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1 Lindeberg’s Method

One of the most useful generalizations of the central limit theorem is the martingale central limit theorem
of Paul Lévy. Lévy was in part inspired by Lindeberg’s treatment of the central limit theorem for sums of
independent – but not necessarily identically distributed – random variables. Lindeberg formulated what,
in retrospect, is the right hypothesis, now known as the Lindeberg condition,1 on the summands for the
central limit theorem, and in addition he proposed a new approach to proving central limit theorems. The
Lindeberg condition plays a central role in the most general form of the martingale central limit theorem,
as well, and as Lévy showed, the Lindeberg method of proof can be adapted to martingales. In this
section I will show how Lindeberg’s method works in the very simplest context, for sums of independent,
identically distributed random variables. In section 3, I will show how the method can be generalized to
martingales.

Theorem 1. (Central Limit Theorem) Let ξ1,ξ2, . . . be independent, identically distributed random vari-
ables with mean zero and variance 1. Then for every continuous, bounded function f :R→R,

lim
n→∞E f

(
1p
n

n∑
i=1

ξi

)
= E f (Z ) (1)

where Z is a standard normal random variable.

Proof. It suffices to prove this for C∞ functions f with compact support, by a standard approximation
argument, so I will assume henceforth that f is such a function. Lindeberg’s method depends on the fact
that the family of normal densities is closed under convolutions, in particular, if X and Y are independent
Gaussian random variables then X +Y is also Gaussian. Consequently, if ζ1,ζ2, . . . ,ζn are independent
standard normal random variables then

Z
D= 1p

n

n∑
i=1

ζi .

Without loss of generality we may assume that the underlying probability space is large enough to support
not only the random variables ξi but also an independent sequence of i.i.d. standard Gaussian random

1Feller, and independently Lévy, later proved that Lindeberg’s condition is in some sense necessary for the validity of the
central limit theorem.
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variables ζi . The objective is to show that as n →∞,

E f

(
1p
n

n∑
i=1

ξi

)
−E f

(
1p
n

n∑
i=1

ζi

)
−→ 0. (2)

For notational ease set

ξ′i = ξi /
p

n and

ζ′i = ζi /
p

n;

then relation (2) can be re-stated as

E f

(
n∑

i=1
ξ′i

)
−E f

(
n∑

i=1
ζ′i

)
−→ 0.

Lindeberg’s strategy for proving (2) is to replace the summands ξ′i in the first expectation by the corre-
sponding Gaussian summands ζ′i , one by one, and to bound at each step the change in the expectation
resulting from the replacement of ξ′i by ζ′i :

∣∣∣∣E f

(
n∑

i=1
ξ′i

)
−E f

(
n∑

i=1
ζ′i

)∣∣∣∣≤ n∑
k=1

∣∣∣∣E f

(
k∑

i=1
ξ′i +

n∑
i=k+1

ζ′i

)
−E f

(
k−1∑
i=1

ξ′i +
n∑

i=k
ζ′i

)∣∣∣∣ (3)

Since the individual terms ξ′i and ζ′i account for only a small fraction of the sums, the differences in the
value of f can be approximated by using two-term Taylor series approximations. Furthermore, since
f has compact support, the derivatives are uniformly continuous, and so the remainder terms can be
estimated uniformly. In particular, for any ε> 0 there exist δ> 0 and C <∞ such that for any x, y ∈R,

| f (x + y)− f (x)− f ′(x)y − f ′′(x)y2/2| ≤ εy2 if |y | ≤ δ and

| f (x + y)− f (x)− f ′(x)y − f ′′(x)y2/2| ≤C y2 otherwise. (4)

Consequently, for each k,

E f

(
k∑

i=1
ξ′i +

n∑
i=k+1

ζ′i

)
−E f

(
k−1∑
i=1

ξ′i +
n∑

i=k
ζ′i

)

= E f ′
(

k−1∑
i=1

ξ′i +
n∑

i=k+1
ζ′i

)
(ξ′k −ζ′k )+ 1

2
E f ′′

(
k−1∑
i=1

ξ′i +
n∑

i=k+1
ζ′i

)
((ξ′k )2 − (ζ′k )2)+ERk (A)+ERk (B) (5)

where

Rk (A) ≤ ε(ξ′k )2 +C (ξ′k )21{|ξ′k | ≥ δ} and

Rk (B) ≤ ε(ζ′k )2 +C (ζ′k )21{|ζ′k | ≥ δ}.

The crucial feature of the expansion (5) is the independence of the individual terms ξ′i and ζ′i ; this guar-
antees that the first two expectations on the right side of (5) split (as products of expectations), and since
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ξ′k and ζ′k have the same mean and variance, it follows that the first two expectations on the right side are
0. Consequently, for each k,∣∣∣∣E f

(
k∑

i=1
ξ′i +

n∑
i=k+1

ζ′i

)
−E f

(
k−1∑
i=1

ξ′i +
n∑

i=k
ζ′i

)∣∣∣∣
≤ E |Rk (A)|+E |Rk (B)|
≤ εE(ξ′k )2 +εE(ζ′k )2)+C E(ξ′k )21{|ξ′k | ≥ δ}+C E(ζ′k )2)1{|ζ′k | ≥ δ}

≤ n−1ε(E(ξk )2 +E(ζk )2)+n−1C E(ξk )21{|ξk | ≥
p

nδ}+n−1C E(ζk )2)1{|ζk | ≥
p

nδ}

≤ 2εn−1 +n−1C E(ξk )21{|ξk | ≥
p

nδ}+n−1C E(ζk )2)1{|ζk | ≥
p

nδ}.

Substituting this bound in inequality (3) now yields∣∣∣∣E f

(
1p
n

n∑
i=1

ξi

)
−E f

(
1p
n

n∑
i=1

ζi

)∣∣∣∣≤ 2ε+C E(ξ1)21{|ξ1| ≥
p

nδ}+C E(ζ1)2)1{|ζ1| ≥
p

nδ}.

Since Eξ2
1 = 1 < ∞ and Eζ2

1 = 1 < ∞, the dominated convergence theorem implies that the last two
expectations converge to zero as n →∞, and so

limsup
n→∞

∣∣∣∣E f

(
1p
n

n∑
i=1

ξi

)
−E f

(
1p
n

n∑
i=1

ζi

)∣∣∣∣≤ 2ε.

Finally, since ε> 0 is arbitrary, the convergence (2) must hold.

2 The Lindeberg Condition

Lindeberg’s second insight was that a similar pairing of non-Gaussian, mean-zero random variables ξi

with Gaussian, mean-zero random variables ζi of the same variance could be carried out even when
the random variables ξi are not identically distributed, because sums of independent Gaussian random
variables are still Gaussian, even if the summands have different variances. When variances are matched,
so that Eξ2

i = Eζ2
i , most of the proof given above carries through directly: in particular, the first two terms

in the Taylor series would (after taking expectations) cancel, leaving only the remainder terms ERk (A)
and ERk (B). Thus, the real issue in generalizing the central limit theorem is to formulate a hypothesis
that will guarantee that the sum of the expectations ERk (A) and ERk (B) will be small.

Triangular Arrays: A triangular array is a doubly-indexed family {ξn,i }n≥1,1≤i≤m(n) of random variables.

Lindeberg’s Conditions: A triangular array {ξn,i }n≥1,1≤i≤m(n) of independent random variables satisfies
Lindeberg’s conditions if

(A) Eξn,i = 0 for all n, i .
(B)

∑
i≤m(n) Eξ2

n,i = 1.
(C) For every δ> 0,

lim
n→∞

m(n)∑
i=1

Eξ2
n,i 1{|ξn,i | ≥ δ} = 0. (6)
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Theorem 2. (Lindeberg’s Central Limit Theorem) If {ξn,i } is a triangular array that satisfies Lindeberg’s
conditions, then as n →∞

m(n)∑
i=1

ξn,i
D−→ Normal(0,1). (7)

The proof is very nearly identical to Lindeberg’s proof of the central limit theorem. As an exercise, you
should fill in the details.

3 Martingale Central Limit Theorem

Independence is used in the proof of the central limit theorem (and of Lindeberg’s generalization to
triangular arrays of independent random variables) only in the evaluation of the first two expectations
on the right side of equation (5). These involve only the first two conditional moments of the random
variables ξi given the σ−algebra generated by ξ1,ξ2, . . . ,ξi−1. Lévy realized that independence is more
than is needed for this purpose: in fact, only the martingale property is needed.

Assume now that each row of the triangular array {ξn,i }i≤m(n) is a martingale difference sequence, that
is, for each row n there is a filtration {Fn,i }0≤i≤m(n) such that the sequence {ξn,i }i≤m(n) is adapted to the
filtration and

E(ξn,i |Fn,i−1) = 0. (8)

Write

Sn,k =
k∑

i=1
ξn,i and V 2

n,k =
k∑

i=1
E(ξ2

n,i |Fn,i−1). (9)

Theorem 3. (P. Lévy) Assume in addition to (8) that the sum of the conditional variances in each row is
1, that is, V 2

n,m(n) = 1, and assume that the triangular array {ξn,i }i≤m(n) satisfies the Lindeberg condition,
that is, for every δ> 0,

lim
n→∞

m(n)∑
i=1

Eξ2
n,i 1{|ξn,i | ≥ δ} = 0. (10)

Then as n →∞,

Sn,m(n)
D−→ Normal(0,1). (11)

REMARK. There are many variants of this theorem. In one of the more useful of these, The Lindeberg
condition is replaced by the hypothesis

lim
n→∞

m(n)∑
i=1

E(ξ2
n,i 1{|ξn,i | ≥ δ} |Fn,i−1) = 0 in probability. (12)

See the book by HEYDE & HALL for a more detailed discussion. In many applications the rather strong
hypothesis that Vn,m(n) = 1 is not satisfied. For this reason, the following variant of Lévy’s theorem (which
we will not prove) is often cited.

Theorem 4. (Martingale Central Limit Theorem) Assume in addition to (8) that (12) holds, and that

Vn,m(n)
P→ 1 as n →∞. Then

Sn,m(n)
D−→ Normal(0,1). (13)
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Proof. As in the proof of the central limit theorem, it suffices to prove that for every C∞ function f ,

lim
n→∞E f (Sn,m(n)) = E f (Z ) (14)

where Z is standard normal. The strategy will be the same as in Lindeberg’s proof of the central limit
theorem: we will match the martingale differences ξn,i with independent, mean-zero, normal random
variables ζn,i in such a way that the conditional variances (given Fn,i−1) agree. Assume that the probabil-
ity space is large enough to support all of the random variables ξn,i and in addition independent standard
normal random variables Zn,i . Set

ζn,i =σn,i Zn,i where σ2
n,i = E(ξ2

n,i |Fn,i−1).

Then∣∣∣∣E f

(
m(n)∑
i=1

ξn,i

)
−E f

(
m(n)∑
i=1

ζn,i

)∣∣∣∣≤ m(n)∑
k=1

∣∣∣∣E f

(
k∑

i=1
ξn,i +

m(n)∑
i=k+1

ζn,i

)
−E f

(
k−1∑
i=1

ξn,i +
m(n)∑
i=k

ζn,i

)∣∣∣∣. (15)

To bound the terms on the right side of (14), we will use Taylor’s theorem (4) in much the same way as
earlier:

f

(
k∑

i=1
ξn,i +

m(n)∑
i=k+1

ζn,i

)
− f

(
k−1∑
i=1

ξn,i +
m(n)∑
i=k

ζn,i

)

= f ′
(

k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
(ξk −ζk )+ 1

2
f ′′

(
k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
(ξ2

k −ζ2
k )

+Rn,k (A)+Rn,k (B) (16)

where

Rn,k (A) ≤ ε(ξn,k )2 +C (ξn,k )21{|ξn,k | ≥ δ} and

Rn,k (B) ≤ ε(ζn,k )2 +C (ζn,k )21{|ζn,k | ≥ δ}.

Our next objective is to show that the expectations of the first two terms on the right side of equation
(15) both vanish. In Lindeberg’s proof of the central limit theorem the corresponding step was trivial,
because the random variables were all independent, but here we must take care in sorting out the de-
pendence of the various terms in the expectations. By construction, ζn,i = σn,i Zn,i where the random
variables Zn,i are standard normal and independent of Fn,m(n). Consequently, the conditional distribu-
tion of the random variable

Z ′
n,k :=

∑m(n)
i=k+1 ζn,i√
1−V 2

n,k

given Fn,m(n) is the standard normal distribution, and so in particular Z ′
n,k is independent of Fn,m(n).

Moreover, since the random variables Zn,i are conditionally independent given Fn,m(n), the random
variable Z ′

n,k is conditionally independent of ζn,k =σn,k Zn,k . Hence, for any bounded, Borel measurable
function g and any nonnegative Borel measurable h,

E

(
g

(
k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
h(ζn,k )

∣∣∣∣Fn,m(n)

)
=

Ï
g

(
k−1∑
i=1

ξn,i +
√

1−V 2
n,k z1

)
h(σn,k z2)ϕ(z1)ϕ(z2)d z1d z2,
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where ϕ(z) is the standard normal probability density function. Applying this with h = 1 and g = f ′, and
using the fact that V 2

n,k is measurable with respect to Fn,k−1, gives

E f ′
(

k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
ξk = E

∫ ∞

−∞
f ′

(
k−1∑
i=1

ξn,i +
√

1−V 2
n,k z

)
ξk ϕ(z)d z

=
∫ ∞

−∞
E( f ′

(
k−1∑
i=1

ξn,i +
√

1−V 2
n,k z

)
E(ξk |,Fn,k−1)ϕ(z)d z

= 0,

and then with h+(x) = x ∨0 and h− =−x ∨0,

E f ′
(

k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
ζk = E

Ï
f ′

(
k−1∑
i=1

ξn,i +
√

1−V 2
n,k z1

)
z2ϕ(z1)ϕ(z2)d z1d z2 = 0.

Similar calculations (exercise: fill in the details) with g = f ′′ show that

E f ′′
(

k−1∑
i=1

ξn,i +
m(n)∑

i=k+1
ζn,i

)
(ξ2

k −ζ2
k ) = E

∫
f ′′

(
k−1∑
i=1

ξn,i +
√

1−V 2
n,k z1

)
σ2

n,k

(
1−

∫
z2

2ϕ(z2)d z2

)
= 0.

Thus, equation (15) simplifies to

E f

(
k∑

i=1
ξn,i +

m(n)∑
i=k+1

ζn,i

)
−E f

(
k−1∑
i=1

ξn,i +
m(n)∑
i=k

ζn,i

)
= ERn,k (A)+ERn,k (B),

and so by (14), ∣∣∣∣E f

(
m(n)∑
i=1

ξn,i

)
−E f

(
m(n)∑
i=1

ζn,i

)∣∣∣∣≤ m(n)∑
k=1

|ERn,k (A)+ERn,k (B)|.

The Lindeberg condition (10) implies that for any δ> 0 the limsup of the right side is ≤ 2δ. Since δ> 0 is
arbitrary, the result (13) follows.
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