
STATISTICS 383: MEASURE-THEORETIC PROBABILITY II
HOMEWORK ASSIGNMENT
DUE MONDAY APRIL 8, 2019

Problem 1. Show that for any Borel measurable set B ⊂ [0, 1]

lim
n→∞

∫
B

cos(2πnx) dx = lim
n→∞

∫
B

sin(2πnx) dx = 0.

HINT: Use the fact that the functions e2πinx = cos(2πnx) + i sin(2πinx) are an orthonormal basis
for the (complex) Hilbert space L2[0, 1].

Problem 2. Calculate

inf
a,b,c∈R

∫ 1

−1
|x3 − ax2 − bx− c|2 dx,

and show that the infimum is attained at a unique triple (a, b, c).

Problem 3. Let {un}n∈N be a countably infinite orthonormal set in a Hilbert set H .

(a) Show that the set {un}n∈N is not compact, but is closed and bounded. Thus, the Heine-Borel
theorem does not hold in infinite-dimensional Hilbert spaces.

(b) Let αn be a sequence of nonnegative real numbers such that
∑∞
n=1 α

2
n <∞, and define A to

be the set of all x ∈ H with expansions x =
∑∞
n=1 βnun, where |βn| ≤ αn for all n. Show that A is

compact.

Problem 4. A σ−algebra F on Ω is said to be countably generated if there is a countable set {Fn}n≥1
of subsets of Ω such that F is the smallest σ−algebra containing all of the sets Fn.

(a) Prove that if F is countably generated then for any probability measure P on (Ω,F) and
every 1 ≤ p < ∞ the space Lp(Ω,F , P ) is separable. HINT: It is enough to show that there is a
countable set {Bn} ⊂ F such that for every F ∈ F and every ε > 0 there is some Bm such that
P (Bn∆F ) < ε.

(b) Prove that if F is countably generated then there is a real-valued, F−measurable random
variable X such that F = σ(X). (Recall that σ(X) is the smallest σ−algebra with respect to which
X is measurable; equivalently, it is the σ−algebra consisting of all events of the form {X ∈ B}
where B is a Borel subset of R.) HINT: Let {An}n∈N be a countable set of generators for F . Try
to define X is such a way that the value of X simultaneously encodes the values of all of the
indicators 1An

.

NOTE. It is also an easy fact that if F = σ(X) then every F−measurable random variable is a Borel
measurable function of X . If you don’t know this already you should try to prove it.
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