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Abstract

We consider the theory of correctors to homogenization in stationary transport equations
with rapidly oscillating, random coefficients. Let ¢ < 1 be the ratio of the correlation length
in the random medium to the overall distance of propagation. As e | 0, we show that the
heterogeneous transport solution is well-approximated by a homogeneous transport solution.
We then show that the rescaled corrector converges in (probability) distribution and weakly
in the space and velocity variables, to a Gaussian process as an application of a central limit
result. The latter result requires strong assumptions on the statistical structure of randomness
and is proved only for random processes constructed by means of a Poisson point process.

1 Introduction

Partial differential equations with rapidly varying coefficients arise naturally in many important
applications, such as e.g. composite material sciences, nuclear sciences, porous media equations,
and Earth science as in e.g. climate modeling. It is often necessary to model such heterogeneous
structures at the macroscopic level because the computational costs at the fine structure are
prohibitive and because the microscopic structure is typically not well known. Macroscopic equa-
tions are derived usually for two types of heterogeneities: periodic heterogeneities and random
heterogeneities. In both cases, a single parameter ¢ < 1, the correlation length in the hetero-
geneous medium, models the size of the heterogeneities related to the overall size of observation
of the phenomenon. Under fairly generic ergodicity assumptions, the heterogeneous solution is
shown to converge to the solution of a homogeneous (homogenized) equation; see e.g. [12, 25]. At
this level, there is relatively little difference, except possibly at the mathematical level, between
homogenization in periodic media and homogenization in random media.

It is often important to understand the error caused by replacing a heterogeneous solution by a
homogenized approximation, for instance when such an error generates errors in the solution of an
estimation (inverse) problem; see e.g. [11]. At the level of correctors, modeling the heterogeneities
as random or periodic yields very different answers. Whereas correctors to homogenization are
often well understood (and are typically of order O(g)) in the periodic setting [12], this is not
the case in the random setting, where random correctors can be arbitrarily larger than their
deterministic, periodic, counterparts. In spite of its importance, the theory of random correctors
to homogenization is rather poorly understood. For some of the available results in the setting of
elliptic equations, we refer the reader to [4, 5, 7, 15, 23, 33].

This paper concerns the theory of correctors to the homogenization of linear transport (linear
Boltzmann) equations. We consider the stationary case here although the results extend to the



evolution equation as well. Homogenization theory for transport equations is well understood in
fairly arbitrary ergodic random media, see e.g. [22, 26, 28]; see also e.g. [1, 13] for homogenization
of transport in the periodic case. In this paper, we develop a theory for the random corrector.
We first provide a bound for the corrector in energy norm. We then show that weakly in space
and velocity variables, the random corrector converges in probability to a Gaussian field. This
result may be seen as an application of a central limit correction as in e.g. [5, 23]. The results are
shown for a specific structure of the random coefficients based on a Poisson point process. The
resulting random coefficients have then short-range interactions. Whereas the results should hold
for more general processes, it is clear that much more severe restrictions than mere ergodicity as
in [22] must be imposed on the random structure in order to obtain a full characterization of the
limiting behavior of the corrector. This is also the case for elliptic equations as may be seen in
e.g. [b, 7]

The rest of the paper is structured as follows. In section 2, we present our main assumptions
and the main results of the paper on the theory of the random corrector to homogenization.
Section 3 recalls results on the transport equation and Poisson point processes that are useful in
the derivation. The proof of the results is postponed to sections 4 for the error estimate in energy
norm and 5 for the random limit of the corrector. Some technical results are postponed to the
appendix.

2 Main results on the theory of random correctors

The linear transport equation finds applications in many areas of science, including neutron
transport [20, 29], atmospheric science [16, 27], propagation of high frequency waves [3, 30, 31]
and the propagation of photons in many medical imaging applications [2, 6]. In many settings,
the coefficients in the transport equation oscillate at a very fine scale and may not be known
explicitly. In such situations, it is necessary to model such coefficients as random [22, 26].

The density of particles u.(x,v) at position z and velocity v is modeled by the following
transport equation with random attenuation and scattering coefficients:

v Vaue + as(z,w)us — / ke(z,v', v;w)ue(z,0")dv' =0, (z,v) € X x V, )
14

ue(x,v) = g(z,v), (z,v) eT_

Here X is an open, bounded, subset in R? for d = 2,3 spatial dimension, and V is the velocity
space, which here will be V = §91, the unit sphere to simplify the presentation. The sets T's
are the sets of outgoing and incoming conditions, defined by

Iy :={(z,v)|z € 0X, +v,-v > 0} (2)

where 0X is the boundary of X, assumed to be smooth, and the normal vector to X at x € 0X
is denoted by v,.

The constitutive parameters in the transport equation are the total attenuation coefficient
a. and the scattering coefficient k.. The above transport equation admits a unique solution in
appropriate spaces [8, 19, 29] provided that these coefficients are non-negative and attenuation is
larger than scattering (see below). When the coefficients are modeled as random, such constraints
need to be ensured almost surely in the space of probability. We assume here that a. and k.
are measurable random fields constructed on an abstract probability space (2, F,P) where a



stattonary spatial Poisson point process is constructed. We call {yj} the points of the process
with intensity e~%v. Properties of this process of importance in the paper are recalled in section
3. The intrinsic attenuation and scattering coeflicients are constructed as follows:

re(, Zw) = agofe) + 3 v(—2)
N JEN o ys' (3)
e(z, —w) = ko() + D o(——),
JEN

where a,g and kg are positive deterministic continuous functions and where ¢ and ¢ are smooth,
non-negative, compactly supported, functions in the unit ball (to simplify). The physical impor-
tance of this model is that the constitutive parameters consist of two parts: a continuous low
frequency background media and random inclusions that increase attenuation and scattering.

We thus assume that scattering in (1) is isotropic, i.e., that k. is independent of the velocities

v and v of the particles before and after collision. Here, a,. is the intrinsic attenuation, cor-

responding to particles that are absorbed by the medium and whose energy is transformed into
heat. The total attenuation coefficient is defined as

x x

as(x) == a’r’&‘(mv g) + Cdké‘(xv ng)a

where ¢y is the volume of the unit sphere in dimension d.

Note that the above random coeflicients are bounded in X P-a.s. since the probability of
infinite clustering of points in a given bounded domain is zero. However, clustering may occur
so that a. and k. are not bounded uniformly in the variable w. By construction, since a,. is a
positive function on X and a. and k. are positive and bounded P-a.s., classical theories [8, 19, 29]
of existence of unique solutions to (1) may be invoked P-a.s.

Let a := Ea,, k := Ek., and a, := Ea,. where E is the mathematical expectation associated
to measure P. Let us then define ug as the solution to (1) where a. and k. are replaced by their
averages a and k, respectively. Then, consistently with the results shown in [22], we expect u.
to converge to ug. Our first result is to obtain an error estimate for the corrector u. — ug in the
“energy” norm L2(2, L?(X x V')). More precisely, we have the following result.

Theorem 2.1. Let dimension d > 2. Suppose that the random coefficients a., k. are constructed
as in (3) and that arg is bounded from above by a positive constant. Suppose also that g € L*°(I'_)
so that ug € L*°(X x V). Then we have the following estimate

1 1
(Ellus —uolz2)® < Cez — 0, (4)
as € goes to zero.

The above result shows that the corrector (. := u. — up may be as large as /. It turns out
that the size of the corrector (. very much depends on the scale at which we observe it. Point-
wise, (. is indeed of size \/e. However, once it is averaged over a sufficiently large domain (in
space and velocities), then it may take very different values. Firstly, (. needs to be decomposed
as us — E{u.} plus E{u:. — up}. The latter term corresponds to deterministic correctors, which
may be larger than the random corrector. The next two theorems are devoted to the limits of
these correctors.



Let dare := are —E{a,c}, and let 0k = k. — k. By construction, they are mean zero, stationary
random fields. We can then define the autocorrelation function of da,. as

Ruo(x) = E{darc(y)dar(y + x)}. (5)

By stationarity, the above right-hand side is independent of y. As we will show in Section 3, we
have

Roe(w) = Ra(2). where Ra(x) =v | (o = y)bly)dy = vi s b (a). (6)

Similarly, we can define Ry, as the autocorrelation function of §k., and define R, as the cross-
correlation function of the two fields, and they can be written as Rj(2) and Rqx(Z) respectively
where

Ri(z) =vox*o(x), and Ru(x) = v * o(x). (7)

We also denote the integration over R? of the autocorrelation functions R, and Ry, by
2 2
o2 :/ Ry (x)dx = 1/( ¢(:C)dx> , oF :/ Ry(x)dx = V( ¢(x)dx) , (8)
Rd Rd Rd Rd

with ¢, and o}, non-negative numbers. We then verify that the integration over R? of the cross-
correlation functions R,j is 04,0%. That is, the correlation of the fields is p,x = 1. This is not
surprising considering our construction, and (3) can be modified as in (15) below to yield p,r < 1.
For instance, if yj in the second line in (3) is replaced by zj, where the latter is another Poisson
point process independent of Y5, then we find that p,, = 0. To simplify, we shall present all

derivations with the model (3) knowing that all results extend to more complex models such as
(15) below.

Consider a point € X, and v € V and let us denote the traveling time from = to 0.X along
direction v (respectively —v) by 74 (x,v) (respectively 7_(z,v)) given by

T+ (z,v) =sup{t > 0:xttve X}.

Let x,y be two points in X, we define the amount of attenuation between x and y as

lz—yl r—
E(z,y) :exp{—/o a(x—s‘x_z‘)ds}.

We also define F(z,y,z) = E(x,y)E(y,z). Recall the definition of uy and denote its angular
integral by @g. Then we have the following limit for the deterministic corrector.

Theorem 2.2. Let dimension d = 2,3. Under the same conditions of the previous theorem, we
have

(x,v) = Uz,v) (9)
weakly, where U(x,v) is the solution of the homogeneous (deterministic) transport equation

v- VU +a(z)U — k(x) /V U(z,v")dv" = q(x,v), (10)

with a volume source term q(x,v) given by:

q(z,v) :/R<Ra(tv)uo(a:,v) — Rgx(tv)ug(x) —/V (Rak (tw)uo(z, w) — Rk(tw)uo(x))dw) dt. (11)



The above theorem presents a convergence of the corrector weakly in space. Under mild
assumptions, we can show that the deterministic corrector is of order O(e) also point-wise in
(z,v), and is thus independent of the scale at which it is observed. This is not the case for the
random corrector u. — E{u.}. Let 7 be the size of the latter term. Point-wise, this term is of
size /¢ with v = £ (i.e., is a random variable of variance O(¢)). However, weakly in space and

d
velocities, this term is of order £2 with thus v = % in all dimensions, hence much smaller than its
point-wise value in dimension d > 2.

In this paper, we concentrate on the size of the corrector taken as a distribution in the space,
velocity, and random, variables. Calculations in [8] shows the following behaviors for point-wise
values of the corrector.

1. For a fixed (z,v) € X x V, the variance of the random variable w — (.(z,v;w) is of order

¢ for all dimensions d > 2 so that v = % This property, which arises from integrating
random fields along (one-dimensional) lines, is quite different from the behavior of solutions

to elliptic equations considered in e.g. [5, 23].

2. For a fixed x € X, let us consider the average of (. over directions and introduce the random
variable J.(z,w) := [, (-(-,v)dv. The variance of J.(x) is of order £%|loge| in dimension
two (with €7 replaced by ¢|log 5]%), and 2 in dimension d > 3 with then v = 1. Angular
averaging therefore significantly reduces the variance of the corrector.

3. Let us consider the random variable Y;(w) as the average of J. over all positions. The
variance of Y, is of order ¢ in dimension d > 2 with then v = %. This is consistent with
the main result described below. Weakly in space and velocities, the random corrector is of
smallest size.

The scaling ~ therefore depends on the scale at which the corrector is observed.

This paper considers u. — E{u.} as a random field and aims at characterizing its limit as
€ — 0 weakly in space and velocity. The correct scaling will be v = %l. Let us consider a
collection of sufficiently smooth functions M;, 1 <[ < L, and we seek for the limit distribution of

(My, ue — E{u.}) where (-,-) denote the integration of a pair of Holder conjugate functions.

Let M; be the solution of the following adjoint transport equation:

— v VoM + aM; — / k(x, v, 0 My(z,v)dv' = M;, (z,v) € X XV,
v

M(z,v) =0, (z,v) € 'y,

and define m; := (my1, my2)’, where

mpy = —/ My(x,v)uo(z,v)dv, and mg = —cqmp +/
1%

uo(z, v)dv/ My(z,v)dv.
v v

The limiting distribution of the stochastic corrector weakly in space and velocity is shown to be
Gaussian. More precisely, we have the following theorem.

Theorem 2.3. Let dimension d = 2,3. Under the same condition of Theorem 2.1, we have

i CO SN = [ ) -dw i) (13)

5‘2



The convergence here should be interpreted as convergence in distribution of random variables.
The two-dimensional multivariate Wiener process W (y) = (Wa(y), Wi(y)) satisfies that

ol Pak0 O'k)
EdW (y) ® dW (y) = Xdy := “ Y dy. 14
) o awy) =sdy = 70 R gy (1)

The notation ® above denotes the outer product of vectors.

Remark 2.4. More general attenuation and scattering models. In the above construction
using (3), par = 1 as we mentioned so that in fact, Wy, = Z—’:Wa in distribution. The above theorem
generalizes to more complex models of attenuation and scattering. For instance, consider

ars(SUag’ _a7"0 +Zz¢l

ll]GN

ks(ﬂfag —kO +ZZQZ

=1 jeN

z—:l

(15)

Here, the profile functions ¢; and g; for 1 <1 < L < oo are smooth compactly supported non-
negative functions, and the Poisson point processes {yj.’l}lglg 1, are independent possibly with
different intensities e~%y. Physically, these Poisson point processes model different types of
inclusions that may absorb and/or scatter. The matrix ¥ still takes the form above while o, o,

and pgr now take the form:

o2 — EL:W < 3 wl(x)dx>2, =% u (/ Ql(x)dx>2,
pak = (0aop) ! Zm/ wl(a:)dx/d oi(z)dx.

To simplify the presentation, we shall only consider the model (3) of random media.

Remark 2.5. We can rewrite I; as

Il(w):/X ( )dW / vVmp&my: dW (16)

where : is the Frobenius inner product of matrices, and W(y) is the standard one dimensional
multivariate Wiener process. The equivalence of the two formulations is easily verified by com-
puting their variance. The formulation in (13) displays the linear dependence of the correctors in
da,, 0k at the price of introducing two correlated Wiener measures as for elliptic equations [5].

Remark 2.6. Recall the adjoint transport equation of the form (12). Let G.(x,v,y,v’) be the
Greens function of this equation, i.e., the solution when the source term is §,(z)d,(v), and define

Ka(Z,v,Y) ::/ Gi(z,v,y,v")dv'ug(z,v)
v

(17)
Ki(2,0,Y) := cqkq -l—/ Gz, v,y,v")dv'tip(z).
%4
The convergence in the theorem can be restated as
—E
7%(35 v :>/ Ka(Z,05Y), ki (z,v5y)) - dW (y) (18)
€2

where W (y) is as in the theorem. This convergence is weak in space and velocity and in distribu-
tion. As we remarked earlier, the convergence does not hold point-wise in (z,v).



3 Transport equation and random structures

In the first part of this section, we recall and adapt classical results on linear transport equations.
We show that the solution operator is a continuous linear transform on LP(X x V') for all p € [1, oo},
and that the operator norm can be bounded uniformly when the coefficients are not uniformly
bounded. This property is crucial to us because ||ac||zo, ||kz|| Lo are not uniform in ¢ (and w) due
to possible clustering. We also show that sufficiently high orders of scattering admits bounded
Schwartz kernel, which simplifies the analysis greatly.

In the second part of this section, we derive useful features of the processes da., dk. introduced
earlier. We show that they are stationary, p-mixing, and that high-order statistical moments admit
explicit expressions.

3.1 Transport equations and regularity results

We observe that the corrector (. satisfies

v Vel +alc — k/ Ce(z,v")dv' = —dacue + (51{5/ ue(x,v")dv', (19)
1% 1%

with vanishing conditions on I'_. The mathematical theory for such an equation is well-established;
see [19, Chap. XXI] and [13, 17, 9, 32]. To simplify our presentation, we introduce the standard
notation:

Tﬂf:v‘vxf7 Alf:afu A2f: _/ k(mvvvv/)f(xvv/)dvl'
1%
Ti=To+ A, T=1T+ As.

Let us also set
WP.={fe (X xV), Tof € LP(X xV)},

and define the following differential or integro-differential operators:
Tf=Tif, Tf =Tf, D(T1) = D(T) ={f e WP, flr_ = 0}.

The fact that a function in WP has trace on I'y is proved in [17, 19]. The transport equation with
volume source f(x,v) and vanishing boundary condition can be written in the following compact
form

Tu = f.
When (a, k) is replaced by (ae, kc), then the corresponding operators are denoted by T. and T;;.

We say the coefficients (a, k) are admissible if the following conditions are satisfied.

1. a,k >0, a.e. and a € L.

2. k(x,v,v) is integrable in v’ for a.e. (x,v) and is integrable in v for a.e. (x,v").

We say the problem is subcritical if in addition
a, =a— / k(z,v,v")dv' > >0 and a— / k(z,v',v)dv > 8> 0. (20)
1% 1%

for some real number § > 0. When £ is isotropic, the last condition is simply a — cgk > 3 > 0.



For the free transport equation T1u = f, an application of the method of characteristics yields
the following explicit solution:

7_(z,v)
u(x,v) =T f = / E(z,x —tv) f(x — tv,v)dt.
0

We easily verify the following property for Tl_l.

Proposition 3.1. Let the transport equation be subcritical with parameter 3. Then the solution
operator T is a bounded linear transform on LP(X x V) for all p € [1,00]. Moreover,

1T fllze < e8] f o,
where ¢ is the diameter of the domain X, i.e, § 1= sup, yex v —yl|.

The full transport equation may be seen as a perturbation of free transport. It is proved in
[19] using semi-group techniques that T~! is a bounded linear transform on LP for all 1 < p < co.
We will need a more accurate descriptions of the transport solution operator written in integral
form and thus introduce the operators K and K as:

T—(z,v)
Ku =T Ayu = —/ E(z,x — tv) / k(z — tv,v,v")u(z — tv,v")dv'.
0 \%

T_(x,0")
Ku = AyT7 u = —/ / E(z,z — tv")k(z,v,0")u(x — tv',v")dtdv’
vV Jo
_ _/ E(z,y)k(z,v,v')
X

|z — y[d-1

u(y,v')dy
with v' = (z — y)/|x — y| above. Their importance may be understood from the relations
T!'={I+K)'T{' and T ' =T ' T +K)~

The two equalities are obtained in the L> and L' settings by standard algebraic manipulations.
In [9], it is shown using this approach that the operator norm of K can be bounded by 1 — e=59,
Hence by Proposition 3.1, T~! is bounded by § in the L' setting while similar techniques apply in
the L setting with K. Hence, we have the following result as an application of the Riesz-Thorin
interpolation.

Proposition 3.2. Let the transport equation be subcritical with parameter 3. Then, the solution
operator T~ is a bounded linear transform on LP(X x V') for all p € [1,00] and

1T~ fllze < 6l flzv.

Remark 3.3. The above bound does not depend on the value of ||a|| g, ||k|| . This ensures that
| T | r— v is uniformly bounded as long as the subcritical condition is satisfied with a uniform
bound [ even when ||ac||zo, ||ke||z are not uniformly controlled.

We verify that T~! admits the following Neumann series expansion:
T ! =T T+ T2+

The analysis of T~! can be done term by term. However, to avoid dealing with an infinite series,
we group the scattering contributions of sufficient large order together so as to analyze a finite



sum of operators. This is done by showing that (I + K)~'C%! has a bounded kernel so that
multiple scatterings of order at least d + 1 can be grouped together. To show this, we observe
that when acting on functions of the spatial variable only, K : L'(X) — L'(X) has the following
expression:

Then we have the following estimate on the kernel of (I + KC)~1C4+!,

Lemma 3.4. Let the coefficients (a, k) be subcritical, then the operator (I + K)~1KHL admits a
Schwartz kernel that is a bounded function. That is to say,

(14807 1) = [ ey (21)
and |la(z,y)|| Lo (xx x) < 00.
PROOF: The kernel of K is a function given by k(z,y) = —%, so that the kernel of Kt!

1S:

ks (z,y) = (_1)d+1/ /‘C(UC)ZE(%Zl)k(zl)E(zla@)"'k‘(zd)E(Zd,y)leded.

xd |z — 21|97 21 — 29|47t f2g — y|dt
Thanks to the convolution lemma A.1, we see that this kernel is bounded.

For the kernel of (I + k)~ K4+ we first write it as K9+ (1 + K)~! and denote it by £. Then
for any ¢ € L'(X) and v € L'(X), we verify the following.

(Lo, ) x = /X2 kar1(z,y) (1 +K) ') () (@)dedy < |lkarillz (1 + ) ppa @l 9l

The last inequality holds because the integration in x and y are separated. Therefore, we have
shown that

L0l < Coll@] 11, (22)

where Cj is the constant appearing in the preceding inequality. The Schwartz kernel theorem [24]
shows the existence of a distribution o on X x X such that (Lo, ) x = (a, p ®@1)) x x x for smooth
functions ¢ and ¢ in D(X). Moreover, thanks to (22), we obtain that « is a function in the z
variable and that

sup <O‘(x7')7¢>XHLg°(X) < Co.
H¢||L1(X):1

Thus for a.e. z € X, supH¢||L1(X>:1<a(:U, ),6)x < Cp so that for a.e. x € X, the linear form
(a(z,-), @) satisfies

(o, ), 6)x = /X oz, y)é(y)dy,

with a(z,y) € L°(X) by the Riesz representation stating that (L'(X))’ = L°°(X). This shows
that £ may be represented as in (21) with a € L>®(X x X). O

An immediate corollary is the following,.

Corollary 3.5. Under the same condition as above, we have the following decomposition.
T'f =T (f - Kf +KKf) (23)

where K is a weakly singular integral operator with a kernel bounded by Clz —y|~!, d = 2,3.



PROOF: It remains to rewrite the Neumann series as
T f =T f —TUKF + T 4 -+ (1)LLK f
L e 29
=T (f - Kf+ Q_ (1K + (=1)L)K ).

j=1

The lemma shows that £ admits a bounded kernel. We are left with a finite number of operators
K7,5 =1,2,--- ,d to consider. The Schwartz kernels of these operators are explicit and can be
estimated using the convolution lemma A.1. They are all bounded by C|z — y|'~%, and so is the
kernel of K := Z?zl(—l)jfll@ +(=1)4c. O

The theories developed for the forward transport equation apply with no modification to the
adjoint transport equation, which we have used in the definition of M; in (12). We denote

T 1w = —Tou+ Aru, T u=T"u— Aju, D(T*) = D(T*) ={ue WP ulp, =0}. (25)

Here A, is of the same form as A with v and v’ switched in the function k. In our case, since k
is assumed to be isotropic, A} and Ag are the same. We obtain similar expressions for T*l_l, K*
and K*. Under the same subcritical condition as before, we also have that T*l_1 and T* ! are
bounded linear transforms on LP(X x V') for all p € [1,00]. Also, for any pair of functions that
are Holder continuous, we find that:

(u, T w) = (T* u, w). (26)

3.2 Random inclusions of attenuation and scattering kernel

In this section, we exhibit some useful properties of the random model (3). In the model, the de-
terministic functions a,¢ and kg are continuous and slowly varying, and satisfies the subcriticality
condition. The random part can be viewed as additional heterogeneous inclusions of attenuation
and scattering kernels. The centers of these inclusions are y; and they are distributed as a spatial
Poisson point process. The profiles of the inclusions are ¢ and g, which are nonnegative smooth
functions compactly supported on the unit ball. Similar models have been considered [23, 10].

Let (Q,F,P) be some probability space. A stationary spatial Poisson point process with
intensity v is a countable subset Y, := {y;} C R? such that for any set A in the Borel algebra
%(R%), the random variable N (A) defined as the cardinality of ANY,,, satisfies Poisson distribution
with intensity v|A|, i.e.,
e~ (] A

m)!

P{N(A) <m} = : (27)

where |A| is the Lebesgue measure of A. Further, for any positive integer n > 2 and mutually
disjoint Borel sets Ay, --- , A, the random variables N(A;), 1 <1i < n are independent. The map
A+ N(A) is a counting measure on Z(R%) and is called the Poisson counting measure.

Stationary property. The stationarity of such a Poisson point process is due to the fact
that the distribution of N(A) depends only on |A| but not on the position of A. Therefore,
N(A; + 2),--- N(A, + 2) have the same distribution with N(A4;),---, N(A,) for any z € R? and
A; € B(R%). By construction, the coefficients a,. — a,q and k. — ko are also stationary.

Scaling property. Let Y, = {y;} be a Poisson point process with intensity v, and Y,-a, = {yj }
be the one defined before with intensity e %v. Then e7'Y._4, has the same distribution as Y.

10



This is easily verified by:

efvs_d\sA| (I/Eid‘z’;‘ADm

m)!

)

P{Y_ Xea(yf) < m) = B{N(eAY, )} =

and that e~%cA| = |A|. As a result, if we define

a,” (z;w) = Z@Z}(:v — (W), K (z;w) = Z o(z — y;(w)), (28)

then a,.” (g) and k¥ (g) have the same distribution with a,. —a,q and k. —kg respectively. Therefore,
to derive moments formula for the latter, it suffices to derive them for the former and evaluate
the results at position _.

Mixing property. Recall that a random field ¢(x,w) is said to be strong mizing if for any two
Borel sets A, B C R?, the o-algebra F4 and Fp generated by g|4 and g|p respectively decorrelate
fast enough as the distance of the two sets increases. We refer the readers to [21] for more accurate
definition and quantitative characterization of varieties of mixing properties. For Poisson point
process, as long as A and B are disjoint, two random variables which depend only on points in
A and B respectively are independent. By construction, as long as A and B are separated more
than twice the support of the profile functions, the processes e.g., da,, restricted on A and B are
independent. Hence, the random model (3) is strong mixing, actually they are m-independent;
see [21].

3.2.1 Moments formulas for the random fields

Mean and autocorrelation functions. Since a,” is stationary, its mean is a constant. It can
be calculated conditioning on N(Bj(z)) as follows.

Ea,” = EZ Yz —y;) = Z_:l P{N (B (z) = m}]E(z; Uz — ) |N(Bi(z)) = m).

Here, we denote the m points that land in Bi(z) as y}. Recall that conditioned on N(4) = m,
the m points y§ are independent, identically and uniformly distributed on A, see [18, pp. 47]. We

have
o0

v —vay Paa)™ dz -
Ea,” = mz::le Td!m /Bl(z) P(x — z)a—d =v » P(z)dz =: v)(0).

Here, ag denotes the volume of the unit ball in R?. Then it follows that Ea,.(z) = arq(z)+v1(0).
Recall the definition of da,., we see it has the same distribution as éa,” (%) := a," (%) — v1)(0)
and is stationary and mean-zero. Similarly, Ek. = ko + m/}, and dk. can be identified with
OkV (%) :==k"(Z) — vk(0), and da. with the combination of the two.

Now we calculate the autocorrelation function of da,” and then evaluate the result at = to get
the autocorrelation function of da,.. For simplicity, we will drop the superscript v in the notation.

We have,
2
E(dar (1)da,(22) = E]] S (@i — y;) — (0 (0))2

i=15>1

11



Since 1) is compactly supported on the unit ball, only those y;’s that are in the set A = UB(x;)
contribute to the product, and A is a bounded set. Again, we calculate the expectation condi-
tioning on N(A). The object is now:

o¢] m m

3 i A" VIA! Zw Ly =) Y e — g — o)) [N (A) = m)

m=1 i.j=1,i#]

—y / Y(x1 — 2)ip(w — 2)dz + (1)(0))?
(z1)NB(z2)

where we have used again the property that conditioned on N(A) = m, the m points are inde-
pendent and uniformly distributed in A. Hence, we also have

Ro(z —y) = E(da,(x)dar(y)) = v x (2 — y).

We verify that this is a function of the variable x —y and it is compactly supported in this variable.
Now, the autocorrelation function of da,. is just R,(Z). Similarly we can derive formulas for Ry
and R, and verify that they are as given in Section 2.

Higher order moments of da,. and dk.. Our proof of the main results depends on the fact
that we have explicit expressions for moments (up to the eighth order for d = 2,3) of the random
fields. A systematic formula for higher order moments of da, is derived in Appendix B. We cite
the results here.

We denote the set {1,2,--- ,n} by [n]. An array (ni,ng,--- ,ny) satisfying that Zle n,=mn
and 1 < np < ng < --- < nyg is called a partition of n. If such a partition satisfies further that
ni > 2, then we say it is non-single. Let P, be the set of all partitions of n, and let ¥, be the set
of non-single partitions of n. Then for dk (and similarly for other coefficients), we have

E{[[ok)y= Z [T @) 2, (29)
i=1

(1, ng)€Y, £=1 j=1

For a given (ni,---,ni) € %,, the index ¢ represents the choice of dividing [n] (hence {z;},1 <
i < n) into disjoint groups of size n;. The label ¢,n; on x represents the particular choice of
partition. The functions T¥(-) are defined as:

T (21, Tny) 1= V/Hw(mi — z)dz. (30)
i=1

Then for dk., we just need to evaluate the above formula at -.

In particular, the fourth order moments of the random model, say k., is given by

E{Hék }_V/HQ—Z (31)
+ Rg(l‘l — 29)R(x3 — x4) + Re(xo — x3)Re (21 — 24) + Re(21 — x3)Re (2 — 24).

Here and below, we will use the notation that 7:” = T" (%) and R. = R(%).

12



3.2.2 LP boundedness of the random fields

From the construction of a,., k., we see that they are not uniformly bounded due to the possible
(though rare) clustering of y;’s in a small set. Nevertheless, when the LP norm is considered, the
random fields are bounded uniformly in €. In fact, we have

Lemma 3.6. The random fields such defined are in L™ (), L™ (X)) forn > 1:
Ellarel[zn + El[k |7 < C(n)
where C(n) does not depend on e.

PROOF: Since the result for n odd follows from the result for n + 1, which is even, we set n = 2m
and have

2m _ T 2m .
E{6kel|28n} = /X E(Ske (x))*™d

We use the formula for high order moments, and since in our case all the 2m variables are the
same, we need to evaluate the terms 77 in (29) at 0. Since we assumed that the function o is
Cg°, all the integrals are finite. Therefore, we obtain a bound independent of €. Control of the
attenuation coefficient is obtained in the same way. [

In the next two sections, we prove the main results with the random field model (3). However,
the same procedure of proof applies to more general random models. The main required features of
the process are: (i) a,. and k. are nonnegative, stationary, and P-a.s bounded; (ii) The mean-zero
process a,. — E{a,c} and k. — E{k.} have the same distribution as da,(Z) and 6k(Z) respectively
for some stationary random fields da, and dk; (iii) The random fields da, and dk have correlation
functions { R, Rak, Ry} that are integrable in all directions and over the whole domain; (iv) The
random fields da, and Jk admit explicit expressions for their moments up to the eighth order
(assuming d = 2, 3); see the proofs below for a more quantitative statement.

4 Proof of Theorem 2.1 and homogenization theory

In this section, we prove Theorem 2.1, which states that the solutions to the random equations
converge in energy norm to the solution of the homogenized equation. We show that the corrector
can be decomposed into two parts. The leading part satisfies a homogeneous transport equation
with a random volume source, and the other part is much smaller. This theorem works for all
dimension d > 2.

We can now view (19) as T(. = A.u. where A, is an operator defined by A, f = —Sa.f+ 0k f.
Let x. = T~'A.ug and we verify that

Ce = Xe + Ze,

where T.z. = A.x.. Hence, we introduce the following key lemmas on solutions of transport
equations with interior source of the form A.q, and A.x. and vanishing boundary conditions.

Lemma 4.1. Assume d > 3. Let q(x,v) € L®(X x V) and define
_(z,v)
Xe(z,v) = / E(z,xz — tv)(=dac(x — tv)q(z — tv,v) + dk-(x — tv)q(z — tv))dt,
0

13



the solution to T1x. = Acq. Then for any integer n > 1, we have
E|lx:llEn < Cne?lgllE, E[IXellZ» < Cne™llqlZo- (32)
Further, solving the equation Tiu = dacx. yields
E| Ty 0acxel2n < CellalZee- (33)
When d = 2, the term €™ in the second and third estimates should be replaced by €™|log 5\%

PRrROOF: Since the domain X x V' is bounded, we only need to consider the case n even.

1. Control of x. without averaging. We can rewrite Y. as a sum of integrals of a. and k..
Using Minkowski’s inequality, it is sufficient to control them separately and the proof for both
terms is handled similarly. We consider

7—(z,v) "
I = / </ E(z,x — tv)das(x — tv)q(x — tv, v)> dxdv.
XxV 0

Taking expectation, we have
T n
EL :/ / dtl-'-/ HE )q(z — tiv,v) EHéaE(x—tiv)dxdv
XxV JO i=1
where 7_ = 7_(z,v). Recall that we have an expression for the n—th order moments:

Rk Ln; L bng tf ng b

Eﬁdae(:n—tiv): Z Z HT” t —h v, . 1 ‘U)
i=1 j=

(n1, g )€Yn

This expression is a sum of integrable functions. Hence, for each (¢,n;), we change variable

(tf’nj — tﬁ’nj )/e — tf’nj , and assume that vug is uniformly bounded. Then we have

X><V (n1 q

'n ng k _—
o Z ; f ¢
EIlSC Z Z Hé_nj 1/ Mg /an_lTnJ( ng o ny )
cg (=1 j=1

Since T is integrable in all directions, we see that all the integrals above are finite and hence
we find that
EL < Cnllg|[feee™ =5,

From the definition of non—smgle partition of n, we know k < & to make sure that n; > 2,j =
1,---, k. Hence ming(n — k) = 5. This yields the first estimate. We mention that C,, depends on
n through p,, and on the size of X.

2. Control of the average of x.. Again, we consider the a. term only. Recall the change of

@ £(y,v)
—tv,v)dtdv = | —F——| .., dy. 34
/V /0 F — tv,v)dtdo /X e WY (34)

We rewrite the term as

variable

/ / E(z,z — tv)(—das(x — tv))q(x — tv,v)dtdv = E @,y 5|Zsl )q(y7 é:;)dy

14



The term we wish to analyze is now

ne [ (L (y’é:iﬂdy)ndx
/d‘r/n<H |x_xy?|Jch S )H(Saa s vl

Here and in the sequel, d[y; - - - yn] = dy1 - - - dy,. Upon taking expectation, we have

E[2<CHQHL°°// H|m_ AT 1EH(5a5yz

Now we use the formula for high-order moments again and obtain

Ln; Lm; Z,nj e, n;
J J
AT L T
Y Y I

L |d-1 ’
n;

EL<c Y Z /H/

4,
(N1, np)e¥  £=1 " |:E ng|d L.

e —y

There are many terms to estimate, which are all analyzed in the same manner. We consider a

term with fixed k,n; and £. For each T™, it is a function of yf’nj — yf

variables

iy
"7. Hence, we change

Ln; ln;
Y; — U ln; {n; {n; . .
%_)yz ja$_91]—>y1 J7Z:17"'7nj7j:17"'7k‘

Then the integral of this term becomes
k 4n; ln;
i Tnj( ja 7yn J) 4 4
dr Hgd(nj—l) / dyffn] / J d[y Ly J].
_ £, £ Ing, g 2 nj
/X =1 X (/e |y ™ | Ty ey ™ — g0

We will call this term I5,;. We need to control the k integrals inside the product sign, which are
controlled in the same manner. We use the so-called Voronoi diagram of points. Let us consider

one of integral with (¢,n;) fixed and denote yf’nj as y; to simplify the notation. Now we only

need to control - .
/ dy// T"J(y2,.., Un,)
2X ! RN (VA L H o lYh — eyild™ v

For almost all ¢4, - - - ,y;lj, we can consider the Voronoi diagram formed by ey}, - - - ,5%]-' For any
fixed 4, when v} is inside the cell of ey},

1 .
v — ey > 5\&-3/; —eyy|, VI #1.

Then if we replace y; — ey; by €(y; — y;)/2, the integral increases. Hence we have:

Tn](y27”' 7y;7,)
I, <elmi=b / dy/ 5 Ay - - yn,)-
" Z ox 14| % 1!2/1 eyjl 4=t Jpong-na [T (27 1)Ly — ypld-1 o+t

(35)
When d = 3, after integrating in yj, we thus obtain the bound
'I'nj(yé7 e ’y/ )
(C1e(ny—1)d—(n;~2)(d~1)~(d~2) / m) g "
o0 T T W — g 22 b (30)
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Here, we used Lemma A.1 for the integral over y;. Hence this term is of order £" once we obtain
that the integral is bounded. Recalling the definition of 7™, we can rewrite this integral as

z — y /
C d d .
rl[} |yl|d 2 l;g[l |yZ /|d 1 z [ yn]} (37)
_ /@b P(z ) o
“/gddz¢*z)}/ o st T [

I£1,i

The integrals inside the product sign are bounded uniformly in z — y} since

V(2 —y; —yp) V(2 —y; — )
/ p- Cdy; + 7; —dy; < |||l peeca + (|9l
yjI<1 |y yy|>1 A

Thus we need to estimate

PERE Wi~ [ v (45 s ) @

R2d ‘yz

This integral is clearly bounded since ¢ | - |~%*! is bounded and %) is compactly supported.

Hence each I, is of order " and therefore I3 is of order ¢". In the case when n = 2, by
Lemma (A.1), the integral over y] above should be replaced by a logarithm function, and each
I,; has a contribution of £"|logel; therefore, I3 is of order £"|log g[maxk. Again, k > % for all
the non-single partitions. Hence, I is of order ¢"|loge|2

3. Proof of the third estimates. The third estimate is a consequence of the first two. First we
can write Tl_lAEXg as

TfléaETfléaEq - Tfléanglfﬂﬂgq + T10k:(Xe)-

The first two terms are analyzed as in 1. While considering the L™ norm of this term, we have
2n terms of da., 6k, which all yield contributions of order €. For the third term, we use the
inequality that
_ _ Lo 1
E| Ty ke XellTn < ClEl|0k=[|75.)2 [El X[ 73.]2

and the fact that E[|k.||33, is bounded. Application of the second estimate completes the proof.
(]

We can generalize these estimates to the case when T} is replaced by T above. For T~1A4, T~ !A4.q,
we have:

Corollary 4.2. Under the same condition, replace Tq in previous lemma by T. Then for any
integer n > 1, we have that when d > 3,

E[T™ " Acqllfn < Cne?llgllEe,  E[T-TAcqllfn < Cuc"llql2 (38)

and if we iterate again,
EIT™ AT Acql|n < Cne™[llZee- (39)

In dimension two, " in the second and third estimate is replaced by €"|log €|%
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PROOF: First, we have
T!'=T'-T!'K=T;'-T 41" (40)

Since T~ A, is bounded L™ — L", we can replace T by T in the first estimate and in the first
instance where T appears in third estimates. For the second estimate, we have

T 1A.q=T['A.q - T-1KA.q.

The first term above is exactly the third item in the previous lemma. The second term above is
bounded by C||KAq||z» and it is exactly the second estimate in the previous lemma.

For the replacement of second T in the third estimate, we first write
T AT 'Aq =T AT P Ag — T TALT 1K Ag.
The first term is that in the lemma, and the second terms is estimated as follows:
1T AT K Asqlln < T |z ([[6ae ]| on + [10Kz]| L2 ) [IT | 2n - 20 [ K Asg]| 2.

Then we use the inequality (a + b)" < Cp(a™ + b™) for a,b > 0, take the expectation and apply
the Cauchy-Schwarz inequality to get the result. O

Remark 4.3. All the results hold when T is replaced by T* in the lemmas.

We are now ready to prove the first main result.

PrROOF OF THEOREM 2.1: We assume that d > 3. Only slight modifications left to the reader
are needed when d = 2. Assume uy € L™ which is verified when g € L>°(T'_). Let x. = T~ A.uy.
We write (- = x¢ + 2. and ]EHXEH%2 < Ce by the previous lemmas, and it remains to analyze z.,
which can be rewrite as the sum of of z1, := —T;léagxg and zg. := T 8k.X.. From the previous
lemma and the fact that k. is in L*, we conclude that

1 _ 1
EllkeXel72 < [Ellkel7a)Z [ElX:]I74]2 < Ce®.

Then we recall that T;! is a bounded linear transform on L? and the bound is uniform in € as
long as we have a uniform subcriticality condition, which can be verified if a,q > 3. Therefore,

we have
EHTe_lk’eX_sH%Q < HT5_1||%2—>L2EHI€€>_(€H%2 < 052'

To control z1¢, first we observe that
Rle = Tﬁl(_éaa)XE + (T;I - Til)(_(saa)Xa = Z11e + Z12¢-

For z11., we use the third estimate in Corollary 4.2 and EHZMEH%Q < Ce2. For the z9. term, we
notice that it satisfies the equation
T.212: = Ac211e-

We then control the L? norm of zj9. by that of A.z11.. We have
_ 1 1
Ellz12¢ |72 < CI T 72 2 [Ellac 7o + Elldke 742 [Ell211e]|74)2 < C*.

Hence we have shown that E| 2|3, < Ce?. The proof is now complete. [
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5 Proof of Theorem 2.2 and 2.3: a weak CLT result

The main steps of the proof are as follows. As an application of the central limit theorem, we
expect the fluctuations to be of order £% with thus a variance of order O(e?). Any contribution
smaller than the latter order can thus be neglected. However, there are deterministic corrections
of order larger than or equal to £%. We need to capture such correctors explicitly.

The deterministic and random correctors are obtained by expanding (19) as T(. = Acuo+A-(:
in powers of A.. The number of terms in the expansion depends on dimension. We first consider
the simpler case d = 2 and then address the case d = 3. Higher-order dimensions could be handled
similarly but require tedious higher-order expansions in A, which are not considered here.

The derivation of the results are shown for random processes based on the Poisson point
process described earlier for simplicity. As will become clear in the proof, what we need is that
moments of order 24 2d (i.e., 6 in d = 2 and 8 in d = 3) of the random process be controlled. Any
process that satisfies similar estimates would therefore lead to the same structure of the correctors
as in the case of Poisson point process. Such estimates are however much more constraining than
assuming statistical invariance and ergodicity, which is sufficient for homogenization [22]. For
similar conclusions for elliptic equations, we refer the reader to e.g. [5, 7, 23].

5.1 The case of two dimensions
As outlined above, we have the iteration formula:
=T YAoug+ T 1A T A ug + T 1A T AL, (41)

Let M by a test functions on X x V| say continuous and compactly supported on X. After
integration against this function on both sides of the expansion, we have

(¢, M) = (Acug, m) + (AT 1 Acug, m) + (AT 1AL, m). (42)

Here we define m = T* 1 M. We need to estimate the mean and variance of each term on the right
hand side. We will show that in two dimensions, this expansion suffices. Weakly, the first term
is mean-zero but is the leading-order term for the variance. The second term has a component
whose mean is of order € and converges to U as in Theorem 2.2. The other components of the
second and third terms are shown to be smaller than 2 both in mean and in variance (weakly).
The following lemmas prove these statements.

Let us call the terms in (42) as Ji, J and Ry, respectively. Since wug is deterministic, and da.
and k. are mean-zero, we obtain that J; is mean-zero. Its variance is easily seen to be of order
e? and will be investigated later in detail. For the term Jy, we use the decomposition of T~! and
recast it as

Jo = (AT Acug, m) + (AT K Acug, m) + (AT KK Acug, m),
and call the terms Jo1, Joo, and Jos. Then we have the following estimates for them.

Lemma 5.1. Assume the same condition of Theorem 2.1 hold. Let d = 2. Then we have
(i) The mean of Ja1 is of order € and more precisely,

E(A.T; ' Acug, m) = e(U, M) + o(e) (43)
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where U(x,v) is the solution to (10).
(ii) For the variance of Ja1, we have

Var {Jo1} < Ce??|loge| < 2. (44)

(iii) For Jay and Ja3, we have
EJ2, < Ce?|loge|?, EJ2; < O (45)

Hence E|Joj;| for j = 2,3 are much smaller than et
In dimension three, (i) is similar, and the logarithm in (ii) and (iii) can be dropped.

PROOF: (1) The mean of Jo1. This term has an explicit expression.
_(z,v)
Jo1 :/ m(z,v) / [E(z, 2 — tv)(6as(x)das (@ — tv)ug — dac(2)dk. (x — tv)to)
XXV 0

T (z,W)
+ / / E(z,z — sw)( — 6k (z)dac(z — sw)ug + 0ke(x)0k:(x — sw)to)dw]dtdvdz.
vJo

After taking expectation, we need to estimate

7—(z,0) ) v
EJo = /XXV m(x,v) /0 [E(as, x — tv) (Ra(%)uo(:ﬂ —tv,v) — Rak(%)ﬂo(x — tv))

7 (zw) sw sw
+ / / E(z,z — sw)( — Rap(—)uo(z — sw,w) + Ry(—)to(z — sw))dw]dtdvdz.
v Jo € €
Then we change variables g to t and 2 to s and obtain the following limit:

lin%e_l]Eng I/Xxvm(ﬂf,v)/R [Ra(tv)uo(%v)*Rak(tv)ﬂo(l‘))

E—

+ / (= Rak(tw)uo(z, w) + Ry, (tw)io(x))dw] dtdvda.
y

The right hand side above is exactly (M, U) by definition.

(2) The variance of Jo1. The moments and cross-correlations of the random coefficients da.
and Jk. satisfy similar estimates. In the analysis of Jy1, we therefore focus on the term that
is quadratic in da. knowing that the other three terms involving dk. are estimated in the same
manner. We call I; the term quadratic in da. to simplify notation, and using the change of
variables (34), rewrite it as

_(z,v)
L = / m(x,v)da.(x) / E(xz,z — tv)das(x — tv)ug(z — tv, v)dtdzdv
XxV 0

T —y das(x)da(y) T—y
= m(x, —— ) E(x, uo (Y, dtdxdy.
Joomte = B S . sy

Then Var (I;) = E(I; — EL)? can be written as

/ m(x, v)m(z’, v )uo(y, v)uo(y, v')E(x,y)E(x', )
X4 |z — y|d=ta! — yf|d-t

(E[dacs(z)dac(y)das(x")da:(y')] — E[das(z)da(y)|E[dac(x")da:(v)])d]x"y zy).
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Now recalling the formula (31) for the fourth-order moment, we see that in the three choices of
pairing the four points, the one that pairs x with y and 2’ with 3/ is the most singular term. Indeed,
it is precisely EI? and we’ve shown it is of order 2. However, this terms does not contribute to
the variance, where only smaller terms appear.

Indeed, assuming that m and ug are uniformly bounded, we have

1 y—x ' —x 3y —x
Var (I;) < C T ,
w ()< C [ (TS T )

.'L‘/ l

REZDHREZD R RE ).

We estimate the three integrals. For the first integral, we change variables (y — z)/e — 1y,
(' —x)/e — 2/, and (y — z)/e — y'. Then the integral becomes

T (y, ', y)|
3d—2(d—1)/ d / Ty, 2,y d
€ x ywy
X (X=2)3 lyl9= ! — /|91 ey

We replace the integration domain of [y, 2’,7'] to R3?. The resulting integral is finite:

T4(y, 2
L. \y||d (|w y\)ff'l ve'yl </ W e )dz> ‘

d+2

The first integral gives a contribution of order ¢ to the variance.

The other two integrals are handled in a similar way. Noting the symmetry between z’ and
y', we consider only the second integral. We change variables (x — ') /e — z, (y —v')/e — y, and

(' —y)/e — 2'. Then, we have
|R(EZ)R(ZL)|

|R(2Z)R(¥Y)] , /
d = € d /
/x4 o — yld—llw’ - y'\d—l S Bl O v g o P s s

1
d )|d dr’.
/ Y /RQd vl [xy] /X |2" + ex|d—1]z! + ey|d-1 v

For the integral in 2/, we use the convolution lemma A.1. In dimension two, the integral is
bounded by C(|log |z — y|| + | loge|). Hence, the above integral is bounded by

CIx| <62d| ogel [ IR@IRG)dsdy+2 [ RG)R()log o - y|dxdy) |
R2d R2d

Again, the integrals are bounded. The first one is trivial. The second one is again a convolution
of a compactly supported function with a locally integrable function. This yields a contribution
of order £%|loge| in dimension two and £%*2 in dimension three.

Observe that 2d = d + 2 in dimension two. We conclude that
Var {I;} < C|X|||ugm||2ec?*?|loge|.

(3) The absolute mean of Jao. We recast Jog as

T*("“’ E(z — tv,y)d —tv —
/ (z,v)dac(x )/ / (z = tv, ) 35(1 )uo(y, L )d[ytx]
X><V 0 Yl T =

|z — tv —

5&5 5@6
/)(3m |3;_y|)‘ |§ 3|z—( )|d1 uo(y, |Z_z|)d[:vzy]
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Using the decomposition of the fourth order moments, the problem reduces to estimating similar
integrals as was done before. Since there is another integration in z, this term is more regular
than the ballistic part and the mean square of this term is negligible compared to the random
fluctuations. We have

/ / / / /
EJ2, <C A= 2T Y Ty gAYy (Y R(E—Y g —Y
heo [ (TSI I rE O RE )+ D R
x—x y—1y 1 L
d .
+ |R( )R( . )D|x—z\dfl\z—y]dflla:’—z’|d*1|z’—y’]d*1 [zyza'y 2]

We integrate over z and 2’ first. Using the convolution lemma, we obtain

REY)

/ / /
EJL < [ (T2 =2 Y 0 ()R
hee [ (TR TR RO R

r—x

)1+ IR

/ /

T—y -y
+|R(——)R(— ) Nog |z — y|log |2" — ¢/||d[zya’y/].

The most singular term arises when the correlation function and the logarithmic functions have
the same singularity. These most singular terms are treated as follows. For the integral

/ /

=1y T =y
| R( )R( )|[log |z — y|log |2’ — y'||d[zya"y'],
X4 g g

we change variables (z — y)/e — y and (2’ —9')/e — 9/ and the integral is bounded by
g

Hogel? [ o) ([ 1001ar)

The integral is finite for the same reasons as before.

The other contributions in the variance of Jog are negligible compared to this contribution.
For the third integral, which is identical with the fourth integral, we need to control
x—1a

y—y
X4|R( ) R(— )| log |z — y|log 2" — o/||d[zyz"y'].

We first change variables (z — 2')/e — 2/, (y —y')/e — ¢/, and x — y — y, and then use the
convolution lemma A.l in the integral in y. Observe that the integral of the product of log
functions on bounded domains is uniformly bounded. Hence we find that this term is of order
2d

g“e,

For the first integral involving 7%, after changing variables, we need to consider
11 (1082l [ [T 0a', )iy’ ] + 4T 0o o oo o’ — o 'y

and the integrals converge as before. Hence, the contribution to the variance is of order 3?|log ¢|2.
To summarize, we have obtained that

Var (Jag) < €24, EJ3, < &% logel?.

In dimension three, the logarithm terms can be eliminated.
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(4) The absolute mean of Jog. This term has the following expression:

_(z,v) E
/ m(x,v)éas(x)/ E(xz,z — tv) / O(x — tv, 2) (2, 5351 v o(y, v)d[yztzv]
XxV 0 |z =yl

:/ m(:c,v) (1’,€> (57 ) (zvy)UO(yv )d

o Tz — ot ezl

where v = (x — &)|z — &7 and v' = (2 — y)|z — y| ™. Assume that m and ug are bounded. Then
E.J% can be bounded by

E[dac(z)dac(y)das(z')das(y')]

© Jyo T €T~ ATz — gl — gl — 2T T

///]

The analysis of this term is exactly as in (ii). We integrate over &, ¢’ first and then z, 2’. Then all
potentials disappear in two dimensions and integrable logarithm terms emerge in three dimensions
and hence we find that

Var (Joz) < €24, EJ3; < &%

This completes the proof when d = 2. In three dimensions, the only change needed is to discard
the logarithm terms in part (2) above. O

Next we consider the remainder term R;. Recall that (. = x. + 2.. We see that R; can be
written as

Ry = (AT YA T Y ALug,m) + (AT 1Az, m)
We will call them Ri; and Rio respectively. We have the following estimates.

Lemma 5.2. Assume the same conditions as in the previous lemma. Then we have:
d
(i) The absolute mean of Ri2 is smaller than 2. More precisely, we have

E[(A. T 1Az, m)| < ng\ log5|é < et
mn dimension d = 2.

(i) The absolute mean of the term Ry1 is also smaller than 3. More precisely, we have

d
2,

E[{(A. T YA T 1 Acug, m)| < Ce?|loge| < e

in dimension d = 2. When d = 3, the size is €°.

PROOF: (1) The term Ris. Use the duality relation we can write this term as (z., A, T* 1 A.m).
Then we have

E|Ris| < C{E||z|[22} 2 {E(||0ac||3e + |[6k=1a) 5 {EIIT* ! Aeml|£a}5.

Using lemma 3.6 and corollary 4.2, and the fact that E||z||2, < Ce?|loge| derived in the proof of
Theorem 2.1, the three terms on the right-hand side above are of size |log 5|%, order O(1), and
6%, respectively.

(2) The term Ry;. Write this term as (A.T ! A uo, T*_IAEm), and use the decomposition of
T and T*. Then we have

Ry = (AT Acug, T Acm) — (AT Acug, T UK Acm) — (AT HUC Acug, T Acm).
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We will call them I, Io and I3 respectively. Then Iy and I3 are of the same form and can be
controlled as follows:

1 1 1
E|b| < C{E|IT™ ATy Acuol 72} 2 {E(|1da: 74 + |0ke|I74)} # {E[ K" Acmn |4} 7.

We then use lemma 3.6 and corollary 4.2 again to obtain the desired control for I and similarly
for 13.

For I, we only need to consider the term <T*I1Agm,6a€Tf1A€u0> because the other com-
ponent is as Is and is controlled in the same manner. We still call this term I; and it has the

T+
/ </ E(z,x + tv)da.(x + tv)m(x + tv, v)dt)
XxV
da.(z </ E(z,z — sv)das(x — sv)up(x — sv v)d5> dzdv

expression:

where 74 are short for 74 (z,v). Assume that m and wy are uniformly bounded. The mean square
of I; is bounded by

G/XQXW /OT+ /OT /OT+ /OTE[éaa(x—l-tv)éag(x)éaa(x—sv)

das(x' +t'v')das(x')das (2’ — s'v")]d[s't sta'v' zv].

We use the high-order moment formula again, and then need to control several integrals involving
T™i’s. The analysis is exactly the same as the previous lemma although there are more terms.

Let us divide the six-point set into two categories: the first one consists of x,x + tv,x — sv
and the second one consists of z’, 2’ + t/v/, 2’ — s’v'. The non-single partitions of a six-point set
include group of (2,2,2), (2,4) and (3,3). Among these groupings, there is one term where only
points from the same category are grouped together; it is the following:

(z,v) T (z' ') 10,0
C/ / / t—v —ﬁ dtds/ / t—,—ﬂ)dt ds'd[zz'v'].
X2xV2 €

Change variable and recall that T° is integrable along all directions. We see this term is of order

et

For all other partitions except some terms in the pattern (2,2,2) which we will discuss later,
there is at least one point from the first category and one from the second category that are
grouped together; without loss of generality we can assume x and z’ are grouped together. In
the (3,3) grouping pattern, there is another point from the same category of either z or x’ that
is grouped with them. This y1elds a term of the form T3(“ z’ ,%’) and after routine change of
variables, the integration of 2’ yields a term of size £ and the integration of ¢ yields another
multiplication by a term of order ¢ so that the whole integral is no larger than order 9*1
Similarly, if  and 2’ are grouped together in a (2,4) pattern, the same analysis holds and we still
have enough variables to integrate and the term is no larger than ¢4+,

For the pattern (2,2,2), the terms of the form

C/XQXVQ/ / / / R —a R(:z:—x’—gtv—i-t’v’)

X R (x — +€sv = ))dzyvwtst's'],
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needs separate consideration. For this term, we can use change of variables in tv — tv' to an
integration over a two-dimension region and integration over ﬁ for some angular variable. In
two dimension, this is of order €%*2|loge|, and in dimension three this is of order ¢4*2. The
lemma, is proved. [

Now we are ready to prove the last two main theorems in the case of d = 2. However, we will
postpone it after briefly discussing the case of d = 3.
5.2 Extension to dimension three

The analysis for .Jy still holds in dimension three. However, the estimate on R; is not sufficient
and we need to push the iteration to have one additional term:

(Ce, M) = (Acug, m) + (AT Aug, m) + (AT LA T Aug, m) 4+ (AT LA T LA, m). (46)

Let us call the third above term J3 and the fourth Rs. Then J3 is precisely the first component
of Ry in dimension two and has been estimated in Lemma 5.2. Now it suffices to estimate R».
We first rewrite this term as

Ry = (AT 'AT YA T Acug, m) + (AT PAT 1Az, m).
Call them Ro; and Rao respectively and we have the following lemma.

Lemma 5.3. Under the same condition of previous lemmas, let d = 3. We have
d

(i) For the absolute mean of Raa, we have E|Rag| < Ce? < e2.

(ii) For the term Ra1, we have E|Rg| < Ce? <« 7.

PROOF: (1) The term Ray. We can write this term as <A525,T**1AET**1AEm>. Then it is
controlled as follows.

_ o 1 1 1
E|Ras| < C{E|T* AT~ Acm|[74} 4 {B||0ke |74 + Eldac |74} {E| 12|72} 7 < C=*.
(2) The term Ra;. We can write this term as <A5T_1A5T_1A5u0,T*_IIC*AEm). Using the
decomposition of 1" and T* we can break this term into four components. The same analysis as

in Lemma 5.2 applies and we only need to consider the term <5a5Tf15a5Tf1A5u0, T*flAgm). It
has the expression:

T_(zw) pr—(z—tvw) pr(z,0)
/ / / / daz(z) (uoE(z, z — tv)da.(x — tv)ug
XxV JO 0 0

X BE(z — tv,z — tv — t1v)das(z — tv — t1v)ugE(z, © + sv)dac(z + sv))d[tszv].

Then ER3, is bounded by

C/X2XV2/ / // / / {50 ()50 (e — t0)San(e — to — tr0)Sa(e 1 s0)

Sac(y)dac(y — t'w)daz(y — t'w — thw)dac(y + s'w))dlzyvwtst t's't]].

Then we use the eighth order moments formula.
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For non-single partitions of eight points, the patterns are (2,2,2,2), (2,2,4), (2,3,3), (2,6), (3,5)
and (4,4). Again, we divide the points into two categories, the first one including z,z — tv,z —
tv — t1v, x + sv, and the second including 2/, 2" — t'v', 2/ — t'v' — t}v', 2’ + s'v'. Now the partitions
when only points from the same category are grouped together yields the following term:

C ( /X » /O b /O " B {Sac(2)0a. (z — tv)das(z — to — tyv)dac(z + sv)d[ttlsxv]>2 |

We have seen that this term is of order (¢2)2. For all other partitions, z and 2’ are grouped
together, and except for some terms in the pattern (2,2,2,2) which we will discuss later, there is
another independent ¢ variable that can be integrated over. Therefore, these terms are of order
no larger than @+,

In the pattern (2,2,2,2), the terms of the form

S A R A R A

_ *t *t t/ / t - ol
(x x' —tv 81U+ (U )R(x T +€sv s'v ))d[a:vatstltlsltll],

need separate consideration. As in the previous lemma, we can change variable in tv —t'v’. These
terms are of order eét2. Hence the lemma is proved. OJ

5.3 Limit of the deterministic corrector

With the results above, the proof of Theorem 2.2 is immediate.
PROOF OF THEOREM 2.2: In dimension 2 and 3, consider the expansion (42) or (46), we see

the only term whose contribution to E{(.} is larger than e is (AT Acug,m) and its limit is
already derived in Lemma 5.1. [J

5.4 Limit distribution of the random corrector

The following result follows immediately from the lemmas proved earlier in this section.

Lemma 5.4. Under the same conditions as in Theorem 2.1, let d = 2,3. We have

—E

E| (g, Caidfa — 5*%T71A5u0>| < E%]logs\% — 0. (47)

£2
This lemma states that (¢ — Egg)s:*% converges to sng_lAguo weakly and in mean (root
mean square), which implies convergence weakly and in distribution. Therefore, we seek the
limiting distribution of:

_d Y ,— _
(p,e 2T Acug) = —e~ 2((T* ', Sarcun) + (T, ko (—tig + cqup))).

When ¢ is taken to be M;,1 <1 < L as in the section on main results, the resulting random
variables are

e =74 [ - (oa (D). 0k())de, (48)
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where m is defined in Section 2.

As in Remark 2.5, proving Theorem 2.3 is equivalent to prove that {I;.} converge in distri-
bution to mean zero Gaussian random variables {I;(w)}, whose covariance matrix of the random
variables I; is given by

ELI; = /mlimljag + (miimaj + maimi;)pakTaok + mgimgjazd:z = /mi ®@m; : Xdzx.  (49)

Here, the covariance matrix ¥ is defined in (14).

Note that Ij. is an oscillatory integral. Convergence of such integrals to a Gaussian random
variable can be seen as a generalization of the Central Limit Theorem which is classically stated for
independent sequences of random variables. Generalizations to processes on lattice points which
are not independent but “independent in the limit”, usually shown through mizing properties of
the process, are done in the probability literature; see e.g. [14]. Generalizations to oscillatory
integrals are done in [5] under similar mizing conditions. We will follow the procedure of the
latter paper, to which we refer the reader for omitted details.

ProoOF oF THEOREM 2.3: For simplicity we assume that ug and hence m; are continuous.

1. Observe that if we approximate m; by piece-wise constant functions m;p, which we define
in the next step, the corresponding integrals I;;. approximate [, in mean square and uniformly
in e, that is,

E(line — Lie)* < Cllmyp, — my| 7. (50)
This is due to the fact that R,, R, Ry are integrable. Hence we can consider the limit distribution
of I, lhe -

2. Now we explicit our choice of my,. We use a uniform mesh of size h to divide the domain
into small cubes of size h. On each cube that is contained in X (and the cubes that intersect with
the boundary will be omitted), we replace m; in the integral I;. by its value at the grid point, say
the center point. That is,

1
Tipej = /mlhy — 5ar( , )5k‘( w))'dy
E2

where C]h is the j-th cube and h is its size (size of its sides). The vector my; is the vector function
my evaluated at the center of C]h. Neglecting small boundary contributions, Ij,. = Z}'le Iipej
where J is the total number of cubes and is of order A~

3. Then we can show that the variables Ij;,.; are independent in the limit € | 0, so the limiting
distribution of Ij;. is the sum of the limiting distribution of Ijj;.

4. Without loss of generality, let us consider the limit distribution of I;;.9 which corresponds
to the cube around 0 (which we assume is inside X). We divide the cube further into N = %
smaller cubes uniformly. We find

d
h\ 2
Ilh50:<N) / Q(y7w)dy:<> > / q(y,w — > G ()
CN 2
i€ZInCcN i€ZINCN

Here, CV is the cube of size N and C;’s are the unit cubes in C. Hence i runs over a part of Z¢
that belongs to CV. For simplicity, we used the notation

Gi =/ q(y)dy, q(y) = muno - (dar(y,w), 0k(y,w))".

C;

26



We also use the fact that da,., 0k. are stationary hence we can assume the cubes are centered at
lattice points on Z<.

5. Then we recall CLT for mixing processes parameterized by lattice points, which states that
1
oN 5

Z Gi — N(07 1)7 (52)

i€ZNCN

in distribution as N — oo, where AV(0, 1) is the standard normal distribution, and 0 = 3", ;4 E(qod;).-
Therefore, we have Ijpe; — N(0, ojz-hd) where

o= E@d) =) E /c g - (8ar, 0k) (y)dy /c 1 - (dar, 0k)(2)dz

i€zd i€zd
= Mypj @ mlhj/c dy/d dzE[(day, 6k)(y) @ (dar, 6k)(z)] (53)
A R
2
= Myp; & Mypj - ( %a /%kU;Uk) -
PakTaCk o
Then we see Ijj. — Zj N (0,0]2) = Iy, which is a Gaussian random variable with variance

fmlh ® myp, : 2dy.
6. Then we pass to the limit h — 0 to get the result. [J

Remark 5.5. The CLT of oscillatory integral developed in [5] assumes that the function my is
continuous. Generalization to the case when my; is in L? is straightforward since continuous
functions are dense in L?. We cannot generalize this further because for the resulted Gaussian
variable to have a bounded variance, we need m € L2.

Remark 5.6. From the estimates on the mean and variance of the terms on the right hand side of
the expansion, we see that E{(.} in the theorem can be replaced by the mean of T_lAETl_lAgu()
because other terms have contributions to the mean of size smaller than the random fluctuations.
Furthermore, when R, and the other correlations decay fast so that rR is integrable in each
direction, which is the case in our model, then E{(.} can be replaced by eU(z,v).

Remark 5.7. Anisotropic scattering kernel. For simplicity, we assumed that scattering k. was
isotropic. All the results presented here generalize to the case k.(x,v',v) = k.(z)f(v,v’), where
f(v,v") is a known, bounded, function and k. is defined as before. All the required L™ estimates
used in the derivation are clearly satisfied in this setting.

Generalization to scattering kernels of the form

where J is finite and Y}’s are the spherical harmonics and the terms k. ; are defined as k.(x) above
is also possible. In this case, we need to deal with a finite system of integral equations and the
analysis is therefore slightly more cumbersome.

Acknowledgment: We would like to thank Alexandre Jollivet for discussions on the theory
of transport. The work was supported in part by NSF Grants DMS-0554097 and DMS-0804696.
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A Estimates of convolution of potentials

Lemma A.1. Let X be an open and bounded subset in R%, and x # y two points in X. Let o, 3
be positive numbers in (0,d). We have the following convolution results.

1. Ifa+ (B >d, then

1 1 1
. <(C 54
/X|z—:c|a =P < Oyt (54)

2. Ifa+ B =d, then

1 1
/ 5 < O(|log e — gl + 1) (55)
X —yl

|z —xl* |z

3. If a+ B < d, then

/ L 1 ¢ (56)
x |z =zl |z —ylP

The convolution of logarithms with a weak singular potential turns out to be finite as follows:

1
1 —z||[——— < 1. 57
[ oz = all—— < (57)

The above constants do not depend on the distance between x and y.
PROOF: Let p = |z —y|. Let the C;, Cy be spheres with radius p centered at « and y respectively,
and B, B, the balls enclosed. The common section of the two balls divide their union into two
symmetric parts, one containing x and the other containing y. Let D, Dy denote the two parts
respectively and D3 the remaining part in X. On Dy, |z — z| > p/2, hence

1 1 1 1 1
/ dz < / dz < 5
Dy 12— z[* |z —yl? P8 Jp, |z — x| path=

Similarly we have the same conclusion on Dy. On Ds, it is clear that |z —x|/2 < |z —y| < 2|z — x|,

and hence we have
1 1 1
- ﬂdZ S Wdz
by 2=l [z~ 9] by 2l

In the case of o + 3 > d, the last integral is bounded by p~* #*9; in the case of a + 8 < d,
the integral is bounded since the domain is bounded; in the case of a + 8 = d, the last integral
is bounded by |logp| plus some constant depending on the diameter of X. However, we are
interested in x close to y and hence the logarithm term dominates. This completes the first part
of the lemma.

Using the same procedure and the fact that

R
1
[0 < o
o T

for all bounded R and § > 0, the second part is similarly proved. [
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B Higher order moments of random fields

As remarked in section 3, it suffices to derive the statistics of processes of the form

o0

w) = dla —y;(w)), (58)
j=1

where Y = {y;} is a Poisson point process with intensity v. We denote by b the mean-zero
process b — Eb. We develop a systematic formula for the n-th order moment of b and 6b. The
moments and cross-moments of the random model (3) then follows.

The moments of b are expectations of product of sums. We recall that [n] denotes the set
{1,2,--- ,n}, that P, is the set of all partitions of n, i.e., the set of arrays (n1, ne, - - - , ny) satisfying
that Zle ni=nand 1 <ny <ng <--- <ng, and that ¥, is the set of non-single partitions of
n, i.e., ny > 2. Define a partition of [n] to be a collection of nonempty mutually disjoint subsets
{A;} such that UA; = [n]. The total number of all possible partitions of [n] is finite and they are
exhausted by first finding all partitions of n, and then for any fixed (ny,--- ,ng) € Py, finding all
possible ways to divide the set [n] into different groups of size n;,i = 1,--- , k. Observe also that
for any given {x1,---,x,}, it can be identified with [n] under the obvious isomorphism. Hence,
these two steps also exhaust all possible ways to divide the set {z;},1 < i < n into different
groups. For a generic term among these grouping methods, a point can be labeled as :L‘Eg’nj ) where
nj,1 < j <k comes from the partition of n; once {n;} fixed, ¢ counts the way to divide [n] (hence
{x;}) into groups with size nj, and it runs from 1 to Cp"""""*; i is the natural order inside the
group.

Now, we calculate E ]} b(x;) conditioning on N(A) where A = UB(z;). We have,

IEHb = > e A B TT 5 e, — N () = ).

m=1 i=1 j=1
The product of sums can be written as

M1, Mg
'm Cn k nj

1> é@i-v)= Z Z ITIT o™ - o). (59)
i=1j=1

(n1,+,ng)EPn P=1 = j=1li=1

Here P¥,m > k counts the number of way to choose k different numbers from [m]. It corresponds
to choosing k different points from the m Poisson points in the set A and assign them to the k
groups, and y“? represents the choice. The expectation of the product of sums are calculated as
follows.

n

Cl'nkkn]

o n
Sy $ S IHTow -y
m=1 (n1, ,ng)EPL p=1 = Jj=li=1

> Hv/m (60
(1, ,mg)EPy  £=1 j=1
>

M
o dn; 4
HT”J(QZ‘I ]7"' 7$njj)‘
Jj=1

(’nl,“'ﬂ’bk)epn =1
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We verify that this function only depends on the relative distance between the points x;. This
is due to the stationarity of the Poisson point process.

To derive higher order moments of §b, we observe that

n Cr~ ™ n—m
N

[Tsb(i) = [ Tlb(:) = ve(0)] = Y (~vg(0)™ [T > o™ — ). (61)
i=1

=1 m=0 s=1 =1 j=1

Here s numbers the ways to choose n — m points from the x;’s and the chosen points are labeled
by s,n —m with (relative natural) order i. Then we have the following formula.

Lemma B.1. Let %, be defined as before. For the mean-zero process §b, we have

ny, g k

n Ch
E([[ob@)y= 3> > TI7%@™, e (62)
4, =1 =1

i=1 (n1, i) E€EYn

The only difference of this formula with that of the higher order moments of b is the change
from P, to ¢4,. This is due to the fact that all the 7" terms, i.e., terms with v¢(0), cancel out
and we are left with the terms 7™ with n; > 2. The proof below follows this observation.

ProOOF: Combining the formula for E][ > ¢(z; — y;) and the expression of [[b(z;), we observe
that the moment E []b(x;) consists of terms of the form:

k

+(v(0) [T (63)

J=1

where n; > 2, k <n—1[and > nj =n — 1. The terms with [ = 0 are exactly those in (62). We
show that all the other terms with [ > 1 vanish. Without loss of generality, we consider the term

(V(Z)(O))lTnl (.%1, e 7xn1)Tn2 (wnﬁ-lv e axnz) R A (xnk,l—&-l, T 7xnk)' (64)

This term corresponds to the partition that groups the points with indices between n;_1 + 1 and
n; together for 1 <1 < k (with ng = 0). The last [ points contribute the term (r¢(0)).

This term appears in the expectation of the right hand side of (61) with m =0,1,--- 1. It is
counted once in the expectation of the term with m = 0. It is counted C’l1 times in the expectation
of terms with m = 1. The reason is as follows. For the m = 1 term, first we choose a point which
contributes (v$(0)), then we partition the set with n — 1 points. There are C ways to choose
this point, and view the other [ — 1 points as coming from the partition of the n — 1 points. By
the same token, this term is counted C7 times in (61) with m = 2, and so on. It is counted C’ll
times with m = [. Note also that for different values of m, the signs of the term alternate. Now

recall the combinatoric equality
l

> (-1vFct =o. (65)

k=0
Hence the term we are considering vanishes. In general, all terms with [ # 0 vanish. This com-
pletes the proof. [J
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