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Abstract

This paper concerns the derivation of a Fokker-Planck equation for the correlation of two
high frequency wave fields propagating in two different random media. The mismatch between
the random media need be small, on the order of the wavelength, and their correlation length
need be large relative to the wavelength. The loss of correlation caused by the mismatch in the
random media is quantified. The derivation is based on a random Liouville equation to model
high frequency correlations and on the method of characteristics to characterize mixing in the
random Liouville equation. Applications of such correlation loss include the monitoring in time
of random media and the analysis of time reversed waves in changing heterogeneous domains.

1 Introduction

The energy density of high frequency waves propagating in highly heterogeneous media can be
modeled by a Fokker-Planck equation in the phase space, i.e., the space of positions and momenta.
We refer to e.g. [2] for a mathematical derivation of such a macroscopic model for the wave energy
density. The main assumption on the heterogeneous medium is that it is a random medium with a
very large correlation length relative to the typical wavelength in the system. The Fokker-Planck
equation may be seen as a highly-peaked-forward-scattering approximation to the radiative transfer
equations, which are also used in the modeling of the energy density of waves in heterogeneous media
when correlation length and wavelength are comparable; see e.g. [1, 5, §].

Such macroscopic models for waves in random media can more generally be used to quantify
the correlation function of two wave fields propagating in possibly two different media [1]. This
has application in the temporal monitoring of the statistical properties of random media as well as
in the analysis of the refocusing of time reversed waves [4, 3, 7]. This paper analyzes the effect of
changes in the random media on the two-field correlation. In the Fokker-Planck regime, the two-field
correlation decays as the two media separate and we present a quantitative estimate of such a decay.

Although the results in this paper generalize to fairly large classes of waves such as e.g., acoustic
waves as in [2]. electromagnetic waves, and elastic waves (see [8]) we restrict ourselves to the case of a
scalar Schrodinger equation to simplify. This models the effect of heterogeneities on a single particle
represented by a quantum wave function. The changes in the heterogeneous medium considered here
are sufficiently small so that the correlation of the two fields, one propagating in the unperturbed
medium and the other one propagationg in the perturbed medium, still satisfies a random Liouville
equation in the high frequency limit. The techniques used in [2] are then generalized to this new
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random Liouville equation. The limiting equation, of Fokker-Planck type, is obtained in the vanishing
limit of the correlation length of the heterogeneous medium. Its derivation is based on the mixing
properties of the bicharacteristics of a random Hamiltonian, as in [2], and on the mixing properties
of a highly oscillatory functional of such bicharacteristics, which is the main new result obtained in
this paper.

The rest of the paper is organized as follows. Section 2 presents the random Schrédinger equations
and the limiting random Liouville equation for the Wigner transform of the two wave fields, which is
the Fourier transform in the offset variable of the correlation function of the two fields. It next reviews
in subsection sub:review the results obtained in [2] while adapting them to the case of a random
Schrodinger equation. Finally in subsection 2.2 it derives the generalized Fokker-Planck equations
(see (2.23) below) by formal analysis. The latter result is obtained rigorously in sections 3 and 4.
The derivation of the Fokker-Planck equation is deduced from the limiting law (as the correlation
length of the random medium goes to zero) of the bicharacteristics of the random Hamiltonian and
of functionals of such bicharacteristics. The limiting law is presented in Theorem 2.1 below. The
proof of Theorem 2.1 is postponed to section 4.

2 The random momenta Liouville equation

We consider the evolution of the correlation function of two solutions of the Schrédinger equation
with a light mismatch between the random potentials but with the same initial data. The function
1. satisfies

20 < A~ Vil =0 (2.1)
and the function ¢. satisfies
;0%
0% 4 % Mo~ (Vile) + <Sh(a]oe =0 (22)
Both of the functions ¢, and v, satisty initially
¥=(0,2) = ¢=(0,2) = ¢ (). (2.3)

The family ¢? is e-oscillatory and compact at infinity. The random potentials V5 and S5 vary on a
scale 0 that is much larger than the wave length e of the initial data but is much smaller than the
overall propagation distance that is of the order O(1): ¢ < § < 1. To keep a non-trivial correlation
of ¢, and ¢. the mismatch of the potentials has to be weak — hence the coefficient ¢ in front of
Ss. We will see that in order to produce an order one contribution we will have eventually to take
Ss(x) = 6~ Y/25(x/5) making the overall strength of the mismatch be of the order O(g/V/3).

In order to study the correlation of . and ¢. we introduce the cross Wigner transform as

We(t, 2, k) = /eik-y¢s (t, T — %) be (t, x+ %) (;f)d' (2.4)

The distribution W, (¢, x, k) does not have to be real if ¢. # 1. Its phase measures the decoherence
of the functions ¢. and ..
In order to obtain an equation for W, we differentiate the Wigner transform with respect to time:

oW,
ot
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Passing to the limit € — 0 we obtain an equation for the distribution Wy(t, z, k), the weak limit of

W, as e — 0:

% + k- VW5 —VVs(x) - VW5 = iSs(x)Ws. (2.5)

In order to obtain a non-trivial limit of Wy(¢,x, k) as the correlation length 6 — 0 we choose the
random potential V5(z) and the mismatch Ss(x) to be of the form

Vs(z) = VoV (%) . Si(z) = \}55 (%) .
Then (2.5) becomes

8W§ 1
-2 k.Y7x|/]/ — — VYV
ot ’ \/5 <

W (0,2, k) = Wo(z, k).

X

]

?

>-ka5=\/S

S (%) W; (2.6)

The initial data Wy(x, k) is simply the limit Wigner measure of the family ¢2. Equation (2.6) is
the starting point of our analysis. We note that if we consider the initial data for the Schrodinger
equation as a mixture of states then the error bound for the approximation for the Wigner transform
We by the solution of (2.6) may be estimated and the sequential limits e — 0 first, and § — 0 second
may be replaced by a joint limit (g,d) — 0; see [1, 6] for details. This may be done in a certain
region of the (e, d)-plane that ensures that the scale separation ¢ < § < 1 is kept under control. We
will not pursue this avenue in this paper in order to avoid unnecessary technical complications.

2.1 A review of the case in the absence of a mismatch

We first recall the known results of [3] (see also [4] for a longer time scale analysis) when there is no
potential mismatch, that is, when S = 0 and d > 3; we restrict our attention in this paper also to
that case though a generalization using the results of [2] and [5] is possible. Then solution of (2.6)
is given explicitly in terms of the random characteristics (X?(t), K%(t)): define

dX°(t) dK°(t) 1 (Xé(t)

dt

= —K°(1t), = _VV

®) dt Ve o
We have W(t,z, k) = Wo(X?(t), K°(t)). The characteristic trajectories satisfy a limit theorem; the
process K (t) converges to a Brownian motion K (t) on the sphere {|k| = |k(0)|} and X?(t) converges
to

) . X%0) =z, K%0)=k. (2.7)

X(t):x—i-/o K(s)ds.

Before formulating the limit theorem we describe first the necessary assumptions on the random
potentials V' and S; we will not, of course, need the assumptions on S in the present section but we
will need them later on and it is convenient to put them here.

Let (€2,3,P) be a probability space, and let E denote the expectation with respect to P. Let
us denote the joint process F(z,w) = (V(z,w),S(z,w)) and assume that the random field F' is
stationary in the first variable. This means that for any shift z € R¢ and a collection of points
r1,...,2, € R the laws of (F(zy + ),...,F(z, + ) and (F(z1),..., F(2,)) are identical. In
addition, we assume that E{S(z)} = E{V(z)} = 0 for all x € R%, the realizations of V(z) and S(z)
are P a.s. C?-smooth in z and they satisfy

M := max ess-sup [05F(z,w)| < +oo. (2.8)
lof<2 (z,w)ERIXQ
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We suppose further that the random field F(z,w) is strongly mixing in the uniform sense. More
precisely, for any R > 0 we let C}é and Cf be the o-algebras generated by random variables F'(x) for
all x € Bg and x € BY, respectively. The uniform mixing coefficient between the o-algebras is

6(p) = sup| [P(B) — P(BJA)|: R >0, A€ Ch, B € C.,l, (2.9)
for all p > 0. We suppose that ¢(p) decays faster than any power: for each p > 0

hy :==sup pPo(p) < +o0. (2.10)
p=0

The two-point spatial correlation 2 x 2 tensor of the random field F' is denoted by R(y) and has
components

R (y) =EV(O)V(y)], B (y) =E{V(0)Su)}, B™Y (y) =E{S(OV (1)}, B*(y) = E{S(0)S(»)}-
Note that (2.10) implies that for each p > 0
hp = > sup (1+ |y[)"?|05 R(y)| < +oo. (2.11)
la|<a VER?
We also assume that the correlation tensor R(y) is of the C*°-class and that
RYV (k) does not vanish identically on any hyperplane H, = {k: (k-p) = 0}. (2.12)
Here RV (k) = [ RVY(z) exp(—ik - x)dx is the power spectrum of V.
Let us define the diffusion matrix D,,, by

1 [ 92RVY (ks) 1 [ 92RVV(sk) "

Dy (k) = —= N i L 2 n=1,....d k=Fk/k|.

(k) 2/00 0L, 0T m y 2|k| J_oo OxpnOxpm, S mhn /1]
(2.13)

Then we have the following result.

Theorem 2.1 [3] Let W0 be the solution of (2.6) with the initial data Wy(x,k) supported in a
compact set away from k = 0: supp{Wo} C S x A(M) with A(M) = {M~1 < |k| < M} for some
M >0 and a compact set S C R%. Let the function ¢ satisfy

9 . 2
o7 thVab = T (Dmn(k)akn> (2.14)

$(0,z, k) = Wo(z, k).
Then, there exist two constants C(T) and oy > 0 such that

sup_|BWS (1,2, k) — 6(t,2, k)| < C(T)(1 +[|Wol|)6™ (2.15)
(t,xz,k)€[0,TIxX K

for all compact sets K C A(M) = R% x A(M).
Note that

- PRV (sk) - 1 (> d OR"V (sk)
Dunt®he =57 | e oot == [ s (P )

and thus the K-process generated by (2.14) is indeed a diffusion process on a sphere k = const,
or, equivalently, equations (2.14) for different values of |k| are decoupled. It is easy to check that
assumption (2.12) implies that the matrix D(k) has rank d — 1 for each k € R{0}. It can be also
shown that then equation (2.14) is hypoelliptic on the manifold R? x {|k| = ko} for each ko > 0.



2.2 A formal analysis of the momenta Liouville equation

We first present a non-rigorous formal multiple scales analysis of (2.6), which provides a short and
relatively quick way to the correct limit. We introduce a multiple scales expansion

Ws=W(t,x, k) + \/5W1(t,w,y,k) + oWa(t,z,y, k) +..., y=ux/d

and insert it into (2.6). As usual we make an additional assumption that the leading order term
W (t,z, k) is deterministic and does not depend on the fast scale variable y. In the leading order we
obtain

k-NVWi+0W, =VV (y) - ViiW +iS (y) W.

Here 6§ > 0 is an auxiliary regularizing parameter that we will send to zero at the end. Define the
correctors x; and 7 as mean-zero solutions of

ov

k‘Vij+9Xj=aT/,
J

and
k-Vyn+6n==5(y).

© OV (y — sk) _p,
) = [T = oy, (2.16)
0 Yj

They are given explicitly by

and ~
n(y, k) = / e %Sy — sk)ds. (2.17)
0

The function W7 is given in terms of the correctors as

8W t,x, k .
1tz k ZXJ Yy, k o, oWt ,k) +in(y, k)W (t, z, k).

The equation for Wy is

oW
o TR VaW Ak -V, Wo = VV(y) - VW1 +iS(y)Wh.

Averaging under the assumption that E{k - V, W5} = 0 we obtain the following closed equation for
the leading order term W:

ow

g TR VW =E{VV(y) - VWi +iS()Wi} = Ji + Jur. (2.18)

The two terms on the right side are computed using the explicit expressions (2.16) and (2.17) for
the correctors. The first term may be split as

Jr=E{VV(y) - ViW1} = J] + J}
with

J} :E{gv( >£ [Xm@”“)WH

3} ov oV (y—sk) _y oW (t,z, k) 0 oW (t,z, k)
-2 gl OV = 8%) —bsg VOV LT B O (g VLT )
ok; [ {ayj W) /O oy © ko ok; im (k)50
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where the diffusion matrix D, is given by (2.13). The term Jyo is

J}:E{gv( )ai [zn(y,k)W(txk)]} s [ {8% / S(y — sk)e esds}W(t,x,k)]
= za(z (Ei (k)W (t,2,k))

with the drift

< RSV (sk)
Ei(k) = — s,
j( ) /0 oz, ds

Now we look at the second term in the right side of (2.18)

Jrr =E{iS(y)Wi}y = Ji + J3 (2.19)
with
. oW (t,x, k) , © IV (y —sk) _ oW (t,z, k)
R " SRSV QU 1) / OVY —SF) _gs oW (i, x, k)
_ oW (t,z, k)
_ " y Ly
with Vs SV 0 SV
B = _/ OR (sk‘)ds _ / OR”Y (—sk) ds — / OR”Y (sk) s,
0 ey 0 O o Oy
Note that
0 , oW (t,z, k)
JI + JII = ’lak (El(k)W(t, Z, k)) + ZFm(k)W
=i(Ej + Eg’)w +i(Vy - E"YW(t,x, k) = EjM + FW (t,z,k)
Ok; Ok;
with ORSV (sh)
> OR”Y (sk
Ej=E;+Ej = /OO Tjds (2.20)
and -
F=V, E = / sARgy (sk)ds. (2.21)
0
The last term in (2.19) is
I, = E{iS(z)n(z, k)W (t,z,k)} = —k(k)W(t,x, k)
with the absorption coefficient
k) = / R59(sk)ds. (2.22)
0

Putting together all the terms above we get the equation for W:

ow . 0 ow
If S and V are independent then F' = E = 0 and this s1mphﬁes to
ow 0 ow

In the next section we present a rigorous derivation of the limit equation (2.23).

(2.23)

(2.24)



3 The Liouville equation and the phase diffusion

3.1 An example: the decorrelated case

The purpose of this section is to obtain the limit equation (2.23) as the limit of (2.6). Recall that

solution of (2.6)

o b VW - jgvv (%) vaw; = ;SS (3)ws (3.1)

may be obtained by the method of characteristics. Along the trajectories we have
dx° o5 dK° 1 <X5> dz° 1 <X5>
5 )’ 0

a T dt B
with the initial data

oz 3.2
X00) =gz, K°0)=k, 2Z°0)=0.

Then the solution of (3.1) is given by
Wo(t,x, k) = 2 OWo(X(2), KO (1)).

The results described in the previous section tell us that K° converges to a Brownian motion K (t)
on the sphere, with the diffusion matrix D,,,(k), and X? converges to its time integral:

Ko(t) — K(t), X°(t) — X(t)=xz+ /t K(s)ds.
0

We will show below that Z% converges to a Brownian motion with the diffusion coefficient (k) given
by (2.22). In the simplest case when V and S are uncorrelated the Kolmogorov equation for the
process (X(t), K(t),Z(t)) is

of 9 of O f

Recall that . -
Wo(t, 2, k) = B{W(t,2,k)} = By pao (aZ Oy, (X0 (t), K (t))) .

Therefore, in the limit 6 — 0, the function W(S(t, x, k) converges to
W(t,x, k) =g(t,z, k,z=0).

Here the function g satisfies the Kolmogorov equation

dg 0 dg 0%g
g(0, 2, k, 2) = Wy (z, k). (3.4)
It may be written as g(¢,z, k, z) = e**q(t, z, k), where the function ¢ satisfies
dq 0 dq
ok Vet = oo (D)) ) (35)

q(0,z, k) = Wy(z, k).

We see that actually W (t,z, k) = g(t,z,k,z = 0) = q(t,z, k). Note that (3.5) is nothing but (2.24);
this relates the approach of the present section to the formal result of the previous section. However,
the Kolmogorov equation (3.3) provides the description of the whole limit process Z(t) while (2.24)
is just one of its reductions.



3.2 The main result
We will prove the following theorem.

Theorem 3.1 The joint process (X°(t), K°(t), Z(t)) converges in law in the limit § — 0 to the
diffusion process (X (t), K(t), Z(t)) with the joint generator

82 82 82 )
£6 = Dy () 5o + D) + D ()] 5=+ DG + B ()5 + BB — k- V.
(3.6)
with the coefficients
Dy (k RYV (sk))d D(k) = R (sk)d 3.7
(k) 0/ (k) ()= [ RS (3.7)
/ RV (sk Ep(k) = — / T SARVY (sk)d (3.8)
0

and ~

B(k) = / SARSY (k) ds. (3.9)
0

The generator may be written slightly more compactly as
_ 0 90N, D (1 00) D 00 o
Lo = o (Dmn(k)akm> e (Dm(k) az> +3- (Dm( k)ak >+D(k)(9 > —k- V0. (3.10)

3.3 A formal computation of the limit

We first present a formal computation, which is similar to the derivation in section 2.2 and leads to
the generator (3.6). We start with the Liouville equation including the phase variable

0 - Vao Jlgvv(“;) Vi - 7 s(5) %<0 (3.11)

and consider an asymptotic expansion of the form
¢(t,l’, ka Z) = Q_b(t,.ﬁ, 2, k) + \/5¢1(t7x7y7 Zs k) + 5¢2(t7x>y7 Zs k) T, Y= ZL‘/(S
In the leading order we get:

d¢

0z’

As before 6 > 0 is a regularizing parameter that we will send to zero later. The leading order term
o(t,z, k) is assumed to be deterministic and independent of the fast variable y. Using the correctors
x; and 7 given by (2.16) and (2.17), respectively, we obtain an expression for ¢; as

99
0z’

k- Vo1 + 061 = YV (y) - Vi + S () o

o¢ +n(y, k)5

¢1(t7$ay7 k’ Z) = X](ya k) 6k

The equation for ¢ is obtained in the same way as before, as a formal solvability condition for ¢o; it
reads
d¢

9
Sk ngb:E{VV() Vi1 + S (1) ;;1} (3.12)
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The first term on the right is

E{v<y>~vk¢1}:8£{w<y> [t st as 2 [ sty syeas?] |

S ;kj (D (k)aa,j) ) + o (/OO Rfv(sk)dsgf> (3.13)

in the limit # — 0. The second term in the right side of (3.12) is

E{S”aail} R / st - shge s |

_ 90 Vs D¢ ¢ 0 e 3(/5 82¢>

as 0 — 0. Putting together (3.13) and (3.14) we obtain

) . 9¢ 96 09 9*¢
o Tk Vb= akj(p (k)ak>+%<p(k)az)+&<p( )ak>+0822. (3.15)

4 Proof of Theorem 3.1

Theorem 3.1 is a simple corollary of the following proposition. Let us first introduce some notation.
Given a function G € C3([0, +00) x R?4) and ¢ > 0 let us introduce

Ni(G) = G(t, X (1), K(1), 2(t)) — G(0, X(0), K /5 + L£)G(p, X(p), K(p), Z(p))dp
0

with the operator £ defined in (3.6). We also denote by R? := R4\ {0} and R2? := R? x R to avoid
the singular point & = 0. For any non-negative integers p, ¢, and a function G(t,z, k) that has p,
q and r derivatives in the respective variables we define

=> " sup |9fOJOLOIG(t K, 2)|. (4.1)
(t,z,k,z)

The summation range covers all integers 0 < a < p, 0 < n < s and all integer valued multi-
indices |3| < ¢ and |y| < r. We denote by CP'*"*([0, +00) x R2 x R) the space of all functions G
with ||G||pqr,s < +00. We shall also consider spaces of bounded and a suitable number of times
continuously differentiable functions C?/(R?4) and CF(RY) with the respective norms | - ||,4 and
- Il

We let C := C([0,+00); R? x R? x R) be the set of continuous paths of (X (t), K(t), Z(t)). For
any u < v denote by M} the o-algebra of subsets of C generated by (X(t), K(t), Z(t)), t € [u,v].
We write M"Y := M{ and M for the o algebra of Borel subsets of C. It coincides with the smallest
o-algebra that contains all M! ¢ > 0. We define C(T, M) as the set of paths 7 € C so that both
(2M)~! <|K(t)| <2M, and

X(t)—X(u)+/K(s)dS:O, forall 0 <u<t<T.

We denote by P?
E6

x,k,z

the probability measure on C(7T', M) induced by the trajectories of (3.2) and by
the corresponding expectation.

x.k,z



Proposition 4.1 Suppose that (x,k) € A(M) =R? x {M~! < |k| < M} for some M > 0 and that
a test function ¢ € Cy((R2)") is non-negative. Let vo € (0,1/2) and let 0 <t < --- < t, < Ty <
t <v<T. Assume further that v —t > §7°. Then, there exist constants y1 > 0, C(T') such that for
any function G € C3([T, T] x R2? x R) we have

EL 12 { [No(G) = Ni(G)] C}| < CT) (0 = )]Gl 8BS .. (4.2)

z,k,z ©,k,z

Here f(w) = (X (), K(t1), Z(t1), ..., X(tn), K(tn), Z(tn)), and m = (X (t), K(t), Z(t)) is any con-
tinuous path. The choice of the constants 1, C does not depend on (x,k, z), 6 € (0,1], ¢, the times
t1,...,tn, Ty, T,v,t, or the test function G.

Proof of Theorem 3.1. Theorem 3.1 is a simple consequence of Proposition 4.1. Let ooz, k, z)
be a test function and let the function ¢(¢, z, k, z) solve the initial value problem
¢ -
— =L 4.3
00— 6 (43)

d(0,z,k, z) = ¢po(x, k, 2).

We apply Proposition 4.1 with G(t,z,k, z) = é(u—t,x,k,2), t =6 and u > 67 with 1/2 < v < 1
and take ¢ = 1. It follows from (4.2) that

EQ k. [60(X (u), K (), Z(u)) — p(u — 87, X (87), K(87), Z(57))] ’ <COlGliago™.  (44)

Using the fact that ¢ is a smooth function and 1/2 < v < 1 we conclude that

£ [QSO(XJ(U),K‘;(U), Z8(w)) — Bu, z, k, z)} ‘ < C|Gl.1.36M. (4.5)

z,k,z

The conclusion of Theorem 3.1 now follows. [J

4.1 The proof of Proposition 4.1

The proof of Proposition 4.1 is technical and uses some of the ideas of [1, 3, 4, 5]. However, the present
situation is much simpler than in the aforementioned papers as we already know from Theorem 2.1
that the process (X°, K%) converges to a process with the generator

5 0 0

This means that the law of the process X° will be close to that of the limit X (¢); and in particular
X9 (t) does not approach a narrow tube around its past trajectory with a probability very close to
one. This is the main difference with [1, 3, 4, 5] where this potential return was a major obstacle in
the proof.

The strategy of the proof is as follows. We will need to deal with objects of, say, the form

E {G(X‘S(s), K%(s), Z°(s))S <X66(8’)> 1% (Xi;@)} (4.6)

with s < s’ but the difference s’ — s small. Then we will consider a slight pullback in time

o(s)=s—0'7, (4.7)

10



with a sufficiently small v > 0 and a linearization
L(o,s) = X°(0) — (s — o) K°(0). (4.8)

The characteristic equations (3.2) allow us to estimate the difference between (4.6) and

E {G(X5(a)7K5(a), Z5(0))8 <L(‘g’ 3)> 1% (L(”é’ Sl)) } , (4.9)

and show that it is small. However, the latter expectation approximately splits:

E {G(Xé(a),Ké(o—), Z5(0))8 (L(O; 5)> 1% (L((;’ Sl))} ~ (4.10)
E{G(X*(0). K(0), 2°(0)) } RV (L("’ ) = Lo, 8)> |

4]

The reason for the expectation splitting is that the argument of the function G in (4.9) depends only
on the potential in a tube close to the trajectory X°(¢) until the the time ¢ = o, while L(o,s) and
L(o,s") are at distance much larger than ¢ from this tube with a probability close to one. Hence, the

L /
values of G(X%(0), K°(0), Z%(0)) and, say, of V (%“) are nearly independent and expectation

(4.9) splits. This is formalized by the following mixing lemma.

For any ¢t > 0 we denote by F; the o-algebra generated by (X%(s), K°(s), Z%(s)), s < t. Here we
suppress, for the sake of abbreviation, writing the initial data in the notation of the trajectory. We
assume that X1, Xo : (R x R? x Rd2)2 — R are certain continuous functions, Z is a random variable
and g1, go are R%valued random vectors. We suppose further that Z, g1, g2, are Fj-measurable, while
X 1, Xg are random fields of the form

Xi(x) = X; (F(x), V. F (), V3F () ,
where, as before we denote for brevity F' = (V,S). We also let
U(61,05) := E [Xl(el)fcg(ez)} . 01,05 € RY (4.11)

and recall that ¢(r) is the mixing coefficient defined in (2.9). The following mixing lemma is for-
malizing the expectation splitting and can be proved in the same way as Lemmas 5.2 and 5.3 of

).

Lemma 4.2 (i) Assume that r,t > 0 and
X (u)

-
; C_ >
inf g; 5125 (4.12)
P-a.s. on the set Z # 0 for i =1,2. Then we have
- - T
E[Xilg0)Xel02)2] ~EU (1, 2)2)| < 26 (55) IXullim | Xl e Z 1y (413)
(ii) Let EX1(0) = 0 and assume that g satisfies (4.12),
, X0 (u) 47
] i e (4.14)

and |g1 — go| > 71071 for some r1 > 0, P-a.s. on the event Z # 0. Then, we have

‘E [Xl(gl))zz(w) Z] —E[U(91,92)Z]’ < Co'/? (%) o/ (%) [ X1lloe [ XallLoe | Z] L1y (4.15)

for some absolute constant C > 0. Here the function U is given by (4.11).

11



We proceed now with the proof of Proposition 4.1. Let G(k, z) be a sufficiently smooth function.
We will establish the approximate martingale property (4.2) for G. It suffices to consider functions
of the form G(z,k) = g(z)r(k). The characteristic equations

5

s ==+ ['s (
st (58

G (w), 2° () ~ G (1), 2°(1) (4.16)
u 4 s 0
=5 [ @ (557 i o) + @ @ (517 | as

Here and below, we use the notation V; for V,; and similarly Ry for R, to simplify. In order to be
able to make a backward step o as in (4.7) we split the above integral as

and

imply that we have

G(K°(u), Z°(u)) — G(K°(t), Z°(t)) = A+ B (4.17)
with
451 6 S 1) s
= [T fe@enrueons (12 oz (252 o
and
u é s 0 s
B [ i@ enutos (550 s ez e o (552 s i+ b

The first term is small:
|A] < G827 Gl g

provided that v < 1/2. The term B will be analyzed with the aforementioned ideas of a backward
step and linearization, and using the mixing lemma. The terms B; and By may be written as

1 “ , / /
Bi= s [ A @)K o) + (2 () () = (2 ) (Ko )]}
xS(X(;( )>ds—I+U (4.18)
and
1 u
Bo= [ o2 @)K o) + 02 s (K() - o2 () (o (5)]}
X V; <X2(3>) ds = I11+ 1V (4.19)
with
_ L “ 178 0 X(s(s)
I V5 s ? (2°(a(s)))r (B (0 ()5 | —5— ) ds (4.20)

12



and

U 68
1= [ @) - @ e e@s (S )as a

\/S +61—7
while
_ L ' O(a(s)))ri (K% (a(s))V; X5<S> s
=2 [* a2 ennee (552 d (1.22)
and
1o X9(s)
W= [ ) - s ey (5 ) s a2

We summarize the contributions of each of the terms above in the following lemma.

Lemma 4.3 The terms I, I, I11 and IV satisfy the following estimates:

E{ {I - /t ’ /O N (0K5(s)) dag/(zé(s))r(m(s))ds] g}‘ (4.24)
< COMGllz2 <o +E{é}} (u—1),
HH / / %(s))Rss(0K°(s))dods (4.25)
- [ [ @ >>R$V<0K5<s>>d9ds}§] < 057Gl [Icloe + £ {C}] (u—1)
{Iug / / 09(2°(s))r; (K (s))ARYY (91{5( )) dds (4.26)
< C8°|Gllr (II¢llo + EIC ]) (u—1)
E{IV) — / / (Z9(s )RSV( 9K5(s)) dods (4.27)

u

[ [ o2 )R (6K°(5) dods
0

t

< C3|G 2 (€l + BACY) (u— 1),

It remains now to prove Lemma 4.3 as the four individual contributions above combine to the
operator L in (3.6).

4.2 The estimate for [

We first recall the linear approximation (4.8) and define the interpolation
R(v,0,5) = (1 —v)L(0,s) + vX°(s).

This allows us to write a linear approximation for S as

S (X2(3)> =3 (RG;S)> s <R<05" S)) + ;/01 S; (R(“;S)> (X3(s) — Li(o, s))dv

_ ( > 5/ < v, ”) (X3(s) — Li(o, s))dv.
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Now we split I as
I=J1+Jy (4.28)

according to the above, with
1 u

Ji=—
! \/5 t461—7

§(Z%(a(s))r(K%(o(s))S (L (f;’ S)> ds (4.29)

and

“ ! v,0,S8
o= 53% /MH /0 9(Z°(a(s)))r(K°(0(s)))S; <R(5)> (X2(s) — Li(o, 8))dvds.  (4.30)

The term J; is ready for an application of the mixing lemma: the arguments of the function G (that
is, of g and ), and of the field S are separated by a distance of the order O(6'~7) that is much
larger than §, with a probability close to one. In order to make this statement precise we introduce
a stopping time 75 that ensures that until 75 the trajectory X 5(2&) ”goes forward” and does not come
back to its past.
Let 0 <e) <eg<1/2,e3€(0,1/2—¢9),e4 € (1/2,1 — &1 —e2) be small positive constants and
set
N=[5], p=["], q=p[~], N =Np[5) (4.31)

The requirement is that ¢;, i € {1,2,3} should be sufficiently small and 4 is bigger than 1/2, less
than one and can be made as close to one as we would need it. It is important that €1 < €9 so that
N < p when § < 1. We introduce the following (M?);>o stopping times. Let t,(cp) = kp~! be a
mesh of times, and 7 € C be a path. We define the “violent turn” stopping time

Vs(m) := inf [t >0: for some k > 0 we have t € [tl(ﬂp),tgﬁﬁ and (4.32)

K(P) - K(t) Sl—%, or K(t,(f’)—]\lh> K (t) gl—j”,

where by convention we set K(—1/p) := K(0). Note that with the above choice of &4 we have

A

K (t,(cp) - 1/N1> -[A((t,gp)) > 1—1/N, provided that § € (0,dp] and d¢ is sufficiently small. The
stopping time Vj is triggered when the trajectory performs a sudden turn; this is undesirable as the
trajectory may then return back to the region it has already visited and create correlations with the
past.

For each t > 0, we denote by X;(7) := |J X (s;7) the trace of the spatial component of the
0<s<t

path 7 up to time ¢, and by X;(q; ) := [z : dist (z, X¢(7)) < 1/¢] a tubular region around the path.
We introduce the stopping time

Us(m) :=inf [t>0: 3k >1 and t € [t”,{"),) for which X(t) € X, (q) | - (4.33)
k—1

It is associated with the return of the X component of the trajectory to the tube around its past;

this is again an undesirable way to create correlations with the past. Finally, we set the stopping

time

Ts(m) := Vs(m) AUs(m). (4.34)

Lemma 4.4 [/] The probability of the event [15 < T'| for a fired T > 0 goes to zero, as § — 0:
there exists ag > 0 so that
P{[rs <T]} < C(T)0%. (4.35)

14



We apply part (i) of Lemma 4.2 to E{J;¢} with X;(z) = S(x) and X» =1,

Z = g'(Z2%(o))r(K°(o(s))1l7s > TIC,

and g1 = L(o,s)/0. Note that g; and Z are both F, measurable. It follows from the definition of the
stopping time 75 that when Z # 0 then the linearization also stays away from the past trajectory:
for all 0 < p < o we have

’L(a, s) — X‘s(p)‘ > 0§l (4.36)
and hence 6( )
Xp r
- B r
0<p2o(s) |7 o ‘ ~ 0

with » = C6'7. We also decompose J; according to whether the stopping time has occurred or not
before time T

n=ge [ @R s > 1is (F5 ) as

t461 =
L(o,s)

/ . 9 (2% (s))r(K%(a(s)))(1 — 1[rs > T])S ( 5’ > ds = Ji1 + Jio.

However, (4.35) implies that
E{]Jué)} < C5°|G 11 (u — t) (4.37)

so we have to deal only with J;;. Using the mixing lemma as above, with the point separation as in
(4.36), and the fact that E[S(z)] = 0 (whence U = 0 in (4.13)) we estimate

E(md)| < fg (C577) (u = B)lgllalirlloELC] < CSlIGI1AEIC] (u — ). (4.38)

Here ¢(r) is the mixing coefficient that decays faster than any power of r; see (2.10). We conclude
that ~ B
£ (1) | < ColGIAEL] (u —1)

A(u—t) (4.39)

so the term J; produces only a small contribution.
Now we estimate the second term Jy in (4.28); it is given explicitly by (4.30). We split it further
by using the next order expansion

S; <R(“5"5)) =5, < ) 5| Su (9”)> (X9(s) — Lj(o, 5))df.

This leads to the corresponding expression Jo = Jo1 + Joo with

m= g [ d@eereens (K5 (i) - Lo

t+51—

and

T = = / / / @R e e)s; (1)

t+61-7 O
X (X?(s) — Ly(o, s))(X]‘-S(s) — Lj(o,s))d0dvds.
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Note that the characteristic equations and the definition (4.7) of the time o(s) imply that
|L(o,s) — X°(s)| < €62~ 2712 = 0§32~ (4.40)
It follows that

[ {12aC}| < CUGIAEL} 26" 11w — 1) < COV2 DG aB{CHu — 1), (441)

which is small if v < 1/8. This is an important characteristic feature of the weak coupling limit;
after several linearizations the remainder becomes deterministically small while the linearized terms
may be controlled with the mixing lemma.

Next, we look at Jo; that is the only potentially surviving (not small) in the limit § — 0
contribution to I: to do so we write, using the evolution equation for X? and a further linearization
for the function V;:

X - 1to) = = [ 12 = oo =~ [* [V (XL o
= —\}3 :(s - p)V; (X;(p)> dp = —\}3 :(S - p)Vi <L(Z’ p)> dp

s ) o o (52)e
sz [ Vi (P2 (8,00 o) v (1.42)

This produces a further split

with

=g [ [ =@ e (F57) v (K52 o

and

o = —5% /“ /S/l(s — )g(Z°((5)))r (K (a(s)))S; <L(‘; 5)> v (W)
0

t+51-7 o
% (X3(p) = Lin(o. ) ) dvdpds.
Note that we have linearized enough to achieve a deterministic estimate
T3] < Co31 7518327 |G g (w — ) = COY23|| G ua (u — t) (4.43)

which is small if v < 1/6. Hence, J3; remains the only potentially contributing term in I: it is
analyzed with the help of the mixing lemma. We take

=—75 " 9275 —5 Xi(z) = Si(z), Xo(z)=Vi(z), r=p—0, 11=25—0p,

and



Let us denote

R} (x) = —E{Si(y)V;(x +v)}.
Observe that

2 pSV T
RiY(z) = —E{Si(y)V, (x+y)}=—£jE{Si(y)V(:c+y)} ;E{S( Wiz +y)} = %I;a;j)_

The mixing lemma implies that

efnd+ k[ [ e { @ e o) (~reY (HEOTHED) ) g

t+51 7o

< C’HGHl 1E(¢ / / p)HH2 < >¢1/2< : )dpds < C8)|GllaE(C) (u — 1)

t+6l—v o

since the mixing coefficient ¢ is rapidly decaying. It follows that

s -5 [ [o-me{i@emmrueu (ar (E2EE) ) g
< COIGILEQ(u -1

The integral above from ¢ to s may be massaged as
1 s — K¢ oY
5 / (s — p) <ARSV (W)) dp = /0 OARSY (9}(5(0)) do.

|K%(s) — K%(o)| < €62

Observe that

and the function RS is smooth and rapidly decaying. This allows us to replace ¢ in the argument
of R%V by s. The same can be done with the functions g and r; we conclude that

‘n«: { [ng - / / OARSY (9}(5(3)) dﬁg’(Z‘S(s))r(K‘s(s))ds} g}‘ < C6M|Gla2E {g} (u—t)
t Jo
(4.44)
with some y; > 0. Therefore, putting all the work of this section together, see (4.39), (4.41) and
(4.43), we also have

‘E{ [I — /tu /OOO ARV (91{6(8)) deg’(Z6(5))r(K6(s))ds] g}’ < C5" |Gl [1 4 E {CH (1),
This proves the estimate (4.24) in Lemma 4.3. (4.45)
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4.3 Estimate for /]
We now look at the term IT given by (4.21) and split it further as

_ L NZ0(s))r(K%(s)) — ¢'(Z%(a(s)))r(K%(o(s ws
1= [ @) - g @ eennaeos (X52) d

:% /u / §"(Z(p))r (K (p))S (X(;(p)> s <X65(5)> dpds

t+61=7 o(s)

/ / (Z5(0))ri (K*(p))V; (X(;( )>S<X(;(S)>dpds,

t+61 Y o(s)

The estimation of I1 is very similar to that of I both in spirit and in mechanics but is even somewhat
simpler since as all we have to justify is the replacement of the arguments of S and V; by the
corresponding linear approximation from the time o(s). This is done as in the previous section with
the help of the mixing lemma and linearization and leads to

(E {Hf} K {u’f}( < 052|135 [1 + E{f}} (u—t) (4.46)

with

s

= % [ / 72 (0))r(KP(0))S <L(f5’ p)> s (L(‘;’ 3)> dpds

t+51-7 o(s)

/ / (Z(0))r; (KO (0))V; (L((g’ )>S(L(05’S)>dpds:lll+llg.

t+61 Y o(s)

The mixing lemma and rapid decay of the mixing coefficient imply that

-t / / @ Nr( oS (HE A gpa ¢ | < ColGILE 1)

t+61—7 o

The inner integral may be re-written as

| @t >>RSS(L(”’S> S0 4

/ 5(0))355 <—5
[

Using the rapid decay of Rgg, smoothness of G and closeness of s and ¢ we obtain

))r(K°(0))Rss (0K (o))

'E [{nl -] °°g'/(Zf?(s)>r<K5<s>>Rss<9K5<s>>deds} 5} ] < 00|l {C} u—1). (@47
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Similarly, we have for Ils:

I+t / / @ N ry (M TEH D dpas ¢ | < ol

t+61 v o

The inner integral may be re-written as

S

[ @ @y (HELZHE0 g

g

S 5 5 -
=/U d(Z%(0))r; (K (o)) RYS <_<P;K<>> dp

s S
=/O 9'(Z2°(0))rj (K (o)) R} * (—0K°(0))df = —/O 9'(Z2°(0))rj (K (o)) R} (0K’ (o))db

Using the rapid decay of Rgg, smoothness of G and closeness of s and ¢ we obtain

‘ [{112 —/ / Nri(K2(s ))Rfv(eKé(s))deds}EH < Co”||G|sE {g} (w—t). (4.48)
Putting (4.46), (4.47) and (4.47) together we obtain (4.25).

4.4 Estimate of /1]
We look at the third term in (4.19) given by (4.22)

u

S (o (s)))ri (K% (a(s))V; w s
1= [ @ e ey (57 ) (4.49)

This term is similar to I in that before using the mixing lemma we have to expand a little bit:

(5 2o () 2o () « [ (Mo
= (H2) v (B2 ()~ o

Accordingly we split 111 as 11 = I11; + 1115 with

u

1L =
\[ t+o1—7

o206y o)V, (5 ) s (4.50)

and

u 1 V,0,8
1= [ [ @ e (FU5) ) - Luledods. (@)

The expectation of the first term on the event [75 > T] is small by the mixing lemma because the

points X°(o) and L(o, s) are at distance of order 6'~7, E[V;(x)] = 0, and the mixing coefficient is
rapidly decaying. On the other hand, P[rs < T is small according to Lemma 4.4. We conclude that

E{111.C}| < C8GI (I + ELT) (u = ). (452)
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In order to estimate 1115 we write

i (BE2D) —v (RO 2 [y, (B2 (2 6) — LG sy

which splits [11s = I115 + 11155 (note that the v-variable integrates out in I11s):

iy =i [ s (M50 ) () - Lo @)

t+51—7

Il = 55/2/ - V/ / (Z(0()))r (K (0()) Vo <R(95”)> (4.54)
(S) Ly (o, ))(Xk:() Li(o,s))dfdvds.

and

We have linearized sufficiently to make 119 be deterministically small because of (4.40):
[I115s| < Co5265 72| Gy 1 (u — t). (4.55)

This leaves us with 1115 to take care of. This we do with the help of (4.42)

X0(s) — Li(o,s) = — /:[K(v) — K(o))d / / ( ) dpdv

= _\}g :(S — )V <X6(p)) dp = —% i (8 — )V (L((g’p)) dp

o () (e (59
53/2/ / PWVim (R(”a;ap)) (an(ﬂ) —Lm(a,p)> dvdp.

that allows us to decompose 1o = 113, + 1112, with

i =g [ [ @ e o (K52 ) v (K52 ) dpts. 450

and
=5 [ [ [ o= @ (K52 v, (K

x (an(p) — Lun(o, p)) dvdpds. (4.57)

Again, IT13 is deterministically small because of (4.40):
I113,| < 673627 2163/277||G |11 (u — t) < C323Y)|Glaa(u — 1),
Now, for I113; we first compute

0? 0?
BV +)Vi(0)} = 5o

E{Vir(z +y)V;(y)} = E{Vi(z +y)V(y)}

Ox 0z,
P BtV = —ARY (@)
~ T 02%0m, TTy - k
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and use the mixing lemma to conclude that

I1121§ -5 /+51 7/ s — p)g(Z°(o(s)))r; (K (o (s)ARYY <L(a,s);L(0,ﬂ)> dpds
< CS||GI1E[{](u — t).

As before we change variables in the inner integrals above and replace the argument o(s) of smooth
functions appearing above by s, as well replacing the limits of integration by their values in the limit
6 — 0, to conclude that

IE{IIIzlg / / 09(Z%(s))r; (K (s))ARYY (—9K5(s)> dods
< C6|G||2,2E[C](u — 1).

Overall, the work of this section implies that
’ {1118} / / 092 (5))ry (K (s) ARYY (0K(s)) dods

< C°|Glly (I¢loo +ELC)) (u — 1)
which is nothing but (4.26).

(4.58)

4.5 Estimate of IV

We are now down to the last term IV in (4.19) that is estimated as 11 with the help of the mixing
lemma and no additional expansions:

w1 / / §(Z(0))rs (K >>5(X(}p))vj(XZ(s))dpds (459)
t+51-7 o (s
3 ] s (S0 (<0

First, we observe using the mixing lemma and smoothness of G that (compare to (4.46))

E{1v} -E{1v'¢}| < coGlls [IClloe +ELCH (u—1) (4.60)
with
IV’:% ] /sg'(Z6(U))rj(K5(U))S<L(?p))Vj(L(?S)>dpds (4.61)
t+61=7 o(s)
o250 (K (0N (ECVY v (BN s — 1vi + 1v4,
W/w[ (552 v (557 o = i

Now, we have by the mixing lemma

E{IVi&} — / / (2%(0))r; (K (o ))Rsv< (0,5 )5L(U’p)>dpds§

t+51 Y o(s)

< 3|6z (€ + BACY) (u—1)
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and thus
Bl -~ [ [ (260 (~0K°(s)) dvasC

t 0
< C°Glla (Iloo + E{C}) (u— ). (4.62)

Similarly, for the other contribution we have

E{IVQC}+ // (0))rjm (K (o)) RYY (L(U,s)

t+(51 Y o(s)

< 5|6z (¢ + B(CY) (u—t)

- L -
. (0,p)>dpdsg

and

E{IVs(} + $))rim(K°(s))RYY (0K°(s)) dfds¢
9+ Jrtommecioss oo
< C3*62 (1IC

o+ E{CH) (u—1). (4.63)

Together, (4.62) and (4.63) imply (4.27). This finishes the proof of Lemma 4.3 and thus of Proposi-
tion 4.1 as well. [J
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