
LÉVY PROCESSES, STABLE PROCESSES, AND SUBORDINATORS

STEVEN P. LALLEY

1. DEFINITIONS AND EXAMPLES

Definition 1.1. A continuous–time process {Xt = X (t )}t�0 with values in Rd (or, more
generally, in an abelian topological group G ) is called a Lévy process if (1) its sample
paths are right-continuous and have left limits at every time point t , and (2) it has
stationary, independent increments, that is:

(a) For all 0= t0 < t1 < · · ·< tk , the increments X (ti )�X (ti�1) are independent.
(b) For all 0  s  t the random variables X (t )� X (s ) and X (t � s )� X (0) have the

same distribution.

The default initial condition is X0 = 0. It can be shown that every process with
stationary, independent increments that satisfies a weak continuity-in-probability as-
sumption has a version with rcll paths. See, for instance, BREIMAN, Probability, ch. 14
for the proof.

Definition 1.2. A subordinator is a real-valued Lévy process with nondecreasing sam-
ple paths. A stable process is a real-valued Lévy process {Xt }t�0 with initial value X0 = 0
that satisfies the self-similarity property

(1.1) Xt /t
1/↵ D= X1 8 t > 0.

The parameter ↵ is called the exponent of the process.

Example 1.1. The fundamental Lévy processes are the Wiener process and the Pois-
son process. (See Appendix 1 below for a brief resume of the pertinent facts regarding
the Poisson distributions and Poisson processes.) The Poisson process is a subordi-
nator, but is not stable; the Wiener process is stable, with exponent ↵ = 2. Any linear
combination of independent Lévy processes is again a Lévy process, so, for instance,
linear combinations of independent Poisson processes are Lévy processes: these are
special cases of what are called compound Poisson processes. Similarly, if Xt and Yt are
independent Lévy processes, then the vector-valued process (Xt , Yt ) is a Lévy process.

Example 1.2. Let {Wt }t�0 be a standard Wiener process (one-dimensional Brownian
motion), and let ⌧(a ) be the first passage time to the level a > 0, that is,

(1.2) ⌧(a ) := inf{t : Wt > a }
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Then the process {⌧(a )}a�0 is a stable subordinator with exponent↵= 1/2. This follows
from the strong Markov property of the Wiener process, which implies that the process
⌧(a ) has stationary, independent increments, and the Brownian scaling property. The
continuity of Brownian paths implies that ⌧(s )is left-continuous with right limits, so it
does not satisfy the first hypothesis of Definition 1.1; however, the modification

⌧̃(s ) := lim
t!s+

⌧(t )

is right-continuous and has left limits, and for each fixed s � 0,

⌧̃(s ) = ⌧(s ) almost surely.

(EXERCISE: Why?)

Example 1.3. A d�dimensional Brownian motion is an Rd�valued process

W (t ) = (W1(t ), W2(t ), . . . , Wd (t ))

whose component Wi (t )are independent standard one-dimensional Wiener processes.
Let W (t ) = (X (t ), Y (t )) be a two-dimensional Wiener process, and let ⌧(s ) be the first-
passage process for the first coordinate, that is, ⌧(s ) = inf{t : X (t ) > s }. Then the pro-
cess {C (s )}s�0 defined by

(1.3) C (s ) := Y (⌧(s ))

is a stable process with exponent 1 (by the strong Markov property and the Brownian
scaling law); it is called the Cauchy process, because its increments have Cauchy dis-
tributions. (Like the Brownian first-passage process ⌧(s ), the Cauchy process can be
modified so as to be right-continuous with left limits.)

Exercise 1.1. (A) Prove that the process C (s ) is stable with exponent 1, using the strong
Markov property of the two-dimensional Wiener process and the Brownian scaling
property. (B) Check that

exp{i✓Yt � |✓ |Xt }
is a continuous (complex-valued) martingale that remains bounded up to time ⌧(s ).
Then use the Optional Sampling theorem for bounded continuous martingales (es-
sentially, the third Wald identity) to show that

(1.4) E exp{i✓Y (⌧(s ))}= exp{�|✓ |s }.
This implies (by Fourier inversion) that the distribution of C (s ) is the Cauchy distribu-
tion.

Exercise 1.2. Let '(�) be a nondecreasing (or alternatively a continuous) real-valued
function of �� 0 that satisfies '(0) = 1 and the functional equation

'(�) ='(�m�1/↵)m 8m 2N and8�> 0.

Prove that for some constant �� 0,

'(�) = exp{���↵}.
HINT: Start by making the substitution f (r ) ='(r 1/↵).
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Exercise 1.3. (A) Show that if X (t ) is a stable subordinator with exponent ↵, then for
some constant �� 0,

(1.5) E e ��X (t ) = exp{��t�↵} 8 t ,�> 0.

(B) Similarly, show that if X (t ) is a symmetric stable process with exponent ↵ (here
symmetric means that X (t )has the same distribution as�X (t )), then for some constant
�� 0,

(1.6) E e i✓X (t ) = exp{��t |✓ |↵}.
Exercise 1.4. (Bochner) Let Yt = Y (t ) be a stable subordinator of exponent ↵, and
let Wt =W (t ) be an independent standard Brownian motion. Use the strong Markov
property to show that

(1.7) X (t ) :=W (Y (t ))

is a symmetric stable process of exponent 2↵.

2. INFINITELY DIVISIBLE DISTRIBUTIONS AND CHARACTERISTIC FUNCTIONS

Definition 2.1. A probability distribution F on R is said to be infinitely divisible if for
every integer n � 1 there exist independent, identically distributed random variables
{Xn ,i }1in whose sum has distribution F :

(2.1)
nX

i=1

Xn ,i
D= F.

Proposition 2.1. If {Xt }t�0 is a Lévy process, then for each t > 0 the random variable Xt

has an infinitely divisible distribution. Conversely, if F is an infinitely divisible distri-
bution then there is a Lévy process such that X1 has distribution F .

Proof. The first statement is obvious, because by the definition of a Lévy process the
increments X ((k +1)t /n )�X (k t /n ) are independent and identically distributed. The
converse is quite a bit trickier, and won’t be needed for any other purpose later in the
course, so I will omit it. ⇤
Proposition 2.2. Let Xt = X (t ) be a Lévy process, and for each t � 0 let 't (✓ ) = E e i✓X (t )

be the characteristic function of X (t ). Then there exists a continuous, complex-valued
function (✓ ) of ✓ 2R such that for all t � 0 and all ✓ 2R,

(2.2) 't (✓ ) = exp{t (✓ )}.
In particular, the function 't (✓ ) has no zeros.

Remark 1. In view of Proposition 2.1, it follows that every infinitely divisible charac-
teristic function '(✓ ) has the form '(✓ ) = exp{ (✓ )}, and therefore has no zeros. In
fact, though, the usual proof of the converse half of Proposition 2.1 proceeds by first
showing that infinitely divisible characteristic functions have this form, and then us-
ing this to build the Lévy process. For the whole story, see the book Probability by Leo
Breiman, chs. 9 and 14.
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Proof of Proposition 2.2. The defining property of a Lévy process — that it has station-
ary, independent increments — implies that for each fixed ✓ , the characteristic func-
tion 't (✓ ) satisfies the multiplication rule

't+s (✓ ) ='t (✓ )'s (✓ ).

Since a Lévy process has right-continuous sample paths, for each fixed argument ✓ the
function t 7!'t (✓ ) is right-continuous, and in particular, since '0(✓ ) = 1,

lim
t!0+

't (✓ ) = 1.

But this and the multiplication rule imply that the mapping t 7! 't (✓ ) must also be
left-continuous.

The only continuous functions that satisfy the multiplication rule are the exponen-
tial functions e ↵t and the zero function.1 That 't (✓ ) is not identically zero (as a func-
tion of t ) follows because t 7!'t (✓ ) is continuous at t = 0, where '0(✓ ) = 1. ⇤
Proposition 2.3. Let X (t ) be a subordinator, and for each t � 0 let't (�) = E ��X (t ) be the
Laplace transform of X (t ). Then there exists a continuous, nondecreasing, nonnegative,
convex function (�) such that for all t � 0 and all �� 0,

(2.3) 't (�) = exp{�t (�)}.
The proof is virtually the same as the proof of Proposition 2.2, except for the assertion

that the function (�) is convex, and this follows simply by the second derivative test:
with X = X (1),

 (�) =� log E e ��X =)  00(�) =
E X 2e ��X � (E X e ��X )2

E e ��X
.

The function  (�) associated with a subordinator has an interesting probabilistic in-
terpretation, which will become clear in the discussion of Poisson point processes in
sec. 4 below.

3. STRONG MARKOV PROPERTY

The formulation and proof are nearly the same as for Brownian motion. For the
record, here are precise statements.

Definition 3.1. Let {X (t )}t�0 be a Lévy process. The natural filtration associated to
the process is the filtrationF X

t :=�(Xs )st , that is, each��algebraF X
t is the smallest

��algebra with respect to which all of the random variables X (s ), for s  t , are mea-
surable. An admissible filtration {Ft }t�0 for the process {X (t )}t�0 is a filtration such
that

(a) F X
t ✓Ft for each t , and

1Exercise! In fact, the only Lebesgue measurable functions f (t ) that satisfy the addition rule f (t +s ) =
f (s ) + f (t ) are the linear functions f (t ) = a + b t : this is a considerably harder exercise.
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(b) each��algebraFt is independent of the��algebra

(3.1) G X
t :=�(X (t + s )�X (t ))s�0.

For any filtration F= {Ft }t�0, set

(3.2) F1 =�([t�0Ft ),

that is, the smallest��algebra containing all events measurable relative to someFt .

The reason for introducing the notion of an admissible filtration is that it allows in-
clusion of events determined by other independent processes. For instance, if X (t )
and Y (t ) are independent Wiener processes, as in Example 1.3 above, then the natural
filtrationF (X ,Y )

t for the vector-valued process (Xt , Yt )will be admissible for each of the
coordinate processes.

Definition 3.2. Let F= {Ft }t�0 be a filtration and let ⌧ be a stopping time relative to F.
(Recall that a nonnegative random variable ⌧ is a stopping time relative to a filtration
F if for every t � 0 the event {⌧  t } 2 Ft .) The stopping field F⌧ induced by ⌧ is the
collection of all events A such that for each t � 0,

(3.3) A \ {⌧ t } 2Ft .

Exercise 3.1. (A) Prove that if ⌧ and � are stopping times (relative to the same filtra-
tion F) such that �  ⌧, thenF� ⇢ F⌧. (B) Check that if ⌧ is a stopping time then for
each n � 1 so is ⌧n = min{k/2n � ⌧}. Moreover, the stopping times ⌧n decrease to
⌧. Thus, every stopping time can be approximated from above by stopping times that
take values only in discrete sets.

Theorem 1. (Strong Markov Property I) Let {X (t )}t�0 be a Lévy process andF= {Ft } and
admissible filtration. Suppose that ⌧ is a stopping time relative to F. Define the post-⌧
process

(3.4) Y (t ) := X (⌧+ t )�X (⌧).

Then the process {Y (t )}t�0 is independent of F⌧ and identical in law to {X (t )}t�0. In
detail, for every event A 2F⌧, all ti , and all Borel sets Bi ,

P (A \ {Y (ti ) 2 Bi 8 i  k}) = P (A)P {X (ti ) 2 Bi 8 i  k}(3.5)

= P (A)P {Y (ti ) 2 Bi 8 i  k}
Theorem 2. (Strong Markov Property II) Suppose in addition to the hypotheses of The-
orem 1 that {X ⇤t }t�0 is identical in law to {X (t )}t�0 and is independent of the stopping
fieldF⌧. Define the spliced process

X̃ t := Xt if t < ⌧ and(3.6)

X̃ t := X⌧+X ⇤t�⌧ if t � ⌧.

Then the process X̃ t is also a version of (identical in law to) Xt .
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Remark 2. The identity (3.5) is equivalent to the following property: for every k � 1,
every bounded continuous function f :Rk !R, and every event A 2F⌧,

E 1A f (Yt1
, Yt2

, . . . , Ytk
) = P (A)E f (Yt1

, Yt2
, . . . , Ytk

)(3.7)

= P (A)E f (Xt1
, Xt2

, . . . , Xtk
)

This equivalence follows by a standard approximation argument in measure theory
(that in essence asserts that indicator functions of Borel events can be arbitrarily well
approximated in L 1 by bounded continuous functions). See Proposition ?? in section ??
below. Moreover, the identity (3.5) implies that the ��algebrasF⌧ andF Y

1 are inde-
pendent. This follows from the ⇡ � � theorem, because (a) the collection of events
{Y (ti ) 2 Bi 8 i  k} is a⇡�system; and (b) for any event A 2F⌧, the collection of events
B for which

P (A \B ) = P (A)P (B )
is a ��system.

Exercise 3.2. Show that for any symmetric, one-dimensional Lévy process Xt and any
↵> 0,

P {sup
st

Xs >↵} 2P {Xt �↵}.

4. POISSON POINT PROCESSES AND PURE-JUMP LÉVY PROCESSES

4.1. The jumps of a Lévy process. Because a Lévy process has rcll paths, it can have
at most countably many jump discontinuities, and only finitely many of magnitude
� " > 0 by time t <1. Extraction of these jump discontinuities yields a marked point
process of jumps. To be precise, let {Xt }t�0 be a d�dimensional Lévy process, and for
each time t > 0 and each Borel set A ⇢ Rd disjoint from an "�ball around the origin
define N (t , A) to be the number of times s < t at which X has a jump discontinuity at
time s such that Xs �Xs� 2 A, i.e.,

(4.1) N (t , A) =
X

s<t

1{Xs �Xs� 2 A}.

The objective of this section is to prove the following remarkable fact about the count-
ing processes N (t , A).

Theorem 3. There is a��finite measure ⌫ on the Borel sets (called the Lévy measure of
the Lévy process X ) such that

(a) ⌫(A)<1 for every A disjoint from an "�ball around the origin;
(b) for each such A the process {N (t , A)}t�0 is a Poisson process of rate ⌫(A); and
(c) if A1, A2, . . . are pairwise disjoint then the processes N (·, A1), N (·, A2, . . . ) are inde-

pendent.

Clearly, the random set-valued function A 7!N (t , A) is countably additive, and there-
fore a counting measure on the Borel sets. Random counting measures that satisfy (b)
and (c) are called Poisson random measures or Poisson point processes.
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Definition 4.1. Let (X ,B ,µ) be a measure space. A Poisson point processP on (X ,B )
with (��finite) intensity measureµ is a collection {N (B )}B2B of extended nonnegative
integer-valued random variables such that

(A) If µ(B ) =1 then N (B ) =1 a.s.
(B) If µ(B )<1 then N (B )⇠Poisson-(µ(B )).
(C) If {Bi }i2N are pairwise disjoint, then

(C1) the random variables N (Bi ) are independent; and
(C2) N ([i Bi ) =

P
i N (Bi ).

Thus, Theorem 3 asserts that for each Lévy process there is an associated Poisson
point process on [0,1)⇥Rd with intensity Lebesgue⇥⌫marking the times and (vector)
sizes of the jumps.

4.2. Poisson processes. Recall that a Poisson process (or Poisson counting process) of
intensity �> 0 is a Lévy process N (t ) such that for each t > 0 the random variable N (t )
has the Poisson distribution with mean �t .

Proposition 4.1. Let N (t ) be a non-degenerate pure-jump Lévy process (that is, a Lévy
process such that N (t ) =

P
st (N (s )�N (s�)) for every t ) whose jumps are all of size 1.

Then N (t ) is a Poisson process.

Proof. Since N (t ) is by hypothesis a Lévy process, it has stationary, independent incre-
ments, so the only thing that need be proved is that for each t > 0 the distribution of
N (t ) is Poisson. To this end, fix an integer m � 1 and partition the interval [0, t ] into
2m sub-intervals Jk = ((k �1)/2m , k/2m ] of length t /2m . For each index k set

Xm ,k = 1{N (s )�N (s�) = 1 for some s 2 Jk }.
Since N (s ) has only finitely many jumps for s 2 (0, t ], all of size 1, it follows that with
probability one, for all sufficiently large m

(4.2) N (t ) =
2mX

k=1

Xm ,k .

But the hypothesis of stationary, independent increments implies that for each m the
random variables Xm ,k are i.i.d. Bernoulli. The decomposition (4.2) implies that for
some �> 0 independent of t ,

lim
m!1

2m E Xm ,1!�t

(EXERCISE: Prove this – it’s not quite as trivial as it might at first sight appear) so the
result follows from the “Law of Small Numbers” (cf. Theorem 8, Appendix 7). ⇤
Proposition 4.2. Let (N1(t ), N2(t ), . . . , Nd (t )) be a d�dimensional Lévy process such that
each of the coordinate processes Ni (t ) is a pure-jump subordinator with jumps of size 1.
If the sum M (t ) =

Pd
i=1 Ni (t ) is a Poisson process then the component processes

N1(t ), N2(t ), . . . , Nd (t )

are independent.
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Remark 3. This is a partial converse to the much easier Superposition Theorem (see
section 7 below).

Proof. For ease of exposition I will consider only the case d = 2. The proof in the gen-
eral case d � 2 is essentially the same, but with more notation. Call the component
processes NA(t ) and NB (t ).

Because M (t ) is a Poisson process, its jumps are of size one, and since the same is
true for each of the processes NA and NB (by Proposition 4.1), it follows that at each
jump of M exactly one of the two processes NA and NB must also jump. Let 0 < T1 <
T2 < · · · be the jump times of M (t ), and for each n = 1, 2, 3, . . . let

⇠n = 1{NA(Tn )�NA(Tn�) = 1}
(that is, ⇠n is the indicator of the event that the nth jump of M (t ) is a jump of NA(t )
rather than of NB (t )). The hypothesis that the two-dimensional process (NA(T ), NB (t ))
is a Lévy process, together with the strong Markov property, implies that the random
vectors

(⌧1,⇠1), (⌧2,⇠2), . . .

are i.i.d., where ⌧n = Tn �Tn�1.
I claim that ⇠1 is independent of ⌧1. To see this, observe that it suffices to establish

that for any t > 0,

(4.3) P (⇠1 = 1 |⌧1 > t ) = P (⇠1 = 1).

Now the event {⌧1 > t } coincides with the event {M (t ) = 0}, and so on this event the
random variable ⇠1 coincides with the random variable ⇠̃1 = indicator of the event that
the first jump of the shifted process (M (s + t )�M (t ))s�0 is a jump of NA. Thus, by the
Markov property,

P (⇠1 = 1 |⌧1 > t ) = P (⇠̃1 = 1 |⌧1 > t )

= P (⇠̃1 = 1)
= P (⇠1 = 1),

as desired.
Since the random vectors (⌧1,⇠1), (⌧2,⇠2), . . . are i.i.d, and since each ⇠i is indepen-

dent of ⌧i , it follows that the sequence of Bernoulli random variables ⇠1,⇠2, . . . is in-
dependent of the sequence ⌧1,⌧2, . . . of exponential(↵+� ) random variables. But the
sequence ⌧1,⌧2, . . . completely determines the process (M (t ))t�0, so the Bernoulli se-
quence ⇠1,⇠2, . . . is independent of the Poisson process M (t ). By construction,

NA(t ) =
M (t )X

i=1

⇠i and

NB (t ) =
M (t )X

i=1

(1�⇠i ).
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It now follows by the Thinning Theorem for Poisson processes (section 7 below) that
the processes NA(t ) and NB (t ) are independent Poisson processes.

⇤

4.3. Proof of Theorem 3. Assume that {Xt }t�0 is a d�dimensional Lévy process, and
let N (t , A) be defined by (4.1). The jumps of Xt are determined solely by the incre-
ments; thus, in particular, the number N (t + s , A)�N (t , A) of jumps between times t
and t + s of (vector) size 2 A is independent of �({Xr }rt ). It follows that for any non-
overlapping Borel sets A1, A2, . . . , AK disjoint from a ball of positive radius centered at
the origin, the K �dimensional process

(N (t , A1), N (t , A2), . . . , N (t , AK ))

has stationary, independent increments. Each of the component processes N (t , Ai ) is
a pure jump process with only jumps of size 1, so by Proposition 4.1 each component
process is a Poisson process of some rate ⌫(Ai )<1. Clearly,

N (t ,[K
i=1Ai ) =

KX

i=1

N (t , Ai ),

and so Proposition 4.2 the component processes N (t , Ai ) are mutually independent.
⇤

5. SUBORDINATORS

5.1. Decomposition of a Subordinator.

Theorem 4. Every subordinator {Yt }t�0 has the form

(5.1) Yt =C t + Y J
t where Y J

t =
X

st

(Ys � Ys�)

is the associated jump process and C � 0 is a constant.

Because a subordinator Yt is by definition non-decreasing, its jumps in any finite
time interval must be summable, so the jump process Y J

t is well-defined and finite.
Moreover, the residual process Y C

t = Yt � Y J
t has continuous, non-decreasing paths.

Since the jump process Y J
t is completely determined by the increments of Yt , the vector-

valued process (Yt , Y J
t ) has stationary increments, and hence so does the residual pro-

cess Y C
t . Thus, Y C

t is itself a subordinator, so to prove Theorem 4 it will suffice to prove
the following special case.

Proposition 5.1. Every subordinator Y C
t with continuous sample paths is trivial, that

is, there exists a constant C � 0 such that

Y C
t =C t .
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5.2. Continuous martingales with paths of bounded variation. There are at least two
interesting proofs of Proposition 5.1. The first relies on an auxiliary result of martingale
theory that is of independent interest, which I will give here. For the second, which uses
a 0-1 law due to Blumenthal together with the Lebesgue differentiation theorem, see
Appendix 3 below.

Proposition 5.2. Let M (t ) be a continuous-time martingale with continuous paths. If
the paths of M (t ) are of bounded variation on a time interval J of positive length, then
M (t ) is constant on J .

Proof. Recall that a function F (t ) is of bounded variation on J if there is a finite con-
stant C such that for every finite partitionP = {I j } of J into finitely many nonoverlap-
ping intervals I j , X

j

|� j (F )|C

where � j (F ) denotes the increment of F over the interval I j . The supremum over all
partitions of J is called the total variation of F on J , and is denoted by kF kT V . If F is
continuous then the total variation of F on [a , b ] ⇢ J is increasing and continuous in
b . Also, if F is continuous and J is compact then F is uniformly continuous, and so
for any " > 0 there exists �> 0 so that if max j |I j |<� then max j |� j (F )|< ", and so

X

j

|� j (F )|2 C ".

It suffices to prove Proposition 5.2 for intervals J = [0, b ]. It also suffices to consider
bounded martingales of bounded total variation on J . To see this, let M (t ) be an arbi-
trary continuous martingale and let Mn (t ) =M (t ^⌧n ), where ⌧n is the first time that
either |M (t )| = n or such that the total variation of M on the interval [0, t ] reaches or
exceeds n . (Observe that ⌧n = 0 on the event that the martingale is of unbounded vari-
ation on every interval [0,"].) Since M (t ) is continuous, it is bounded for t in any finite
interval J , by Weierstrass’ theorem. Consequently, for all sufficiently large n , the func-
tion Mn (t ) will coincide with M (t ); thus, if each Mn (t ) is continuous on J then so is
M (t ).

Suppose then that M (t ) is a bounded, continuous martingale of total variation no
larger than C on J . Fix T  b , and denote by Dn the sequence of dyadic partitions
of [0, T ] Let �n

j = |M ( j T /2n )�M (( j � 1)T /2n )| be the absolute differences along the
dyadic partitions; then as n!1,

X

j

|�n
j (M )|2 �! 0 almost surely.

Because the increments of L 2 martingales over nonoverlapping time intervals are or-
thogonal, if J = [0, T ] then for each n ,

E (M (T )�M (0))2 = E
X

j

|�n
j (M )|2.
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This sum converges to zero a.s. as n!1. The sums are uniformly bounded because
M is uniformly bounded and has uniformly bounded total variation. Therefore, by the
dominated convergence theorem,

E (M (T )�M (0))2 = 0.

Since this holds for every T  b , it follows that for every T  b , with probability one,
M (T ) =M (0). By path-continuity, M (t ) is a.s. constant on [0, b ]. ⇤

5.3. Proof of Proposition 5.1. For ease of notation we will drop the superscript C and
write Yt for a subordinator with continuous sample paths. By Proposition 2.3, the
Laplace transform of Y (t ) has the form

E e ��Yt = exp{�t (�)}
where (�) is a nonnegative function of � 2 [0,1) not depending on t . Now since Yt

has stationary, independent increments, for any �> 0 the process

Z�(t ) := exp{��Y (t ) + t (�)}
is a nonnegative, locally bounded martingale; since Y (t )has continuous sample paths,
so does Z�(t ). But Y (t ) is also non-decreasing, so the sample paths of Z�(t ) are of lo-
cally bounded variation. Therefore, by Proposition 5.2,

Z�(t ) = Z�(0) = 1

almost surely for all t � 0. It now follows that with probability one,

Y (t ) = t (�)/� for all t � 0.

⇤

5.4. Classification of Pure-Jump Subordinators. By Theorem 4, every subordinator
is the sum of a deterministic linear function t 7!C t and a pure-jump subordinator. By
Theorem 3, to every pure-jump subordinator Yt is associated a Poisson point process
of jumps N (·, ·)which completely determines Yt by the rule

(5.2) Yt =
X

st

Z

y>0

y N (d s , d y ) =
Z

y>0

y N (t , d y ).

The law of any such Poisson point process of jumps is, in turn, uniquely determined
by the Lévy measure ⌫. Thus, to complete the classification of subordinators we must
specify which��finite Borel measures ⌫ can be Lévy measures.

Proposition 5.3. A Borel measure ⌫ on (0,1) is the Lévy measure of a subordinator if
and only if

(5.3)

Z 1

0

(y ^1)⌫(d y )<1.
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Proof Sketch. I will prove that every Borel measure⌫ satisfying (5.3) is the Lévy measure
of a subordinator. The converse is less useful, and can be proved by reversing most of
the steps in the following argument.

Given a ��finite Borel measure ⌫ it is always possible to construct a Poisson point
process N (d t , d y ) on (0,1)2 with intensity measure Lebesgue⇥⌫ – see sec. 7.4. In or-
der that this Poisson point process correspond to a pure-jump subordinator it is nec-
essary that the jumps in any finite time interval be summable to a finite value Yt , that
is, that

(5.4) Yt =
Z

y>0

y N (t , d y )<1 almost surely.

Conversely, if this sum is finite almost surely for every t , then the resulting process Yt

will have independent increments, because the numbers of points of a Poisson point
process in non-overlapping regions are independent, and the distribution of incre-
ments will be stationary in time by virtue of the fact that the intensity measure Lebesgue⇥⌫
is translation-invariant in the t� coordinate. Clearly the process Yt defined by (5.4) has
non-decreasing, rcll paths, so it will be a subordinator provided Yt <1 almost surely.

Assume, then that condition (5.3) holds. This implies that ⌫(1,1)<1, and hence,
for every t <1, the count N (t , (1,1)) is finite with probability 1, since it has the
Poisson distribution with mean t ⌫((1,1)). It follows that the sum of the jumps of size
> 1 up to time t is finite.

Now consider the jumps of size  1 that occur before (or at) time t . There might be
infinitely many of these, but their sum is bounded above by

1X

m=0

2�m N (t , (2�m�1, 2�m ]).

The expectation of this sum is
1X

m=0

2�m t ⌫((2�m�1, 2�m ]) 2

Z 1

0

y ⌫(d y )<1,

and consequently the sum is finite almost surely. This proves that the sum Yt of all
jumps up to time t is finite almost surely

⇤
5.5. Stable Subordinators. Recall that a Lévy process is called stable if it satisfies a
scaling law of the form (1.1) for some ↵ > 0 called the exponent of the process. Equiv-
alently, Yt is stable with exponent ↵ > 0 if for every scalar  > 0 and every t � 0, the
process

(5.5) Ỹt := Yt /
1/↵

has the same law (i.e., same finite-dimensional distributions) as does Yt .

Proposition 5.4. There are no non-zero stable subordinators with exponent ↵ > 1, and
only trivial subordinators Yt =C t with exponent ↵= 1.
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Proof. Proposition 2.3 asserts that Laplace transforms of the random variables Yt have
the form E e ��Yt = exp{�t (�)}, where  is continuous, non-decreasing, and convex
on [0,1). Moreover, unless Yt is identically 0 for all t the function (�)must be strictly
increasing in �. But the scaling law (1.1) implies that for all ,�> 0,

 (�) =  (�/1/↵).

This is compatible with convexity only if ↵ 1, and in the case ↵= 1 only if is linear,
in which case Yt must be of the form Yt =C t . ⇤
Theorem 5. For every ↵ 2 (0, 1) there is an essentially unique (up to linear time change)
stable subordinator Yt . The process Yt is a pure-jump Lévy process, that is,

(5.6) Yt = Y J
t ,

and the Lévy measure is proportional to

(5.7) ⌫(d y ) =
d y

y 1+↵
.

Proof. First, existence: Let {N (t , ·)}t�0 be the Poisson point process on the positive
quadrant of R2 with intensity measure Lebesgue⇥⌫, where ⌫ is defined by (5.7). We
claim that

(5.8) Yt :=
Z t

s=0

Z

y 2R+
y N (d s , d y )

(the sum of the y�coordinates of all points in the strip [0, t ]⇥R+) is almost surely fi-
nite. First, because the measure ⌫ gives finite mass to the interval [1,1), the num-
ber of points N (t , [1,1)) in the strip [0, t ]⇥ [1,1) is almost surely finite, and so the
contribution to the sum (5.8) from points with y � 1 is almost surely finite. On the
other hand, for any integer m � 0, the number N (t , (2m�12m ]) of points in the rectangle
[0, t ]⇥ (2�m�1, 2�m ) is Poisson with mean

E N (t , (2�m�12�m ]) = t

Z

2�m�12�m

⌫(d y ) = 2↵m (2↵�1);

consequently, since 0<↵< 1,

E

Z t

s=0

Z

y 2(0,1]

y N (d s , d y )
1X

m=0

2�m ⇥2↵m (2↵�1)<1.

It follows that Yt <1 with probability 1. It is now evident by design that the process
Yt satisfies the scaling law (1.1), so it must be a stable subordinator with exponent ↵.

Next, uniqueness: Assume that Yt is a non-trivial stable subordinator with exponent
↵ 2 (0, 1). Fix  > 0, and define Ỹt by (5.5); then by definition of a stable subordinator,
the process {Ỹt }t�0 has the same law as {Yt }t�0. Consequently, the associated jump
processes of Ỹ and Y also have the same law, and so in particular the Poisson point
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processes ˜N (t , ·) and {N (t , ·)} have the same intensity measures. But equation (5.5)
implies that

Ñ (t , A) =N (t ,�1/↵A);
it follows directly that the corresponding Lévy measures ⌫̃ and⌫ are related by the iden-
tity

⌫(A) = ⌫̃(A) = ⌫(�1/↵A),
valid for all closed intervals A ⇢ (0,1). This implies that ⌫must be proportional to the
measure defined by (5.7). (EXERCISE: Why? – Hint: Show that the restrictions to [",1)
are proportional by taking Laplace transforms and using the uniqueness theorem for
Laplace transforms.) We can assume without loss of generality that ⌫ is equal to the
the measure (5.7), since this can be achieved by a linear change of the time scale.

We have now proved that if Yt is a non-trivial stable subordinator with exponent
↵ 2 (0, 1), then (perhaps after a linear change of time) the associated jump process
Y J

t has the same law as the process constructed in the existence half of the proof. By
Theorem 4, there exists C � 0 such that

Yt =C t + Y J
t .

But the scaling law for stable processes implies that the law of Yt is the same as that of

�1/↵Yt =C 1�1/↵t +�1/↵Y J
t ;

since the law of�1/↵Y J
t is the same as that of Y J

t , it follows that C =C 1�1/↵ (EXERCISE:
Why?), and so C = 0. ⇤
Corollary 5.5. For every ↵ 2 (0, 1] there is a symmetric stable process of exponent 2↵.
In particular, on any probability space supporting a stable subordinator Y (t ) with ex-
ponent ↵ and an independent standard one-dimensional Brownian motion W (t ), the
process W (Y (t )) obtained by composition is symmetric stable with exponent 2↵.

6. 1D LÉVY PROCESSES: THE GENERAL CASE

Theorem 4, the fundamental structure theorem for subordinators, has an analogue
in the general case, but there are several complicating factors that make both the for-
mulation and the proof more difficult. First, the jumps of a subordinator Yt are al-
ways positive, so there is no trouble making sense of the jump process Y J

t defined in
(5.1). However, for a general Lévy process Xt there might be both positive and nega-
tive jumps, and so the convergence of the series

P
st (Xs�Xs�) is a more delicate issue.

Second, whereas the only subordinators with continuous sample paths are trivial (Yt =
C t ), there are nontrivial Lévy processes with continuous paths, notably Brownian mo-
tion. An important step in characterizing the structure of a general one-dimensional
Lévy process is the following non-trivial result.

Theorem 6. (Lévy) Every continuous one-dimensional Lévy process Xt has the form

Xt =C t +Wt

for constants C , 2R, where Wt is a standard Brownian motion.
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Any Lévy process Xt can have only finitely many jumps of (vector) size larger than
�> 0 in any finite time interval, since sample paths are rcll, so there is no ambiguity in
defining

(6.1) X �
t =
X

st

(Xs �Xs�)1{|Xs �Xs�|>�}.

Theorem 7. (Lévy-Itô) If Xt is a symmetric, one-dimensional Lévy process (i.e., a Lévy
process Xt such that �Xt and Xt have the same law), then

(6.2) X J
t := lim

�!0
X �

t

exists and is a symmetric, pure-jump Lévy process. Moreover, the residual process X C
t =

Xt�X J
t is independent of the jump process, and for some> 0 the process X C

t / is a stan-
dard one-dimensional Brownian motion. Thus, the general symmetric, one-dimensional
Lévy process has the form

(6.3) Xt = Wt +X J
t .

There is a similar result in the general (non-symmetric) case: see Sato, Lévy Processes
and Infinitely Divisible Distributions, Chapter IV for the whole story, and for proofs of
the theorems stated above.

7. APPENDIX 1: POISSON PROCESSES

7.1. Poisson process: definition. A Poisson process of rate (or intensity)�> 0 is by def-
inition a one-dimensional Lévy process whose increments have Poisson distributions

Nt+s �Ns ⇠ Poisson(�s ),

that is, for every k = 0, 1, 2, . . . ,

(7.1) P {Nt+s �Nt = k}= (�s )k

k !
e ��s .

Existence of such processes can be established in several different elementary ways –
see sections 7.3 and 7.4 below. Of course, in order that such a Lévy process exists it
is necessary that the family of Poisson distributions be closed under convolution, that
is, if X ⇠Poisson(t ) and Y ⇠Poisson(s ) are independent random variables with Poisson
distributions, then the sum X +Y should have the Poisson distribution with mean t +s .
This can be verified by computing Laplace transforms. The Laplace transform of the
Poisson distribution with mean t > 0 is

(7.2) 't (↵) :=
1X

n=0

e ↵n t n e �t

n !
= exp{�t (1� e ↵)}.

The closure of the family of Poisson distributions under convolution an easy conse-
quence: if X , Y are independent Poisson random variables with means t , s then the



16 STEVEN P. LALLEY

Laplace transform of X + Y satisfies
1X

n=0

e ↵n P {X + Y = n}= E e ↵X+↵Y

= E e ↵X E e ↵Y

='s (↵)'t (↵)
='s+t (↵),

which implies that X + Y has the Poisson distribution with mean s + t .

7.2. Poisson process as limit of Bernoulli processes. The ubiquity of the Poisson dis-
tribution in both the natural and the mathematical worlds stems in part from its con-
nection to the Binomial and Hypergeometric distributions. The Binomial-(N , p ) dis-
tribution is the distribution of the number of successes in N independent Bernoulli
trials, each with success probability p . If p is small, then successes are rare events; but
if N is correspondingly large, so that � = N p is of moderate size, then there are just
enough trials so that a few successes are likely.

Theorem 8. (Law of Small Numbers) If N !1 and p ! 0 in such a way that N p !�,
then the Binomial-(N , p ) distribution converges to the Poisson-� distribution, that is,
for each k = 0, 1, 2, . . . ,

(7.3)

✓
N

k

◆
p k (1�p )N�k �! �

k e ��

k !

This has several easy and elementary proofs, all of which are beneath our dignity
to recite here. There are two reasons for mentioning the result here: (1) it provides
a probabilistically natural tool for showing that various counting processes arising in
stochastic analysis are actually Poisson processes; and (2) it allows one to picture 4.1
process as an infinitesimal form of a coin-tossing process. In particular, suppose that
once every 1/2n seconds one tosses a pn�coin, where pn =�/2n ; let Nn (t ) be the num-
ber of Heads in the first t seconds. Then Theorem 8 implies that as n!1 the process
{Nn (t )}t�0 converges in law to a Poisson process {N (t )}t�0 of rate �, in the sense that
for any times 0< t1 < t2 < · · ·< tm the joint distribution of

(Nn (t1), Nn (t2), . . . , Nn (tm ))

converges weakly as n!1 to the joint distribution of

(N (t1), N (t2), . . . , N (tm )).

7.3. Interarrival times. Let {Nt }t�0 be a Poisson process of rate � > 0 (this, of course,
presupposes existence), and define by induction random variables 0 = ⌧0 < ⌧1 < ⌧2 <
· · · by

⌧n+1 =min{t > ⌧n : Nt >N⌧n
}.



LÉVY PROCESSES 17

It is easily seen that these are stopping times, and so by the strong Markov property
(section 8 below) it follows that the interarrival times

⇠n := ⌧n �⌧n�1

are independent and identically distributed. Furthermore, for any t > 0,

P {⇠1 > t }= P {Nt = 0}= e ��t ,

so the interarrival times are in fact independent, identically distributed exponential
random variables with mean 1/�.

This suggests the following construction of a Poisson process. Start with any prob-
ability space supporting a sequence U1,U2, . . . of independent, identically distributed
Uniform(0, 1) random variables (the unit interval with Lebesgue measure will do), set
⇠n =� 1

� logUn , let ⌧n be the nth partial sum, and define

Nt =max{n : ⌧n  t }.
Exercise 7.1. Prove that the process {Nt }t�0 so constructed is in fact a Poisson pro-
cess. HINTS: (a) the exponential distribution is memoryless; and (b) the distribution of
the sum ⌧n of n independent, identically distributed unit exponentials (� = 1) is the
Gamma distribution with density

x n�1e �x/(n �1)!

7.4. Superposition and Thinning.

Superposition Theorem . If N1(t ), N2(t ), . . . , Nm (t ) are m independent Poisson processes
with rates �1,�2, . . . ,�m then the superposition

N (t ) :=
mX

i=1

Ni (t )

is a Poisson process with rate �=
P

i �i .

This is a direct consequence of the convolution closure of the family of Poisson dis-
tributions, which was shown in section 7.1. The flip side of the coin is the following
Thinning Theorem, which shows that the amalgamation principle implied by the su-
perposition theorem can be reversed.

Thinning Theorem . Let N be a Poisson random variable with mean � > 0, and let
X1, X2, . . . be an independent stream of [K ]�valued random variables, each with distri-
bution

P {Xi = k}= pk for k = 1, 2, 3, . . . , K .

For each k define Nk =
PN

i=1 1{Xi = k}. Then N1, N2, . . . , NK are independent Poisson
random variables with means pk�.

This is proved by routine calculation. An easy consequence is the following analo-
gous result for Poisson processes.
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Corollary 7.1. Let N (t ) be a Poisson process of intensity � > 0, and let X1, X2, . . . be an
independent stream of [K ]�valued random variables, each with distribution

P {Xi = k}= pk for k = 1, 2, 3, . . . , K .

For each k define Nk (t ) =
PN (t )

i=1 1{Xi = k}. Then the K counting processes Nk (t ) are
independent Poisson processes with intensities pk�.

The thinning theorem suggests a second construction of the Poisson process, which
can be carried out on any probability space supporting independent i.i.d. streams
M1, M2, . . . of Poisson�� random variables and {Ui , j i , j�1}of uniform�[0, 1] random vari-
ables. Given the values Mi =mi , for each n = 1, 2, . . . place marks at the points

n �1+Un ,1, n �1+Un ,2, . . . , n +1+Un ,mn
;

then for t 2 (n �1, n ] define

N (t ) =
n�1X

i=1

mi +
mnX

j=1

1{Un , j  t �n +1}.

The thinning property implies that for any disjoint intervals J1, J2, . . . , Jk ⇢ (n � 1, n ]
the numbers of marks in the intervals Ji are independent Poissons with means �|Ji |.
Clearly the counts for intervals contained in non-overlapping unit intervals (n � 1, n ]
are independent, so it follows that the process N (t ) has stationary, independent, Pois-
son increments, and hence is a Poisson process.

The same idea works for Poisson point processes generally (see section 4.1 for the
definition). Given a ��finite measure space (X ,B ,µ), let B1, B2, . . . be a measurable
partition ofX into measurable subsets Bn of finite measure 0 < µ(Bn ) <1. For each
set Bn define a probability measure µ⇤n on Bn by normalizing µ on B , that is, for any
A 2B such that A ⇢ Bn , set

µ⇤n (A) =
µ(Bn \A)
µ(Bn )

.

On any probability space supporting independent Poisson random variables Mn with
E Mn =µ(Bn ) and independent i.i.d. streams Xn , j ofX�valued random variables such
that

P {Xn , j 2 A}=µ⇤n (A),
define a random counting measure N (·) onX by setting

N (F ) =
1X

n=1

MnX

j=1

1{Xn , j 2 F \Bn}.

The thinning property implies that the family {N (F )}F 2B is a Poisson point process
with intensity measure µ.
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8. APPENDIX 2: PROOF OF THE STRONG MARKOV PROPERTY

Proof of Theorem 1. The strategy is to first prove the result for discrete stopping times,
and then to deduce the general case by an approximation argument. First consider
the special case where the stopping time takes values in a countable, discrete set S =
{si }i2N, with si < si+1. (Here discrete means that the set S has no limit points in R, that
is, limn!1 sn =1.) If this is the case then for each i the event {⌧ = si } 2 Fsi

, and to
check (3.5) it suffices to consider events A =G \{⌧= si }where G is a finite intersection
of events X (t j ) 2 Bj for t jsi

. (Why?) For such events A, the equality (3.5) follows easily
from the hypothesis that the filtration is admissible and the fact that a Lévy process has
stationary, independent increments (check this!). Thus, the Strong Markov Property I
is valid for discrete stopping times, and it follows by the note above that identity (3.7)
holds for discrete stopping times.

Now let⌧ be an arbitrary stopping time. Approximate⌧ from above by discrete stop-
ping times ⌧n , as in Exercise 3.1. Since the stopping times ⌧n decrease to ⌧, each of the
stopping fieldsF⌧n

containsF⌧, so if A 2F⌧ then A 2F⌧n
for each n . Consequently, by

the previous paragraph, the equality (3.7) holds when Y (ti ) is replaced by Yn (ti ), where
Yn (t ) := X (⌧n + t )�X (⌧n ). But by the right-continuity of sample paths,

lim
n!1

Yn (t ) = Y (t ) a .s .,

and so if f :Rk !R is a bounded continuous function then

lim
n!1

f (Yn (t1), Yn (t2), . . . , Yn (tk )) = f (Y (t1), Y (t2), . . . , Y (tk ))

Therefore, by the dominated convergence theorem, (3.7) follows from the fact that it
holds when Y is replaced by Yn . ⇤
Proof of Theorem 2. This is more subtle than Theorem 1, because a straightforward
attempt to deduce the general case from the special case of discrete stopping times
doesn’t work. The difficulty is that if one approximates ⌧ from above by ⌧n , as in the
proof of Theorem 1, then the process X ⇤t may not be independent of the stopping fields
F⌧n

(these decrease toF⌧ as n!1).
So we’ll take a different tack, based on the optional sampling formula for martin-

gales. To prove the theorem, we must show that the finite-dimensional distributions
of the spliced process X̃ t are the same as those of Xt . For this, it suffices to show that
the joint characteristic functions agree, that is, for all choices of ✓ j 2R and all times t j ,

E exp
ß

i
kX

j=1

✓ j (Xt j+1
�Xt j

)
™
= E exp
ß

i
kX

j=1

✓ j (X̃ t j+1
� X̃ t j

)
™

.

To simplify the exposition, I’ll consider only the case k = 1; the general case can be
done in the same manner. So: the objective is to show that for each ✓ 2 R and each
t > 0,

(8.1) E e i✓Xt = E e i✓ X̃ t .
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In proving this, we may assume that the stopping time ⌧ satisfies ⌧  t , because if it
doesn’t we can replace it by the smaller stopping time ⌧^ t . (The stopping fieldF⌧^t is
contained inF⌧, so if the process X ⇤s is independent ofF⌧ then it is also independent
of F⌧^t .) The stationary, independent increments property implies that the process
Z✓ (s ) := exp{i✓Xs � s (✓ )} is a martingale relative to the filtration Fs , and for each
fixed ✓ this process is bounded for s  t . Consequently, the optional sampling formula
gives

E e i✓X⌧�⌧ (✓ ) = 1.

Thus, to complete the proof of (8.1) it suffices to show that

(8.2) E (exp{i✓X ⇤(t �⌧)� (t �⌧) (✓ )} |F⌧) = 1.

The proof of (8.2) will also turn on the optional sampling formula, together with the
hypothesis that the process X ⇤s is independent ofF⌧. LetF⇤s =�(X ⇤r )rs be the natural
filtration of X ⇤, and set

Gs =�(F⇤s [F⌧).
This is an admissible filtration for the process X ⇤, because X ⇤ is independent ofF⌧. The
random variable t �⌧ is measurable relative toG0 =F⌧, and so it is (trivially) a stopping
time relative to the filtration Gs . Because the filtration Gs is admissible for the process
X ⇤s , the stationary, independent increments property implies that the process

Z ⇤✓ (s ) := exp{i✓X ⇤s � s (✓ )}
is a martingale relative to the filtration Gs , and remains bounded up to time t . Thus,
the optional sampling formula (applied with the stopping time t �⌧) implies (8.2). ⇤

9. APPENDIX 3: BLUMENTHAL ZERO-ONE LAW

Theorem 9. (Blumenthal Zero-One Law) Let {X (t )}t�0 be a Lévy process and {F X
t }t�0

its natural filtration. Define the��algebra

(9.1) F X
0+ :=
\

t>0

F X
t .

ThenF X
0+ is a zero-one field, that is, every event A 2F X

0+ has probability zero or one.

Proof. For notational ease, I’ll drop the superscript X from the��algebras. SetF1 =
�([t�0Ft ). I claim that for any event A 2F1,

(9.2) E (1A |F0+) = P (A) a.s.

This will imply the theorem, because for any event A 2F0+ it is also the case that

E (1A |F0+) = 1A a.s.,

by the filtering property of conditional expectation. To prove (9.2), it is enough to con-
sider cylinder events, that is, events of the form

A =
k\

i=1

{X (ti ) 2 Bi } where Bi 2B1.
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Let f :Rk !R be a bounded, continuous function, and set

⇠ := f (X (t1), X (t2), . . . , X (tk )) and

⇠n := f (X (t1)�X (1/n ), X (t2)�X (1/n ), . . . , X (tk )�X (1/n )).

To prove the identity (9.2) for cylinder events, it is enough (by Exercise 9.1 below) to
prove that for any bounded continuous f :Rk !R,

(9.3) E (⇠ |F0+) = E ⇠.

Since the process X (t ) has right-continuous paths, ⇠n ! ⇠ a.s., and the convergence is
bounded, because f was assumed to be bounded. Therefore, by the usual dominated
convergence theorem and the DCT for conditional expectations,

lim
n!1

E ⇠n = E ⇠ and

lim
n!1

E (⇠n |F0+) = E (⇠ |F0+) a.s.

Therefore, to prove (9.3) it suffices to show that for each n ,

E (⇠n |F0+) = E ⇠n a.s.

But this follows immediately from the independent increments property, because⇠n is
a function of the increments after time 1/n , and so is independent ofF1/n – and hence
also independent ofF0+, since this is contained inF1/n .

⇤

Exercise 9.1. Complete the proof above by showing that the identity (9.3) implies the
identity 9.2 for all cylinder events.

Corollary 9.1. If X (t ) is a subordinator with continuous sample paths then there is a
constant C � 0 such that X (t ) =C t a.s.

Proof. According to a basic theorem of real analysis (see, for instance, H. ROYDEN, Real
Analysis, chapter 5), every nondecreasing function is differentiable a.e. Hence, in par-
ticular, X (t ) is differentiable in t a.e., with probability one. It follows that X (t ) is dif-
ferentiable at t = 0 almost surely, and that the derivative is finite a.s. (See the technical
note following the proof for further elaboration.) But the derivative

X 0(0) := lim
"!0+

X (")
"

depends only on the values of the process X (t ) for t in arbitrarily small neighborhoods
of 0, and so it must beF X

0+�measurable. SinceF X
0+ is a zero-one field, by Theorem 9, it

follows that the random variable X 0(0) is constant a.s: thus, X 0(0) =C for some constant
C � 0.

Existence of a finite derivative C may be restated in equivalent geometric terms as
follows: for any � > 0, the graph of X (t )must lie entirely in the cone bounded by the
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lines of slope C ±� through the origin, at least for small t > 0. Thus, if we define

T = T1 :=min{t > 0 : X (t )� (C +�)t }
=1 if there is no such t

then T > 0 (but possibly infinite) with probability one. Note that T is a stopping time,
by path continuity. Moreover, since X (t ) is continuous, by hypothesis, X (T ) = (C +�)T
on the event T <1 and X (t )C t for all t  T . Now define inductively

Tk+1 =min{t > 0 : X (t +Tk )�X (Tx )� (C +�)t }
=1 if Tk =1 or if no such t exists.;

observe that X (Tk ) = (C +�)Tk on the event Tk <1, for each k , and so X (t ) (C +�)t
for all t  Tk . By the Strong Markov Property, the increments Tk+1 � Tk are i.i.d. and
strictly positive. Hence, by the SLLN, Tk ! 1 almost surely as k ! 1, so X (t ) 
(C + �)t for all t <1. The same argument shows that X (t ) � (C � �)t for all t � 0.
Since �> 0 is arbitrary, it follows that X (t ) =C t for all t , with probability one. ⇤
Remark 4. The random process X (t ) is actually a function X (t ,!)of two arguments t 2
[0,1) and! 2⌦. Consider only those t 2 [0, 1]; then X (t ,!) can be viewed as a single
random variable on the product space [0, 1]⇥⌦, endowed with the product probability
measure Lebesgue⇥P . The set of all pairs (t ,!) for which the derivative X 0(t ) exists is
product measurable (why?). By the differentiation theorem quoted above, for P�a.s. !
the derivativeX 0(t ) exists for a.e. t ; hence, by Fubini’s theorem, for a.e. t the derivative
X 0(t ) exists at t with P�probability one. But by the stationary independent increments
property, the events

Gt := {! : X (·,!) differentiable at t }
all have the same probability. Therefore, P (Gt ) = 1 for every t , and in particular, for
t = 0.
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