x ∈ Rp, S = ΣT = VΛVT PCA on f (x) =
∑

i λ
1/2x̃(i)vi

−0.1 0.0 0.1 0.2 0.3

−
0.

2
−

0.
1

0.
0

0.
1

0.
2

Axis 1 ( 59.16 %)

A
xi

s 
2 

( 
22

.0
3 

%
)

Cecum
Ascending
Transverse

Descending
Sigmoid
Rectum
Stool

Patient
A
B
C



PCA as Transformations of x
Regular PCA: x ⇒ x̂PCA = AT

PCAx
Generalized PCA: f (x) ⇒ x̂F = AT

G f (x) = ATx
A
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Stanford Statistics Seminar, May 23, 2006 – p. 28
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Supervised Classification/Prediction
Outcome: y
Predictor variable: f (x) ∈ Rp

min
β∈Rp

n∑
i=1

`(βT f (xi), y(i)) + C‖β‖2

⇔ *

min
α∈Rp

n∑
i=1

`(〈α, xi〉S , y(i)) + C‖α‖2
S

*β = S1/2α Implicitly assume: β ∈ span{vi}i:λi>0

Rapaport et al. (2007)



SVM Decision Rule
Predicting Irradiated Yeast Cultures from Microarray Data

BMC Bioinformatics 2007, 8:35 http://www.biomedcentral.com/1471-2105/8/35
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ysis pathway. The first three principal components collect
25%, 17% and 11% of the total dispersion.

The transformation (3) resulting from a step-like attenua-
tion of eigenvalues φthres removing 80% of the largest
eigenvalues significantly changes the global layout of data
(Figure 2, right) but generally preserves the local neigh-
bourhood relationships. The first three principal compo-
nents collect 28%, 20% and 12% of the total dispersion,
which is only slightly higher than the PCA plot of the ini-
tial profiles. The general tendency is that the non-irradi-
ated normal samples are more closely grouped, which
explains the lower intraclass distance values shown in Fig-
ure 1. The principal components in this case allows them
to be associated with gene ontologies with higher confi-
dence (for the first component, the p-values are less than

10-25). This is a direct consequence of the fact that the
principal components are constrained to belong to a sub-
space of smooth functions on KEGG, giving coherence in
terms of pathways to the genes contributing to the com-
ponents. The first component give "DNA-directed RNA
polymerase activity", "RNA polymerase complex" and "
protein kinase activity". Figure 3 shows that these are the
most connected clusters of the whole KEGG network. The
second component is associated with "purine ribonucle-
otide metabolism", "RNA polymerase complex", "carbox-
ylic acid metabolism" and "acetyl-CoA metabolism"
ontologies and also with "Glycolysis/Gluconeogenesis",
"Citrate cycle (TCA cycle)" and "Reductive carboxylate
cycle (CO2 fixation)" KEGG pathways. The third compo-
nent is associated with "prenyltransferase activity", "lyase
activity" and "aspartate family amino acid metabolism"

Representation of the classifiersFigure 3
Representation of the classifiers. Global connection map of KEGG with mapped coefficients of the decision function 
obtained by applying a customary linear SVM (left) and using high-frequency eigenvalue attenuation (80% of high-frequency 
eigenvalues have been removed) (right). Spectral filtering divided the whole network into modules having coordinated 
responses, with the activation of low-frequency eigen modes being determined by microarray data. Positive coefficients are 
marked in red, negative coefficients are in green, and the intensity of the colour reflects the absolute values of the coefficients. 
Rhombuses highlight proteins participating in the Glycolysis/Gluconeogenesis KEGG pathway. Some other parts of the net-
work are annotated including big highly connected clusters corresponding to proteinkinases and DNA and RNA polymerase 
sub-units.
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Predictions related to G:
I New node, predict edges based on x

I New observation, assign to node of G based on x

Data X, graph Gn on n observations

X =


x1(1) · · · x1(p)

x2(1) · · · x2(p)

...
xn(1) · · · xn(p)



X∗ =


x∗1(1) · · · x∗1(p)

x∗2(1) · · · x∗2(p)
...

x∗m(1) · · · x∗m(p)
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Predictions related to G:
I New node, predict edges based on x

I New observation, assign to node of G based on x

Data X, graph Gn on n observations ⇒ Gn+m

X =


x1(1) · · · x1(p)

x2(1) · · · x2(p)

...
xn(1) · · · xn(p)



X∗ =
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Predictions related to G:
I New node, predict edges based on x
I New observation, assign to node of G based on x

Data X, graph Gd on n observations

X =


x1(1) · · · x1(p)

x2(1) · · · x2(p)

...
xn(1) · · · xn(p)



X∗ =


x∗1(1) · · · x∗1(p)

x∗2(1) · · · x∗2(p)
...

x∗m(1) · · · x∗m(p)
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Predictions related to G:
I New node, predict edges based on x
I New observation, assign to node of G based on x

Data X, graph Gd on n observations ⇒ assign to d classes

X =


x1(1) · · · x1(p)

x2(1) · · · x2(p)

...
xn(1) · · · xn(p)



X∗ =


x∗1(1) · · · x∗1(p)

x∗2(1) · · · x∗2(p)
...

x∗m(1) · · · x∗m(p)
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Unifying the Problems

Predict New Edges:
1{i ∼ j} = f (xi, xj)

Classify New Observations:
1{i ∈ v} = f (xi)

⇓

Instead Predict Similarities: SG(i, j) = f (xi, xj) + εij

= g(Sx(i, j)) + εij

Simple fitting: min
∑

i,j(SG(i, j)− cijSx(i, j))2

Regression Model: y = Cx + ε

Constraints on C (Reduced Rank Regression):
I Low rank
I Uncorrelated
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Geometric Goal

Maximize similarity between clouds of data (RV-Coeff)

Transform Sx → ŜG ,

max
〈

SG , ŜG
〉

I Gives interpretation of relation between data and graph
I Use for exploration

(Robert and Escoufier, 1976)



Regularization and Kernel Methods

I Clear SG ,Sx define kernels: Kernel CCA, PLS, RRR
Yamanishi et al. (2004): yeast data

I Previous formulation: unregularized kernel RRR

I Implement trade-off between (empirically) uncorrelated
features and the norm of the features

I If x = x ∈ Rn, X ∈ Rn×p, KX = XTX

Kernel CCA/RRR (KG ,KX) ⇔ Generalized PCA (X,Q,S)

(For appropriate regularization of Kernel CCA)

(Bach and Jordan, 2002; Rosipal and Trejo, 2001; Purdom, 2006)



Regularization and Kernel Methods

I Clear SG ,Sx define kernels: Kernel CCA, PLS, RRR
Yamanishi et al. (2004): yeast data

I Previous formulation: unregularized kernel RRR

I Implement trade-off between (empirically) uncorrelated
features and the norm of the features

I If x = x ∈ Rn, X ∈ Rn×p, KX = XTX

Kernel CCA/RRR (KG ,KX) ⇔ Generalized PCA (X,Q,S)

(For appropriate regularization of Kernel CCA)



In Summary

I Computationally simple ways of using large graphs
I Automatically picks features of the data
I ’Smooths’ data rather than explicitly limit analysis to graph

I Adjacency matrix not deal with moderate details
Directed Edges
Different Nodes

I Eigenvectors 6= subnetworks
⇒ Kind of approximation, but not explicit
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