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NONLOCAL DEPENDENCIES IN DATA

∫

D

G(x, y)φ(y)dy = f(x), x, y ∈ D ⊂ Rd

d = 1 x = (xi) A = [g(xi, yj)] = [aij]

d = 2 x = (xi1,i2) A = [g(xi1i2, yj1j2)] = [ai1i2j1j2] = [a(i1j1)(i2j2)]

d = 2 x = (xi1,i2,i3) A = [g(xi1i2i3, yj1j2j3)] = [ai1i2j1j2i3j3] = [a(i1j1)(i2j2)(i3j3)]

d = 1 A = [aij] matrix

d = 2 A = [a(i1j1)(i2j2)] 4�tensor / matrix

d = 2 A = [a(i1j1)(i2j2)(i3j3)] 6�tensor / 3�tensor

LARGE-SCALE ARRAYSDIMENSION GRID SIZE MATRIX SIZE n for mem = 1Gb mem for n = 1282D BEM, d = 1 n mem = n2 11000 125 Kb3D BEM, d = 2 n2
mem = n4 100 2 Gb3D VEM, d = 3 n3
mem = n6 23 32 Tb



IDEA FOR TENSOR COMPRESSIONSEPARATE VARIABLES!
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2 Pb
100 Mb

USE ONLY SMALL PORTION OF DATA!



RANK STRUCTURED APPROXIMATIONS

2π∫

0

Φ(x, y)φ(y)dsy = f(x), x, y ∈ ∂Ω =⇒ Ax = b
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2D CROSS APPROXIMATION

Find A ≈ Ãr =
r∑

q=1
uqv

⊤
q (sum of skeletons).0 Initialization: p = 1, j1 = 1.1 Compute olumn jp, subtrat urrent approximation values Ãp. Find pivot ip.2 Compute row ip, subtrat urrent approximation values Ãp. Find pivot jp+1 6= jp.3 Using the ross (ip, jp), onstrut a new skeleton annihilating this ross.4 Chek stopping riterion, set p := p + 1, return to 1.



MAXIMAL VOLUME PRINCIPLEAssume that
||A− [MATRIX OF RANK ≤ k]||2 ≤ ε,and let A be a blok matrix of the form

[
A11 A12

A21 A22

]
,where A11 is nonsingular, k × k, and of maximal volume among all k × ksubmatries. Then

||A22 −A21A
−1
11 A12||C ≤ (k + 1) ε.

• S.A.Goreinov, E.E.Tyrtyshnikov, N.L.Zamarashkin, A theory of pseudo-skeleton approx-imations, Linear Algebra Appl. 261: 1�21 (1997).
• S.A.Goreinov, E.E.Tyrtyshnikov, The maximal-volume onept in approximation by low-rank matries, Contemporary Mathematis, Vol. 208 (2001), 47�51.



APPROXIMATION OF MATRICES AND 3D ARRAYSReshaping (reordering of multi-indies):

aij = a(i1,i2,i3)(j1,j2,j3) = a(i1,j1)(i2,j2)(i3,j3) = aijk

i = (i1, j1), j = (i2, j2), k = (i3, j3).Tensor approximation of a matrix:
A ≈ Ãr =

r∑

t=1

Ut × Vt ×Wt, Ut = [u(i1,j1)t], Vt = [v(i2,j2)t], Wt = [w(j3,j3)t].Trilinear approximation of a tensor (3D array):
A = [aijk], aijk ≈ ãijk =

r∑

t=1

uitvjtwkt.

Tensor approx. of a matrix ⇔ Trilinear approx. of a 3D array



3D ARRAYS AND MATRICESSlies in one mode
A k

Matries of slies

. . .
2A AnA1 A3



TRILINEAR DECOMPOSITION

aijk =
r∑

t=1

uitvjtwkt.

MINIMIZATION ALGORITHMS
min
u,v,w

∑

i,j,k

(
r∑

t=1

uitvjtwkt − aijk

)2

.

[+℄ standard algorihms: ALS, Gauß-Newton, Damped LM Newton.[−℄ ostly iteration, slow onvergene without a good initial guess.[−℄ neessity of a priori knowledge of r.



TRILINEAR DECOMPOSITION

aijk =
r∑

t=1

uitvjtwkt.

MATRIX-BASED ALGORITHMS
• r = nGeneralized Shur deompostion

A = [Ak], Ak = UBkV
⊤, Q⊤AkZ = RBkL

⊤.[+℄ Fast algorithms fething a good initial guess[−℄ Restrition: r = n.

• r > nMatrix methods for overdetermined asesare not disussed in the literature.



TRILINEAR DECOMPOSITIONAll methods are too slowfor n ≥ 128.TUCKER DECOMPOSITION
aijk =

r1∑

i′=1

r2∑

j′=1

r3∑

k′=1

gi′j′k′uii′vjj′wkk′,Tuker fators U, V, W are orthogonal matries,array G = [gi′j′k′] is muh smaller than A.TRILINEAR DECOMPOSITION FOR LARGE n
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TUCKER DECOMPOSITION1. Consider matries of slies

A(1) = [a1
i(jk)] = [aijk],

A(2) = [a2
j(ki)] = [aijk],

A(3) = [a3
k(ij)] = [aijk],2. Compute SV D for eah of them.

A(1) = UΣ1Φ
⊤
1 , A(2) = V Σ2Φ

⊤
2 , A(3) = WΣ3Φ

⊤
3 ,3. Find the Tuker ore via transformation

gi′j′k′ =
n∑

i=1

n∑

j=1

n∑

k=1

aijkuii′vjj′wkk′.

Complexity = O(n4) plus n3 omputations of the entries of A.We suggest an algorithm with almost linear omplexityComplexity = O(nr3) plus O(nr2) omputations of the entriesof A.



3D CROSS EXISTENCE THEOREMSuppose we are aware that
A = G ×i U ×j V ×k W + E, ||E|| = εholds for some U, V, W and G. Then there exist matries U ′, V ′ and

W ′ of sizes n1 × r1, n2 × r2 and n3 × r3 and onsisting of some r1olumns, r2 rows and r3 �bers, of A, respetively, and a tensor G′ suhthat
A = G′ ×i U ′ ×j V ′ ×k W ′ + E ′,where

||E ′||C ≤ (r1r2r3 + 2r1r2 + 2r1 + 1)ε.I.Oseledets, D.Savostyanov, E.Tyrtyshnikov,Tuker dimensionality redution of three-dimensional arrays in linear time,submitted to SIMAX, 2006.



3D CROSS APPROXIMATIONComplexity = O(n2)
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Find A ≈ Ã =
r∑

q=1
Aq × wq.1 Compute the slie Akp, subtrat approx. values Ã.Find pivot Akp.2 Compute a �ber wp, subtrat approx. values Ã. Find pivot kp+1 6= kp.3 Skeleton Akp × wp nulli�es the slie-by-�ber ross.4 Chek stopping riterion, set p := p + 1, return to 1.



3D CROSS APPROXIMATIONComplexity = O(nr4)

Find A ≈ Ã =
r2∑

q=1
uq × vq × wq.1 Compute a ross approximation of the slie Akp =

r∑
q=1

upqv
⊤
pq,subtrat approx. values Ã.Find pivot Akp (HOW CAN WE DO THIS?)2 Compute a �ber wp, subtrat approx. values Ã. Find pivot kp+1 6= kp.3 Skeleton r∑

upq × vpq × wp nulli�es the slie-by-�ber ross.4 Chek stopping riterion, set p := p + 1, return to 1.



NUMERICAL RESULTS

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nRanks and approximation auray

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 7 3.7710−4 11 3.9110−6 14 5.710−8 18 2.2110−10128 8 5.1910−4 12 5.9210−6 17 2.0010−8 20 5.6310−10256 9 4.1110−4 14 6.410−6 19 3.4610−8 23 4.510−10512 9 4.9310−4 15 6.6710−6 21 2.9210−8 26 3.2710−101024 10 5.4710−4 17 3.2110−6 23 3.9510−8 29 4.7310−102048 11 4.9810−4 18 5.2610−6 25 6.8310−8 31 5.9410−104096 11 8.410−4 19 4.2510−6 27 3.5610−8 34 3.3810−108192 12 6.810−4 20 6.0010−6 28 5.810−8 36 3.6610−1016384 13 2.6910−4 22 4.7810−6 30 5.6510−8 39 2.6710−1032768 13 8.5210−4 23 6.0910−6 32 7.1610−8 41 5.5110−1065536 14 6.2710−4 24 6.5210−6 34 7.8910−8 43 1.4110−9



NUMERICAL RESULTS

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nRanks and memory savings
1.10−3 1.10−5 1.10−7 1.10−9

n full r mem r mem r mem r mem64 2Mb 7 11 14 18128 16Mb 8 12 17 20256 128Mb 9 14 19 23512 1Gb 9 15 21 261024 8Gb 10 17 23 292048 64Gb 11 18 25 314096 512Gb 11 19 27 348192 4Tb 12 2.5Mb 20 4Mb 28 5.2Mb 36 7Mb16384 32Tb 13 5Mb 22 8Mb 30 11Mb 39 15Mb32768 256Tb 13 10Mb 23 17Mb 32 24Mb 41 20Mb65536 2Pb 14 21Mb 24 36Mb 34 51Mb 43 64Mb



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nRanks and approximation auray

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 8 3.4310−4 12 2.1810−6 15 4.110−8 18 5.6310−10128 9 4.2510−4 13 5.8110−6 18 2.0610−8 21 5.2610−10256 10 4.410−4 15 3.8910−6 20 2.8610−8 24 4.7810−10512 11 4.0710−4 17 3.4910−6 22 3.7810−8 27 4.5510−101024 12 4.7810−4 18 6.2710−6 24 5.3910−8 30 3.710−102048 12 4.0510−4 20 3.7310−6 26 6.2110−8 33 3.3110−104096 13 3.810−4 21 5.2410−6 28 5.1110−8 36 2.3710−108192 14 6.1410−4 22 4.5610−6 31 2.8510−8 38 3.7810−1016384 15 8.0810−4 24 4.1910−6 32 4.10−8 41 5.6510−1032768 15 8.210−4 25 4.6610−6 34 5.4110−8 44 2.410−1065536 16 2.9810−4 26 5.6910−6 36 6.4610−8 46 4.3810−10



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nRanks and memory savings
1.10−3 1.10−5 1.10−7 1.10−9

n full r mem r mem r mem r mem64 2Mb 8 12 15 18128 16Mb 9 13 18 21256 128Mb 10 15 20 24512 1Gb 11 17 22 271024 8Gb 12 18 24 302048 64Gb 12 20 26 334096 512Gb 13 21 28 368192 4Tb 14 22 31 3816384 32Tb 15 5Mb 24 9Mb 32 12Mb 41 15Mb32768 256Tb 15 11Mb 25 19Mb 34 26Mb 44 33Mb65536 2Pb 16 24Mb 26 40Mb 36 54Mb 46 69Mb



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2)3/2, 1 ≤ i, j, k ≤ nRanks and approximation auray

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 7 3.8110−4 11 3.4510−6 15 2.0310−8 18 2.5410−10128 8 2.9510−4 12 5.3710−6 16 5.3610−8 20 5.5910−10256 8 3.8210−4 13 6.6810−6 18 6.0910−8 23 2.1710−10512 8 3.5610−4 14 3.9610−6 20 3.7710−8 25 4.2610−101024 8 3.7310−4 15 3.9210−6 21 4.6610−8 27 3.6810−102048 8 3.7210−4 16 2.2110−6 23 2.5810−8 29 4.8110−104096 8 3.7410−4 16 3.8410−6 24 2.510−8 31 4.5310−108192 8 3.7410−4 16 4.1410−6 25 4.9210−8 32 1.0210−916384 8 3.7610−4 16 6.1610−6 25 5.1410−8 34 9.3810−1032768 8 3.7510−4 16 4.8210−6 26 5.4610−8 36 3.4510−1065536 8 3.7510−4 16 9.0010−6 26 7.7810−8 37 5.2810−10



THEORY: TENSOR RANK ESTIMATESAsymptotially smooth generating funtion: aij = F (srci − obsj)

|DpF (υ)| ≤ cdpp!‖v‖g−p, ∀p ≥ 0.

p = (p1, . . . , pm), p = p1+. . .+pm, Dp =
∂p1 . . . ∂pm

(∂v1)p1 . . . (∂vm)pm
.Tensor grids:

srci = (x1, . . . , xd), obsi = (y1, . . . , yd)THEOREM.

r ≤
(
c0 + c1 log h−1

)
pd−1 + τ,

|{A− Ãr}ij| ≤ c2γ
p‖srci − obsj‖

g.

E.E.Tyrtyshnikov,Tensor approximations of matries generated by asymptotially smoothfuntions, Sbornik: Mathematis 194, No. 5-6 (2003), 941�954(translated from Mat. Sb. 194, No. 6 (2003), 146�160).



THEORY: TENSOR RANK ESTIMATESApproximation error (d = 3)
εabs = c2γ

p‖υ‖g, ε = εrel = c2γ
p

r ≤
(
c0 + c1 log h−1

) (
c3 log ε−1 + c4

)2
+ τ.On almost uniform grids h−1 ∼ n

r ≤ c log n log2 ε−1.



PRACTICAL PROOF

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nTensor rank versus array size
+3.236 + 1.945x

�àíã àïïðîêñèìàöèè: ìàññèâ b, òî÷íîñòü 10−7
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PRACTICAL PROOF

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nTensor rank versus approximation error
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−1.000 + 5.000x + 0.000x2
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PRACTICAL PROOF

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nTensor rank versus array size
+2.782 + 2.127x

�àíã àïïðîêñèìàöèè: ìàññèâ , òî÷íîñòü 10−7
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PRACTICAL PROOF

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nTensor rank versus approximation error

+0.619 + 5.024x
+2.107 + 4.369x + 0.060x2
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ASYMPTOTICS OF TENSOR RANKTheory
r . log n log2 ε−1Pratie
r ∼ log n log ε−1

+3.182 + 1.455x

�àíã àïïðîêñèìàöèè: ìàññèâ a, òî÷íîñòü 10−9

.
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�àíã àïïðîêñèìàöèè: ìàññèâ b, òî÷íîñòü 10−9
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+7.673 + 1.873x

�àíã àïïðîêñèìàöèè: ìàññèâ d, òî÷íîñòü 10−9
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TENSOR SOLVER WITH TENSOR VECTORS

∫

D

1

|x− y|
φ(y)dy = f(x), x, y ∈ D = [0 : 1]3

Au = f, uijk, fijk on the grid n× n× n.grid size n 16 32 64 128 256 512full matrix 128Mb 8Gb 512Gb 32Tb 2Pb 128Pbtensor format 50Kb 200Kb 1.1Mb 5Mb 22Mb 96Mbtime 0.3se 1.5se 12.4se 48se 2.5min 16min



FAST SIMULTANEOUS ORTHOGONAL REDUCTIONTO TRIANGULAR MATRICESGiven n×n real matries A1, ..., Ar, �nd orthogonal n×n matries Q and

Z suh that matries
Bk = QAkZare as upper triangular as possible.

• I.Oseledets, D.Savostyanov, E.Tyrtyshnikov,Fast simultaneous orthogonal redution to triangular matries,submitted to SIMAX, 2006.



SIMULTANEOUS EIGENVALUE PROBLEMGiven real matries A1, ..., Ar, �nd orthogonal Q and Z making matries

QA1Z, ..., QArZ as upper triangular as possible.DEFLATION STEP:
QAkZ ≈

(
λk v⊤k
0 Bk

)
⇔ QAkZe1 ≈ λke1

Akx = λky, x = Ze1, y = Q⊤e1.



ALGORITHM. Given r real matries A1, ..., Ar of size n×n, �nd orthog-onal matries Q and Z suh that the matries QAkZ are as upper triangularas possible:1. Set m = n, Bi = Ai, i = 1, ..., r, Q = Z = I.2. If m = 1 then stop.3. Solve the simultaneous eigenvalue problem Bkx = λky, k = 1, ..., r.4. Find m×m Householder matries Qm, Zm suh that

x = α1Q
⊤
me1, y = α2Zme1.5. Calulate Ck as (m− 1)× (m− 1) submatries of matries B̂k de�nedas follows:

B̂k = QBkZ =

(
αk v⊤k
εk Ck

)
.6. Set

Q←

(
I(n−m)×(n−m) 0

0 Qm

)
Q, Z ← Z

(
I(n−m)×(n−m) 0

0 Zm

)
.7. Set m = m− 1, Bk = Ck and proeed to the step 2.



Gauss-Newton algorithm for the simultaneous eigenvalue problem

n∑

j=1

Ak
ijxj = λkyi. (1)Introdue r × n matries

(aj)ki = Ak
ij, k = 1, ..., r, , i = 1, ..., n , j = 1, ..., n,and a olumn vetor λ = [λ1, ..., λr]

⊤. Then (1) beomes

n∑

j=1

xjaj = λy⊤. (2)

Gauss-Newton: linearize the system produing an overdetermined linear systemand then solve it in the least squares sense.
n∑

j=1

x̂jaj = △λy⊤ + λ△y⊤, x̂ = x +△, ||x̂||2 = 1. (3)



Gauss-Newton:∑n
j=1 x̂jaj = △λy⊤ + λ△y⊤, x̂ = x +△, ||x̂||2 = 1.Exlude △y and △λk:

Hy = he1, Cλ = ce1using Housholder matries H and C (of sizes n× n and r × r) suh that

n∑

j=1

x̂jâj = ce1△ŷ⊤ + h△λ̂e⊤1 , (4)

âj = CajH
⊤, △ŷ = H△y, △λ̂ = C△λ.Problem (4) is split into two independent problems:

• To �nd x̂, minimize ||∑n
j=1 bjxj||

2
F , ||x|| = 1, where the matri-es bj are obtained from âj by replaing the elements in the �rstrow and olumn by zeroes.

• Then, △ŷ and △λ̂ an be determined from the equations
(

n∑

j=1

x̂jâj)k1 = h△λ̂k, k = 2, ..., r, (

n∑

j=1

x̂jâj)1i = c△ŷi, i = 2, ..., n.



For the two unknowns △ŷ1 and △λ̂1, we have only one equation, so one ofthese unknowns an be hosen arbitrary.Having obtained the new x̂, we propose to evaluate y and λ by the powermethod as follows:
λ̃ = by, ỹ = b⊤λ, (5)where

b =
n∑

j=1

x̂jaj.



Our main problem is one of �nding the minimal singular value of a matrix

B = [ve(b1), ..., ve(bn)],where the operator ve transforms a matrix into a vetor taking the elementsolumn-by-olumn.Therefore, x̂ is an eigenvetor (normalized to have a unit norm) forthe minimal eigenvalue of the n× n matrix Γ = B⊤B:

Γx̂ = γminx̂.The elements of Γ are given by
Γsl = (bs, bl)Fwhere (·, ·)F is the Frobenius (Eulidian) salar produt of matries.To alulate the new vetor x̂, we need to �nd the minimal eigenvalueand its eigenvetor of Γ.Solution onsists of the two parts:1. Calulation of the matrix Γ.2. Finding the minimal eigenvalue and the orresponding eigenvetor of thematrix Γ.



Sine only one eigenvetor for Γ is to be found, we propose to use the shiftedinverse iteration using x from the previous iteration as an initial guess.COMPLEXITY = O(n3).Straitforward implementation of Step 1 inludes

O(n2r + nr2) (alulation of bj) + O(n2rn)(alulation of the B⊤B)arithmeti operations.The total ost of the step 1 is
O(n3r + n2r + nr2).However, Γ an be omputed a way more e�iently without the expliit om-putation of the Householder matries.


