
Random Walks on Hyperbolic Groups II

Steve Lalley

University of Chicago

January, 2014



Green’s Function and Martin Kernel
Green’s function
Martin Boundary and Martin Kernel
Guivarch’s Theorem
Green’s function and Local Limit Theorem

Random Walks on Free Groups
Algebraic Approach
Geometric Approach

Random Walk and Branching Random Walk



Green’s Function of a Random Walk

Green’s Function: Let pn(x , y) be the n−step transition probabilities
of a RW on Γ. For x , y ∈ Γ and 0 ≤ |r | ≤ R = 1/%, define

Gr (x , y) =
∞∑

n=0

rnpn(x , y)

Properties of the Green’s function:
I Symmetric in x , y if the RW is symmetric;
I Analytic for |r | < R;
I Nondecreasing in r for 0 ≤ r < R;
I r−superharmonic in x for each y ∈ Γ and 0 < r ≤ R:

Gr (x , y) = δy (x) + r
∑

z

p1(x , z)Gr (z, y).

Definition: u : Γ→ R is r−superharmonic if

u(x) ≥ r
∑
z∈Γ

p(x , z)u(z) ∀ x ∈ Γ



Green’s Function of a Random Walk

Basic Observations:
(A) Green’s function is a sum over paths: If γ is a path from x 7→ y

and p(γ) = probability that random walk follows γ for first |γ|
steps, then

Gr (x , y) =
∑

paths γ

r |γ|p(γ)

(B) Green’s function is the resolvent of the Markov operator T :

Gr (x , y) = 〈δx , (I − rT )−1δy 〉.

(C) First entrance decomposition:

Gr (x , y) = Fr (x , y)Gr (1,1) where

Fr (x , y) = Ex r τ(y) and
τ(y) = first-passage time to y

(D) Consequence: For a symmetric RW on a group Γ,

Fr (x , y) = Fr (y , x)



Example: Random Walk on Fd

Observation: For nearest neighbor random walk on the free group
Γ = Fd the Green’s function and first-passage generating function
satisfy the following multiplication rules:

Fr (1, xy) = Fr (1, x)Fr (1, y);

Gr (1, xy) = Gr (1, x)Gr (1, y)/Gr (1,1).

Explanation: Any nearest neighbor path from 1 to xy must first pass
through x .



The Green Metric

Fact: − log Fr (1, xy) ≤ − log Fr (1, x)− log Fr (x , xy).

Consequence: For symmetric random walk, dr (x , y) = − log Fr (x , y)
defines a metric on Γ, called the Green metric.

Problem: When is the Green metric equivalent to the word metric?

First Step: For a symmetric nearest neighbor random walk on a
finitely generated nonamenable group Γ,

lim
x→∞

Gr (1, x) = 0

Proof: “Backscattering” argument (see below).



Green’s Function of a Random Walk

Theorem: (Cartwright) If the RW is aperiodic then the only singularity
of Gz(x , y) on the circle |z| = R is at z = R.

Corollary: If the RW is aperiodic and symmetric then the Green’s
function is analytic in the doubly slit plane

C \ ((−∞,−R(1 + ε)] ∪ [R,∞))

If the step distribution µ is ν∗2 where ν is a symmetric probability
measure on Γ then the Green’s function is analytic in

C \ [R,∞)

Theorem: (Guivarch) For any FRRW on a transient group Γ,

GR(x , y) <∞.



The Backscattering Argument

Proposition:For a symmetric nearest neighbor random walk on a
finitely generated nonamenable group Γ,

lim
x→∞

Gr (1, x) = 0 ∀ 0 < r ≤ R.

Proof: Follows from Guivarch’s theorem: concatenating a path from 1
to x with a path from x to 1 gives a path from 1 to 1 of length
≥ 2d(1, x). Consequently,

∞∑
n=2d(1,x)

rnpn(1,1) ≥ Fr (1, x)Gr (x ,1) = Gr (1, x)2/Gr (1,1)



Martin Kernel and Martin Boundary

Martin Kernel:
ky (x) =

Gr (x , y)

Gr (1, y)
=

Fr (x , y)

Fr (1, y)

Martin Compactification Γ̂: Unique minimal compactification of Γ to
which each function y 7→ ky (x) extends continuously.

Martin Boundary: Set ∂Γ̂ of all pointwise limits limn→∞ kyn (·) not
already included in {ky}y∈Γ. The functions in ∂Γ̂ are r−harmonic.



Martin Kernel and Martin Boundary

Martin Kernel:
ky (x) =

Gr (x , y)
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Fr (x , y)

Fr (1, y)

Martin Compactification Γ̂: Unique minimal compactification of Γ to
which each function y 7→ ky (x) extends continuously.

Martin Boundary: Set ∂Γ̂ of all pointwise limits limn→∞ kyn (·) not
already included in {ky}y∈Γ. The functions in ∂Γ̂ are r−harmonic.

Theorem: For any transient RW the random walk path Xn converges
to a point X∞ of the Martin boundary. The distribution νx (·) of X∞
under Px is the Poisson kernel (or exit measure).

Proof: (Super-) Martingale convergence theorem.



Example: Nearest Neighbor RW on Free Group

Theorem: (Dynkin-Malyutov) For nearest neighbor RW, i.e., RW on
Fd with step distribution supported by the natural generating set
A = {a±i }i≤d , the Martin boundary is the space of ends of the Cayley
graph G(Fd ,A).

Explanation: The Cayley graph C(Fd ,A) is the d−regular tree. Let
1y1y2y3 · · · be a geodesic ray in C(Γ,A) converging to end ξ. Then for
any x ∈ Γ there exists m ≥ 1 such that for all n ≥ m

Fr (x , yn) = Fr (x , ym)Fr (ym, yn) and
Fr (x , yn) = Fr (x , ym)Fr (ym, yn) =⇒

kξ(x) = lim
n→∞

Fr (x , yn)

Fr (1, yn)
=

Fr (x , ym)

Fr (1, ym)
.

Theorem: (Derriennic) Above theorem remains true for FRRW



Γ−Action on the Martin Boundary

Proposition: The left action of Γ on Γ extends to a left action on the
Martin compactification Γ̂ by homeomorphisms.

This is roughly equivalent to the assertion that if lim kyn exists for
some sequence yn ∈ Γ then so does lim kgyn . This follows because

ky (x) =
Gr (x , y)

Gr (1, y)

=
Gr (gx ,gy)

Gr (1,gy)

Gr (1,gy)

Gr (g,gy)

= kgy (gx)Cg,y

and so kgy is a multiple of a translate of ky .



Proof of Guivarch’s Theorem

Theorem: (Guivarch) For any FRRW on a transient group Γ,

GR(x , y) <∞.

Proof: Key observation: if GR(1,1) =∞ then any subsequential limit

u(x) := lim
r→R

Gr (x ,1)

Gr (1,1)

is a positive R−harmonic function, because

Gr (x ,1) = δx (1) + r
∑
z∈Γ

p(x , z)Gr (z,1).



Proof of Guivarch’s Theorem
Doob h−transform: If there is a positive R−harmonic function u(x)
then the transition probabilities of the random walk can be tilted to
give a new transition probability kernel

q(x , y) = Rp(x , y)
u(y)

u(x)
.

Elementary facts:
(A) qn(x , y) = Rnpn(x , y)u(y)/u(x); hence,
(B)

∑
n qn(x , y) = GR(x , y)u(y)/u(x); hence,

(C) GR(1,1) =∞ =⇒ Markov chain with transition probabilities
q(x , y) is recurrent, and consequently has no non-constant
1−harmonic functions.

Consequently, u is the unique R−harmonic function for p(x , y) up to
scale factor. But p(x , y) = p(zx , zy) for all z ∈ Γ, so if u is
R−harmonic then so is any translate of u.

Therefore, q(x , y) = q(zx , zy) for all z, and hence is the transition
kernel of a recurrent random walk on Γ. But if Γ is a transient group
there can be no recurrent random walk!
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Green’s Function and Local Limit Theorem

Karamata’s Tauberian Theorem: Let A(z) =
∑

n≥0 anzn be a power
series with nonnegative coefficients an and radius of convergence 1.
If for some C, β > 0

A(s) ∼ C/(1− s)β as s ↑ 1

then
n∑

k=1

ak ∼ Cnβ/Γ(1 + β).

W. Feller, Introduction to Probability Theory II.

To extract information about the asymptotic behavior of the
coefficients ak , rather than just their cumulative sums, one usually
needs monotonicity.



Green’s Function and Local Limit Theorem

Karamata (and some additional work) =⇒

Corollary: Let Gr (x , y) be the Green’s function of an aperiodic and
symmetric random walk on a countable group Γ. If for every x , y ∈ Γ
there are constants Cx,y > 0 such that

d
dr

Gr (x , y) ∼ Cx,y/(R − r)β as r ↑ R

then for suitable C′x,y > 0 the transition probabilities satisfy

pn(x , y) ∼ C′x,y R−nnβ−2 as n→∞.



Local Limit Theorem: Free Groups
Consider homogeneous, nearest-neighbor random walk Xn on the
free group Fd , whose Cayley graph is the infinite regular tree T2d of
degree 2d .

Theorem: (Gerl-Woess 1986) For any nearest-neighbor random walk
Xn there exist constants C > 0 and R > 1 (depending on the step
distribution) such that as n→∞,

P1{X2n = 1} ∼ C
Rnn3/2

Theorem: (Lalley 1993; Steger (unpublished)) For any FRRW Xn
there exist constants C > 0 and R > 1 (depending on the step
distribution) such that as n→∞,

P1{X2n = 1} ∼ C
Rnn3/2



Algebraic Approach: Functional Equations

Special Case: RW on T3.

Color all edges Red, Blue, or
Green in such a way that every
vertex has one incident edge of
each color. Let Xn be the
random walk that makes Red,
Blue, or Green steps with
probabilities pR ,pB,pG.

Let τ(i) = first time that Xn visits
vertex i (where i = R,B,G).



Algebraic Approach: Functional Equations

Define ϕi (r) = Fr (1, i) = E1r τ(i). Then

Gr (1,1) = 1 + r
∑

i=R,B,G

piϕi (r)Gr (1,1)

=

1− r
∑

i=R,B,G

piϕi (r)

−1

and
ϕi (r) = pi r +

∑
j 6=i

pj rϕj (r)ϕi (r)

These equations determine an algebraic variety in the variables
ϕR , ϕB, ϕG and r . Hence, the functions Fi and G1,1 are algebraic
functions, and thus their only singularities are isolated branch points.



Algebraic Approach: Functional Equations

The algebraic system in vector notation has the form

Φ = rP + rQ(Φ)

where Q is a vector of quadratic polynomials with positive
coefficients. By the Implicit Function Theorem, analytic continuation
of the vector-valued function Φ is possible at every point where the
linearized system is solvable for dΦ in terms of dr :

dΦ = (dr)P + (dr)Q(Φ) + r
(
∂Q
∂Φ

)
(dΦ) ⇐⇒(

I− r
∂Q
∂Φ

)
(dΦ) = (dr) (P + rQ(Φ))



Algebraic Approach: Functional Equations

Because the coefficients in the quadratic polynomials Q are
nonnegative, the Jacobian matrix ∂Q/∂Π satisfies

Perron-Frobenius Theorem: Let A be a Perron-Frobenius matrix, that
is, a square matrix with nonnegative entries such that some power Am

has strictly positive entries. Then A has a positive eigenvalue λ with
positive right and left eigenvectors h,w :

Ah = λh;

wT A = λwT ;

wT h = 1;

and the matrix A− λhwT has its spectrum contained in the open disc
{|z| < λ}.



Algebraic Approach: Functional Equations

Thus, the smallest positive singularity of the function F(r) occurs at
the value r = R where the spectral radius (=Perron-Frobenius
eigenvalue) of r(∂Q/∂F ) reaches 1. If vT is the left Perron-Frobenius
eigenvector then near r = R,

vT
((

I− r
∂Q
∂Φ

)
dΦ

)
=(dr)(vT P + rvT Q(Φ))

+ r(quadratic form in dΦ)

The quadratic terms have positive coefficients, hence the singularity
at r = R is a square-root singularity (branch point of order 2).

Corollary: The Green’s function satisfies

GR(1,1)−Gr (1,1) ∼ C
√

R − r as r ↑ R.



Life Without Functional Equations

Unfortunately, this analysis depends in an essential way on the
recursive structure of a regular tree. In general, for discrete groups
there seems to be no finite system of algebraic equations that
determine the Green’s functions.

Conjecture: (P. Sarnak ?) The Green’s functions of a nearest
neighbor random walk on a discrete subgroup Γ of SL(2,R) are
algebraic if and only if Γ has a free subgoup of finite index.



Geometric Approach

Next we present a different approach to the local limit theorem for
symmetric random walks on free groups whose main virtue is that it
generalizes to hyperbolic groups.

Key Ideas:

I Multiplication Rule for Green’s function
I Thin Triangles
I Automatic Structure (Recursive Construction of Spheres)
I Perron-Frobenius Theory.



Green’s Functions: Differential Equations
Objective: Show that the Green’s functions of an aperiodic,
symmetric random walk on Γ satisfy

d
dr

Gr (x , y) ∼ Cx,y/
√

R − r as r ↑ R

.

Proposition: For any random walk on any discrete group Γ the
Green’s functions satisfy the following system of quadratic differential
equations:

d
dr

Gr (x , y) = r−1
∑
z∈Γ

Gr (x , z)Gr (z, y)− r−1Gr ((x , y).

Hint: Gr (x , y) =
∑

paths γ r |γ|p(γ)

Remark: In order that dGr (1,1)/dr →∞ as r → R it is necessary
that the dominant contribution above come from the terms
Gr (1, x)Gr (x ,1) for which distance(1, x) is large. This is why local
limit theory is connected to Martin boundary theory.
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Geometric Approach: Differential Equations

Objective: Show that the Green’s functions of an aperiodic,
symmetric random walk on Γ satisfy

d
dr
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.
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)3

−→∞.
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Geometric Approach

Strategy′: Define

H2(r) : =
∑
z∈Γ

Gr (1, z)Gr (z,1) and

H3(r) : =
∑

z1,z2∈Γ

Gr (1, z1)Gr (z1, z2)Gr (z2,1)

Show that as r → R

H3(r) ∼ CH2(r)3 and
H2(r) −→∞.



Geometric Approach

Multiplication Rule for the Green’s Function:

Tree Structure implies that for a nearest neighbor random walk, paths
from x to y must pass through all intermediate vertices.

Consequently,

Gr (1, z) =
m∏

i=1

Fr (1,ai )Gr (1,1)

and hence, if the geodesic from 1 to z passes through y ,

Gr (1, z) =
Gr (1, y)Gr (y , z)

Gr (1,1)
.



Geometric Approach

Hence, for nearest neighbor, symmetric random walk,

H2(r) : =
∑
z∈Γ

Gr (1, z)Gr (z,1) =
∑
z∈Γ

Gr (1, z)2 and

H3(r) : =
∑

z1,z2∈Γ

Gr (x , z1)Gr (z1, z2)Gr (z2, y)

=
∑
z∈Γ

Gr (1, z)2

Gr (1,1)

∑
z1,z2∈D(z)

Gr (z, z1)2

Gr (1,1)

Gr (z, z2)2

Gr (1,1)

where D(z) is the set of pairs z1, z2 such that

(1) the geodesic from 1 to zi goes through z; and
(2) the geodesics from 1 to zi diverge at z.
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If not for the fact that the inner sum is over the set D(z), we would
have equality

H3(r) = H2(r)3/Gr (1,1)3



Geometric Approach

Hence, for nearest neighbor, symmetric random walk,
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where D(z) is the set of pairs z1, z2 such that
(1) the geodesic from 1 to zi goes through z; and
(2) the geodesics from 1 to zi diverge at z.

Nevertheless,

H3(r) = H2(r)2
∑
z∈Γ

Gr (1, z)2

Gr (1,1)3ψz(r)

where ψz(r) depends only on the last letter of z.



Geometric Approach

Matrix Representation: Summing over concentric spheres of Γ,

H3(r) = H2(r)2
∞∑

m=0

∑
z=a1a2···am

Gr (1, z)2ψam (r)/Gr (1,1)3

= H2(r)2
∞∑

m=0

∑
z=a1a2···am

m∏
i=1

Fr (1,ai )
2ψam (r)/Gr (1,1)

= H2(r)2Gr (1,1)−1
∞∑

m=0

Fm
r ψr

where Fr is the Perron-Frobenius matrix with entries Fr (1,ai )
2 and ψr

is the vector with positive entries ψai (r).



Geometric Approach

Coup de Grace:

H3(r) = H2(r)2Gr (1,1)−1
∞∑

m=0

Fm
r ψr and

H2(r)3 = H2(r)2Gr (1,1)−1
∞∑

m=0

Fm
r 1

Therefore, by theorem Perron-Frobenius theorem,

H3(r) ∼ CH2(r)3



Branching random walk on a group Γ

I Γ: discrete group, generators {a±1
i }i∈I

I P: symmetric probability distribution on generators ∪{1}
I Branching random walk dynamics: At each time n = 1,2, . . . ,

I Particles reproduce, reproduction law (say) Poisson λ
I Particles move to neighboring sites, motion law P (a particle at x

moves to xai w/ probability pai ).

Relation to Random Walk: Start with one particle at the origin 1 ∈ Γ at
time 0. Then the expected number of particles at site x at time n is

λnP1{Xn = x}

where Xn is the random walk with step-distribution P.
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Branching Random Walk: Weak Survival Phase

Corollary: Branching random walk on a nonamenable group has
three distinct phases:

(1) λ ≤ 1 =⇒ extinction.
(2) λ > R := 1/% =⇒ strong survival w.p.p.
(3) 1 < λ ≤ R ⇒ weak survival. w.p.p.

Weak Survival: Every finite set is eventually vacant.
Strong Survival: Every finite set is eventually occupied.

Moreover, the asymptotic behavior of the return probabilities
determines the nature of the weak/strong survival transition.



Branching Random Walk: Weak Survival Phase

Corollary: Branching random walk on a nonamenable group has
three distinct phases:

(1) λ ≤ 1 =⇒ extinction.
(2) λ > R := 1/% =⇒ strong survival w.p.p.
(3) 1 < λ ≤ R ⇒ weak survival. w.p.p.

Weak Survival: Every finite set is eventually vacant.
Strong Survival: Every finite set is eventually occupied.

Moreover, the asymptotic behavior of the return probabilities
determines the nature of the weak/strong survival transition.



Branching Random Walk: Weak Survival Phase

Corollary: Branching random walk on a nonamenable group has
three distinct phases:

(1) λ ≤ 1 =⇒ extinction.
(2) λ > R := 1/% =⇒ strong survival w.p.p.
(3) 1 < λ ≤ R ⇒ weak survival. w.p.p.

Weak Survival: Every finite set is eventually vacant.
Strong Survival: Every finite set is eventually occupied.

Moreover, the asymptotic behavior of the return probabilities
determines the nature of the weak/strong survival transition.



Branching Random Walk and Spectral Radius

RW on Fd : Characterization of Spectral Radius

Theorem: Let Gr (x , y) be the Green’s function of a symmetric,
nearest neighbor random walk on the free group Γ = Fd , and let
R = 1/% be the radius of convergence. Then∑

z∈Γ

GR(1, z)2 =∞
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RW on Fd : Characterization of Spectral Radius

Theorem: Let Gr (x , y) be the Green’s function of a symmetric,
nearest neighbor random walk on the free group Γ = Fd , and let
R = 1/% be the radius of convergence. Then∑

z∈Γ

GR(1, z)2 =∞

Note 1: The differential equation

d
dr

Gr (1,1) =
∑
z∈Γ

Gr (1, z)2

implies that for r < R, ∑
z∈Γ

Gr (1, z)2 <∞.



Branching Random Walk and Spectral Radius

RW on Fd : Characterization of Spectral Radius

Theorem: Let Gr (x , y) be the Green’s function of a symmetric,
nearest neighbor random walk on the free group Γ = Fd , and let
R = 1/% be the radius of convergence. Then∑

z∈Γ

GR(1, z)2 =∞

Note 2: The theorem holds more generally for symmetric, FRRW on
any nonelementary hyperbolic group.



Branching Random Walk and Spectral Radius

RW on Fd : Characterization of Spectral Radius

Theorem: Let Gr (x , y) be the Green’s function of a symmetric,
nearest neighbor random walk on the free group Γ = Fd , and let
R = 1/% be the radius of convergence. Then∑

z∈Γ

GR(1, z)2 =∞

Proof: Assume that
∑

z∈Γ GR(1, z)2 <∞. Will show that this leads to
a contradiction.



Characterization of Spectral Radius

Branching Random Walk: Start with one particle at root 1 with color
0. In each generation, particles of color k produce

I Poisson-R offspring of color k ;
I Poisson-ε offspring of color k + 1.

Offspring particles then jump to neighboring sites according to the
random walk law.

Claim 1: For each k , the expected number of visits to the vertex y by
particles of color k is

vk (y) = εk
∑

x1,x2,...xk∈Γ

GR(1, x1)

(
k−1∏
i=1

GR(xi , xi+1)

)
GR(xk , y).

Hint: Induct on k .
Note: ε−k vk (y) does not depend on ε.
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Characterization of Spectral Radius

Claim 2: There exists constant C <∞ independent of ε such that

ε−k−1vk+1(1)

ε−k vk (1)
≤ C(k + 1)

∑
z∈Γ

GR(1, z)2

Proof: Recall

vk (1) = εk
∑

x1,x2,...xk∈Γ

GR(1, x1)

(
k−1∏
i=1

GR(xi , xi+1)

)
GR(xk ,1)

Each segment [xi , xi+1] can be “split”, and there are (k + 1) segments
that can be split. Using the Multiplication Rule for the Green’s
function,∑

z∈Γ

Gr (xi , z)Gr (z, xi+1) ≤ CGr (xi , xi+1)
∑∑

z∈Γ

GR(1, z)2
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Characterization of Spectral Radius

Claim 1: For each k , the expected number of visits to the vertex y by
particles of color k is

vk (y) = εk
∑

x1,x2,...xk∈Γ

GR(1, x1)

(
k−1∏
i=1

GR(xi , xi+1)

)
GR(xk , y).

Claim 2: There exists constant C <∞ independent of ε such that

ε−k−1vk+1(1)

ε−k vk (1)
≤ C(k + 1)

∑
z∈Γ

GR(1, z)2

Consequence: If
∑

z∈Γ GR(1, z)2 <∞ then for sufficiently small ε > 0,

∞∑
k=0

vk (1) <∞



Characterization of Spectral Radius

Conclusion:
∑∞

k=0 vk (1) is the expected total number of particle-visits
to 1 by particles of all colors k = 0,1,2, . . . . But if all colors are
amalgamated to a single color the result is a branching random walk
whose offspring distribution is Poisson with mean R + ε. For such a
random walk, the expected number of particle visits to 1 is

∞∑
n=0

(R + ε)npn(1,1)

This cannot be finite, because R = radius of convergence of Green’s
function.
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