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Abstract

This paper analyzes the influence of general, small volume, inclusions on the
trace at the domain’s boundary of the solution to elliptic equations of the form
V- D*Vu® =0 or (—A + ¢°)u® = 0 with prescribed Neumann conditions. The
theory is well-known when the constitutive parameters in the elliptic equation
assume the values of different and smooth functions in the background and inside
the inclusions. We generalize the results to the case of arbitrary, and thus possibly
rapid, fluctuations of the parameters inside the inclusion and obtain expansions
of the trace of the solution at the domain’s boundary up to an order £2¢, where
d is dimension and ¢ is the diameter of the inclusion. We construct inclusions
whose leading influence is of order at most ¢%*! rather than the expected e?. We
also compare the expansions for the diffusion and Helmholtz equation and their
relationship via the classical Liouville change of variables.

1 Introduction

Asymptotic expansions for the influence of small volume inclusions for elliptic and other
equations is now well-established. We refer the reader to e.g. [2, 3, 4, 5, 6, 8] and
their references for a few historic and recent works on the subject. A major advantage
of such expansions is that they help us understand what details of the constitutive
parameters in the equation may or may not be reconstructed from available boundary
measurements. Indeed, in the elliptic equations of interest in this paper, namely the
diffusion or conductivity equation and the Helmholtz equation, the reconstruction of the
constitutive parameters X from knowledge of the full Dirichlet-to-Neumann map A, the
most general type of information available at the domain’s boundary, is an extremely ill-
conditioned problem. Available stability estimates for both types of equations predict
that the accuracy in the reconstruction is at best logarithmic in the accuracy of the
measurements. More precisely, we have [1, 10]
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for some positive constant C' and 6 € (0, 1), where X; and X5 are two sets of parameters
and A; and A, their corresponding measurements.

For such severely ill-posed problems, only a limited number of degrees of freedom may
be reconstructed from even quite accurate measurements. A natural way of limiting the
number of degrees of freedom is to assume that the constitutive coefficients are known
throughout the domain, except at some locations where unknown inclusions may be
present. The asymptotic expansions in the size of the inclusion mentioned above thus
provide a very efficient tool to understand what may or may not be reconstructed from
data with a given level of noise.

For elliptic equations, the existing works on the subject, see e.g. [2, 4], typically
assume the parameters jumps across the interface of the inclusion. One of the main
objectives of this paper is to consider the case of more general inclusions whose coefficient
may vary at the small scale € and need not “jump” from the values of the background
parameters. We also want to stress the similarities and differences between expansions
for the diffusion equation V - D*Vu® = 0 and the Helmholtz equation (—A + ¢°)u® = 0
with ¢° of order 2™ for n € [0,2]. In both cases of the diffusion equation and the
Helmholtz equation when 1 = 0, we need to introduce local correctors and obtain a
limiting influence at the domain’s boundary that is non-linear in the parameters inside
the inclusion.

The maximal leading term in the expansion is always of order O(g?), the volume of
the inclusion. We construct expansions up to the order €?¢. Going beyond this order
of accuracy requires a more careful analysis of the decay properties of local correctors
at infinity than is available here, or the use of single and double layer potentials as in
[2] in the case of constant coefficients inside and outside of the inclusion. Note that the
cross-talk between two inclusions of volume O(e?) is also a term of order %?. Tt seems
therefore natural to stop the expansion at the order O(¢2?) for the influence of any given
well-separated inclusions.

Because our inclusions are modeled by somewhat arbitrary parameters that need not
jump from the local value of the background parameter or are not constant, the limiting
polarization tensors need not satisfy any property of positivity or definiteness. On the
contrary, we show that the polarization tensors vanish to first order for some types of
inclusions, whose influence at the domain’s boundary is therefore at most of order £%+!
rather than €?. Although we do not explore this aspect here, the proposed asymptotic
expansions may be used to construct inclusions whose influence on the measurements is
minimized in a prescribed manner.

The rest of the paper is structured as follows. Section 2 is devoted to the derivation
of the asymptotic expansions for the diffusion equation. The main tool in the expansion
is a decomposition of the corresponding Green’s function given in proposition 2.1. The
expansion obtained for smooth inclusions is presented in theorem 2.2 while the gen-
eralization to more singular inclusions with possible discontinuities of the coefficients
across the inclusion’s boundary is given in theorem 2.6. We compare our expansions
with those obtained in [2] for constant coefficients inside and outside of the inclusions
in proposition 2.8. Section 2.3 presents some properties of the polarization tensors that
appear in the asymptotic expansions. In particular, proposition 2.12 shows that the
leading polarization tensor vanishes for some non-vanishing diffusion coefficients inside
the inclusion. Some proofs of the results are postponed until section 4.



Section 3 addresses local variations of the potential in a Helmholtz equation. The
appropriate decomposition of the Green’s function is shown in proposition 3.1 and the
main result in theorem 3.3. The relationship between the expansions for diffusion and
Helmholtz equations in regards of the Liouville change of variables is explored in section
3.2. We show that the expansions in both settings agree up to order €4*2. Most proofs
are postponed to section 4.

2 Perturbations of the diffusion problem

In this section, we are interested in the analysis of small inclusions in the diffusion or
conductivity problem. As we have mentioned in the introduction, the reconstruction of
diffusion or conductivity coefficients from boundary measurements is a severely ill-posed
problem. One possible way to overcome this difficulty is to assume that the background
diffusion coefficient is known and that the unknown part of the coefficient is localized
and has small volume.

Under such hypotheses, asymptotic expansions of the perturbed field in the volume
of the inclusion have been derived in [6] when the inclusion is perfectly reflecting or
insulating. These formulas have then been extended to more general inclusions in [5],
and to higher orders in the volume and to domain with Lipschitz boundaries in [2]. In
those references, the inclusion is modeled by a jump in the diffusion coefficient so that
its first order effect on the boundary measurements is proportional to the inclusion’s
volume. The so-called polarization tensor contains the information about the inclusion
that is available at this level of the asymptotic expansion.

Such a setting for the diffusion coefficient prevents us from using the well-known
change of variable ¢ = % that allows us to relate the diffusion equation to the
Helmholtz or Schrédinger equation. Since one of the objective of the paper is to show
the equivalence of the asymptotic expansions within the diffusion and Helmholtz frame-
works, we first consider a regular inclusion without jump and derive the corresponding
asymptotic expansions in section 2.1. We next generalize these formulas to the case
with jumps in the diffusion coefficient in section 2.2. We also recover the formulas in
[2] in the special case of constant coefficients in the background and the inclusion. Fi-
nally, we present in section 2.3 some properties the polarization tensors involved in the
asymptotic formula.

2.1 The case of smooth inclusions

We consider the following system of equations:

V- D*Vu® =0, in €2,
Dgau =g, ond, / u*do =0, D
an a0

where 2 is a bounded open domain of dimension d > 2 with Lipschitz boundary, o is the
surface measure on 992, and g € L?*(09) such that the following compatibility condition
holds [, a0 9do = 0. Tt is assumed that D? is bounded from below by a positive constant
independent of € and that D® satisfies the decomposition D°(x) = Dy(x) + D (*=*2),

€




where 0 < C) < Dy € C®(Q), D; € L*(Q2) and D; vanishing in R\ B, B being a
bounded set with Lipschitz boundary. The properties of D® are summarized below:

De(x) > Cy > 0, Q a.e.,
D#(x) = Dy(x), x € O\xg + B, 2)
D¢ (x) = Do(x) + D1 (*7*), X € Xo + €8,

Dy € COO<§), D, € LOO(Q)

We assume in addition that the domain of the inclusion is located away from the bound-
ary in the sense that there exists dy > 0 independent of € such that

dist(09,xo + €B) > do. (3)

The Lax-Milgram lemma applied to (1)-(2) yields a unique variational solution u® €
H'Y(Q). Let us denote by U the solution with background diffusion coefficient Dj:

V.-D)VU =0, in,

Doa—U =g, ond, U(x)do(x) = 0, ()
On o9

and introduce the related Green function N € D'(Q x ) satisfying, for all fixed y in €,

vx : DU(X)VXN(Xv y) = _5(X - y)7 in Qa

ON(x,y) 1 B (5)
DO(X)@—nx = “oap on 02, o, N(x,y)do(x) =0.

For all x € , the Lax-Milgram lemma yields again a unique variational solution U &
H'(Q) and standard elliptic regularity results [7] implies that U € C*(f2) since D, €

C>(£2). We denote by I' the fundamental solution of the Laplacian, namely

1
_2_10g |X|7 d:2a
I'(x) = T 1 P (6)
(d —2)|Saq| [x|4=%’ -

where [S;_1| is the measure of the (d — 1)-dimensional unit sphere. Throughout the
paper, we use the following multi-index notations: for i = (iy,--- ,i4) € N we define
i| =iy + - +ig, Of =0 f--- 00 f and x* = 2% - -2’ We also define il =i;!---ig4!.

One of the main tools in our asymptotic expansions is the following decomposition
of the Green function N:

Proposition 2.1 The Green function N can be decomposed, for (x,y) € Q x Q, as:
N<X7 Y> = D(J_I(X)F(X - y) + R1<X7 Y> + R2(X7 Y) + R3(Y>7 (7)

where Rz € C®(Q); for all y fized in Q, Ry(-,y) € W'P(Q), with 1 < p < ﬁ when

d>3 and p < oo when d =2; and Ry(-,y) € H'(Q). Moreover, Ry is C* when x #Yy,
Ry € C*(Q2 x ), and we have by construction that:

ViN(x,y) = Dy (x)VxI'(x = y) + Vi a(x,y). (8)
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Also, N admits the following asymptotic expansion for x € B, y a.e. in 0f):

d il
ViN(xg +ex,y) = Z %VXZQ’( (x0,y) + O(e), 9)

lil=1
where O(e?*1) denotes a term bounded in L?(09Q) by Ce®™ uniformly in x.
Proof. Let Ry be (uniquely) defined by

Veilxy) = e y) [ Ryt <o

and R3 be defined as

|0Q| Rs(y / Dy (%) (x — y)do(x).

Since Dy > 0, Dy € C®°(Q) and I' € Lt (R?) for the values of p in the proposition, it
follows that R;(-,y) € WP(Q). Moreover, R is C* as soon as x # y. In the same way,
Ry € C*(Q) since I'(x) € C®(R%\{0}). We then verify that (7) leads to (8) and that
plugging (7) into (5) leads to the system, for y € Q:

Vi Do(x)VxRo(x,y) =0, inQ,
aRQ(X7 Y) _ 1 N aP(X B y)
on, |09 Ony

which admits a unique weak solution thanks to the Lax-Milgram lemma since we verify
that [, (e e+ an LYdo(x) = 0. Since 9525 (- —y) € L2(99) for any multi-index 3 and

Dy

C o0 [ Ryt =0
o2

Y 9nx
y € Q, we deduce that 85]%2(-, y) € H'(2), so that elliptic regularity yields 85]%2(-, y) €
C>*(Q), and finally Ry € C>*(Q x Q).

Moreover, 9 Ry(-,y) is bounded in H'(€2) uniformly in y when y € ' cc Q. To
prove (9), we first remark from (7) that the trace dJN(z,y |69 is defined in L*(992)
uniformly in y when y € Q' since R; € C®(Q\Q' x Q’) OYRy(-,y) € H'(€) uniformly
iny € Q' and Ry € C*(Q2). This allows us to apply Green’s theorem and obtain, for
any (z,y) € ' x Q, that:

Ry(z,y) = — /asz (|alQ| + or(x, y)> N(x,z)do(x).

Ony

As y goes to 052, the boundary integral converges for Lipschitz domains €, see [2], to

1 ar'(x,y) 1
- N(x,z)do(x)— .V/ —— 2 N(x,z)do(x)+=N(y,z), (z,y)€ Q' x0Q,
o [ N2 b [ EEI N )it + 1N (), (o)

where p.v. stands for the Cauchy principal value and the above integral operator is
bounded in L*(0). The first term belongs to C* (') and the second and the third terms
to C*(Q) with values in L*(0f2). Using (8), this allows us to expand V,N(xy + €X,y)
and obtain (9). O

We first consider the case of a smooth inclusion by adding the hypothesis that
Dy is regular and compactly supported in B, that is D; € Wh*(Q), with support
suppD; C B. In such a context, the trace of D; vanishes on 0B. We have the following
result:



Theorem 2.2 Assume that D1 € W1°°(Q) with support suppD; C B. Then the solu-
tion u® to (1)-(2) verifies the following asymptotic expansion, a.e. on OS):

gd=2+il+lj] . ,
u£(Y)|8Q = U |8Q Z Z Mij aJU(XO) a;N(X(MY)L()Q + O<€2d)
li|=1j]=1
d—2+[i|+|j]+|k[+1

d d
N Z Z Z Z - il RN Mz?jklyU(XO) (akDo_l) (o) 8;N(x0,y)|m,

li|=1|j|=1|k|=0 I=0, I+|k|>0

where M and M? are generalized polarization tensors given by

My = [ DIV +al0) Vxdx, g N
B ' (10)

M2, = / Dl(x)V¢§-k(x)~szdx, i,j,keN¢  leN,
B

and the functions ¢y are the unique solutions in Hj,(R) N C=(R\B) to
V- (Do(x0) + Di(x)) V¢l = =0, V- (D (x)x*Vx/)
! l'amD(]_l(X()) m 1— |m|
~Dolx0) Y. S0V (D () XYM )) ()

ot m!(l — |m|)!

je(x) = O(x['™") as |x] — oo.

Here, &) is the Kronecker symbol and the notation O(c*?) in the expansion represents a
term bounded in L*(0Q) by a constant depending on || Di||re and on ||g|12(s0)-

Remark 2.3 The function gbok solves the following equation in R%:
V- (Do(x0) + Di(x)) V), = =V - (D;(x)x"Vx7),
(X)) = O(x['™) as |x| — oo,
so that gb & is computed from ¢7, 0 < m <, iteratively.
Remark 2.4 We may recast the expansion in theorem 2.2 as
4L gd-2+il+i]

U (Y)|o0 = UWY)loq — Z Z

li|=1 |j]=1

T M P U(0) BN (x0,3) g + O,

where the e-dependent tensor M?¢ is given by:
/ Dy (x) V(¥ 4 ¥5(x)) - Vx'dx, i,j € N,
B

and the functions V¢ are the unique solutions in Hp (R?) N C*(RN\B) to

V- (14 Di(x)Dy (%0 +ex)) VI = =V (Dy(x)Dy ' (x0 + ex)Vx/),
Ue(x) = O(x|'""%) as [x]— oo.



The asymptotic expansion of the theorem is then recovered by expanding ¥$ and
Dy (xg + €x) in powers of ¢.

There is another equivalent expansion to that of theorem 2.2 up to the order £2¢.
We sketch its derivation in the case where Dy is constant. The right hand side of
the equation for W% is equal to —Dy'V D, - Vx! — Dy'D;Ax?. Tt turns out that an
appropriate linear combination of Ax/ is of order 9!, so that we can replace WS in the
definition of M7 by ®; solution to

V- (14 Di(x)D; ) VP, = —Dy'VDy(x)-Vxd,
C;(x) = O(x|'"") as [x]— oc.

The appropriate linear combination is deduced from AU (xq + ex) = 0 and from Taylor
expanding U so as to obtain:

i 4
0=AU(xo+2x) =AY = DU (x)x! + O(e™).

Remark 2.5 The leading order in the expansion is given by

g? Z M,;0'N(x0, ) U(x0).

li|=l4]=1

The polarization tensor M? contributes only to higher orders. The polarization tensor
M captures the correction when the background diffusion coefficient Dy is constant in
Xo + B, whereas M? is the correction that needs to be added when Dy is not constant
in xo+eB. When Dy is constant in xo +¢B, then M7, = M?,,0) so that the expansion
then reduces to the classical formula:

d d _ i ;
gd—2+(i[+s] ; i 2d
Z,'—j'Mij@XN(xo, y)’U(x0) + O(e77).

In this case, using the notation of remark 2.4, U$ no longer depends on € and may be
identified with ¢%,. Note that the latter formula also holds when Dy is non-constant
away from the support of the inclusion xy + ¢B as remark 2.4 makes clear since only
the values of Dy ' on the support of D; are involved.

The proof of the theorem is given in section 4. Its main ingredients are the integral
formulation of (1) and the decomposition of the Green function given in proposition 2.1.
Additional boundary effects, which are not considered here, appear at the order O(g%)
when the geometry-dependent corrector Rs(x,Xo + €y) of proposition 2.1 is expanded
in powers of . When Dy is constant, a proper factorization based on the technique of
double layer potentials allow us to obtain arbitrarily accurate expansions; see [2].

2.2 The case of singular inclusions

In the preceding section, we assumed that the perturbed diffusion coefficient was regular.
We may generalize the above theorem to include the case where D is in L>®(R?) with
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support in B and with a possibly non-vanishing trace (if it is defined) at the interior
boundary 0B. This generalization is achieved by regularizing the singular perturbation
so that we can use the preceding result and then by computing the limiting polarization
tensors. We have the following result:

Theorem 2.6 Assume Dy verifies (2) with no further assumption on its interior trace
on 0B. Then u® admits the same expansion as in theorem 2.2 with polarization tensors
still given by (10), where ¢y, is now the unique solution in H}, (R?) NC>(RN\B) to:

loc
( Aqbé.k =0, x € RY/B with ék(x) =0(x["" as |x| — oo,
V - (Dy(x0) + D1 (x ))ng]k = =0} V- (D1 (x)x"Vx/)

—Do(x0) Y _ %V- (Dl( ) X"V " (x )), x € B,

Im|=1 (12)

Dy(x0) 81"]1 (DO(XO) + Dy(x)) 81"]1 = 0) Dy (x)x"n - VxJ

l l [m|
110mDy* 003
‘I’Do Xo zl: m' l—|m| Dl( ) an ‘_, x € 0B,
L

l !

Here, n is the outer normal to the boundary of B, agik N (resp. 8;);'11“ 7) denotes the

26!
outer (resp. inner) trace of% on OB as functions in H™2(9B).

The proof of the theorem is postponed to section 4.

Theorem 2.6 has been proved in [2] by using single and double layer potential tech-
niques when the background diffusion coefficient Dy is constant on the entire domain
2 and when D, is constant on B. Our result generalizes that of [2] to the case of non-
constant Dy and D, for which layers techniques are not available. The first order of the
expansion can also be obtained from the general formula proved in [4] and in [5].

Remark 2.7 The expansion in remark 2.4 still holds for singular inclusions with W%

now the unique solution in H._(R?) N C>(R¥ B) to

A¥: = 0 xeRY/B,

V- (14 Di(x)Dy (%0 +ex)) V¥ = =V (Dy(x)D;y' (%0 +ex)Vx?),  x€ B,
Ui(x) = O(x['™") as [x|— o0,

equipped with the jump condition on 0B:

8\If§
on

o

— (14 Dy(x)Dy 1(x0—|—5x)) oo

= D; (x) Dy (%0 +ex)n - Vx?, x € 0B.

As in the end of remark 2.4, we could also derive a modified asymptotic expansion in
the case of singular inclusions.



The above asymptotic expansions are compatible with the slightly different expressions
for the generalized polarization tensors obtained in [2]. We have the following proposi-
tion:

Proposition 2.8 Assume that Dy is a non vanishing constant on B and that Dy is
constant on the set xo + eB. Then u® verifies the following expansion, a.e. on OS2,

gd=2+il+1J]
C)oo = U)o — Z Z —————M;; PU(x0) 0N (x0,¥)|,, + O™,

li|=114]=1

where M is the generalized polarization tensor given in [2] by
M;; = D1/ n-V(x/ + ¢;(x))x'do(x), i,j € N
oB

The functions ¢; are the unique solutions in Hi (RY)NC®((RY/B)UB) to the problem:

((Ap; =0, x¢€ (RYB)UB,
Dg agb] —(D0+D1) % :Dll’l'VXj, XG@B,
on | On |_
6,(y) — T(y)Dy ' Dy / n- Viido(x) = O(y["™), when |y] — co.
\ 0B

The proof of the proposition is also postponed to section 4.

2.3 Properties of the polarization tensor M

In this section, we give some symmetry properties and estimates satisfied by the tensors
M in theorems 2.2 and 2.6:

Proposition 2.9 Let oy, §; € R, where i belongs to a set a of multi-index I. Then, the
polarization tensor M wverifies the following properties:

(2) Z O‘zﬁj Mz] Z O‘zﬁj Jis

1,5€l szI

g Dy(x0) D1 (
(i1) D00X00_|_11)1 ‘V(ZO@ )

dx < ZozzonMm</D1 (v Y ax )

iel
Proof. Using the definition of M, we have,
ZalﬂjMij /D1 V Zﬁj X]+¢ ) (ZO" ) X,
ijel jeI iel
and the system solved by qb?o deduced from (12) imply that,
[ (Do) + Du0)) Tty Veyix = - [ Dix)Vx Vefyax. (13

9



Consequently,
Z a; 3; M / Di(x Zﬁj)é) ~V(Zaixi>dx
el il

_/Rd<DO(XO)+D1 ) <Zﬁj ).V<Zaigb?0>d><:zazﬁ] i

i,j€l
Concerning item (i7), we remark from the above equality that:

Z%’%’Mij g/BDl(x)‘V(ZOéjxj)) 2

i,j€1

dx.

For the other inequality, we split the sum as:
Zala] / DV Z%X] dx—i—/ DV Za]¢ > .V<Zaixi>dx
1,7€1 i€l

Since Dy (x0) 4+ D1(x) is strictly positive a.e. in €, the Cauchy-Schwarz inequality yields

/BDlv(Zaj¢§o> .V(Zaixi>dx
(ZO‘J% x) /DO )+ Dy

In the same way, equation (13) gives:

< </(D0(Xo )+ Dy)

(S0

1

</B(D0(X0)+D1)‘V<]Z€;aj¢?o>‘2dx>% < (/B#im‘v<;%xi> 2dX>27
so that
i’jzdaiﬁjMij > /BD1 V(Zajxj)> i /#ﬂpl v(;aixi) Cix,

dx.

Df;:“f;le 9 o)

This ends the proof. D

Item (4) of the proposition is very similar to the estimates obtained at the first order
in [4]. Such estimates can be applied to verify the definiteness or not of the polarization
tensor. In particular, it gives:

Do(X())Dl X) 2
|arf? Z a;a; M < |af D, (x)dx
DO(XO) + D1 (X) =17 /=1 B

so that for D; constant, M is positive definite when D; > 0 and negative definite when
Dy < 0, as it was shown in [2, 5]. The only possibility to cancel the above sum is then to
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set D1 = 0, which means that there is no inclusion. Therefore, an inhomogeneity with
constant diffusion coefficient always generates a perturbation of order £? on the measure-
ments. The situation is different when D is not constant. Indeed, when f B D;(x)dx < 0,

then M is negative definite, and when [ B DO;ZWCZX > 0, then M is positive defi-

nite. But when [, D;(x)dx > 0 while at the same time [, mdx < 0, then M
might not be definite for a suitable choice of D; as we now show as an application of
the intermediate value theorem. We show first that the functional M;; : L*(Q) — R,

Dy — M;;[D,] is continuous.

Lemma 2.10 There exists a positive constant C', such that, for all finite multi-index 1
and 7, we have:
| Mi[Dy] — My[Di]| < C|IDy — Dil| ().
Proof. Take two perturbation DI, D? in L>(Q2) with support in B and denote by
M|[Di], M[D?] the corresponding polarization tensors. Then:

MyDY) = My(D}) = [ (D}~ D}V Oxiax+ [ (D}~ DY)V [D) - Vi
B B
+ /B D%V( o[D1] — go[Df]) - Vx'dx. (14)
Introducing w; = ¢%[D}] — ¢%[D}] and using the equations verified by ¢)[D{] and

%[D3], we find the relation:
/Rd(DO(XO) DYV fix = — /B(D} — D)V, - (VX! + V!, [D¥)dx

Since V¢, is bounded in L*(R?), this yields the estimate
IVwll2gey < C D1 = D1 (n)
Using (14), we obtain the desired result. [

Lemma 2.11 There exists a perturbation Dy € L>(§2) with fB Dy (x)dx # 0, such that,
for a given 1 <1 <d, the component M,,.,[D1] of the polarization tensor M wvanishes,
where e; is the l-th vector of the canonical basis of RY.

Proof. Setting o; = ¢;' in item (i¢) of proposition 2.9 leads to

Do(x0) D1 (x)
B Do(x0) + D1(x)

Now take a Dj such that [, Di(x)dx < 0. Therefore, Mel «[Di] < 0. We then con-
Do( xo)D

D (Xo)+D2(X
zero in the transformation. Such a transformation exists: let indeed D{ be a bounded
function in B with positive and negative parts D} and D!. We set fB D1 dx > fB Dl dx
so that [, Di(x)dx < 0. Letting the negative part D! continuously go to zero then
gives a p0851b1e transformatlon. For the resulting D}, we have M,, .,[D?] > 0. Since the
functional M., .,[D;] is continuous from L>°(B) to R, we deduce from the intermediate
value theorem the existence of a D} with [, Didx # 0 such that M., ., [D;] = 0. This
ends the proof of the proposition. 0O

As a corollary of the previous result, we have

dx < M., ., < / D, (x)dx

tinuously transform Dj into D} such that [, dx > 0 keeping [, Didx non
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Proposition 2.12 There ezists a perturbation 0 Z Dy € L>®(2) with spherical symme-
try such that M;; = 0.

Proof. Consider an inclusion with spherical symmetry. We find that M;; = M05g
when |i| = |j| = 1 so that the above lemma yields the existence of non-vanishing
perturbation such that M, = 0 and consequently no term of order e? appears in the
asymptotic expansion. [

The latter result is to be compared with the case where D; is constant for which there
is always a contribution of order £¢ in the expansion provided the constant is not zero.

3 Perturbations in the Helmholtz equation

This section addresses the problem of small-volume inhomogeneities in the Helmholtz
equation. As we did for the diffusion equation, we derive an asymptotic expansion of
the perturbed solution in the volume of the inclusions.

3.1 Asymptotic expansion and polarization tensors

We consider the following Helmholtz (or Schrédinger) equation posed in a bounded
Lipschitz domain Q of R?, d > 2, and with d < 5 for technical reasons:

A () + () + e (F22)) v =0, xen
7

where x( is a given point in €2, gy € L*() is the background index or potential,
and ¢; € L>(9) is a local perturbation, with support localized in a bounded Lipschitz
domain B. We consider the case with only one inclusion, knowing that the results below
generalize to the setting with several well-separated inclusions so long as the maximal
order in the expansion is sufficiently small so that the inclusions do not interact at that
order. The perturbation has a magnitude of order €72 with n € [0,2]. The most
interesting case is n = 0, which corresponds to the strongest type of perturbation. The
latter case allows to relate the asymptotic formula given in the preceding section to the
one that we propose below for a particular form of the potential ¢;.

When ¢ is negative, the above system models waves propagating in a medium
perturbed by a small inclusion of diameter € with a refractive index of order €72, We
refer to [9] and [8] for the case of high-frequency waves in dimension two perturbed by
small inclusions with index of order one. The case gy and ¢; constant with gy negative and
n = 2 has been treated in [2] with Dirichlet conditions instead of Neumann conditions at
the domain’s boundary. When ¢ is positive, (15) models e.g. diffusive light propagating
in a medium with background absorption gy and zones of different absorption coefficients
in a small volume. The case n = 2 has been investigated in dimension three in [3] for a
constant background ¢y and a constant perturbation ¢ .

We denote by V' the solution of the unperturbed equation

AV +qV =0, xe€Q,
oV (16)

on Y on 0f).

(15)
=g € L*09) on 09,
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When g9 = 0, we assume the normalizing and compatibility conditions:

Vdo =0 and / gdo =0, (17)
o0 o0

where o denotes the surface measure on 9. According to (15), this also implies:

/ ql(x — XO) ve(x)dx = 0, when ¢o = 0. (18)
Q 3

In order to obtain the existence and uniqueness of a variational solution to (16), we
make the following classical assumption:

(H-1) Let u e H'(2). Then

/Vu~Vvdx+/qguvdX:0, for all v € H' (),
Q Q
implies that u = 0.

Under (H-1), an application of lemma 4.4 of the appendix yields a unique weak
solution V' € HY(Q) to (16). When ¢y := 0, the same holds thanks to conditions (17).
Since we need high-order Taylor expansions of V' in the sequel, we make the additional
assumption that the restriction of ¢y to a neighborhood xo + ¢B’ of the set xq + B,
with B CC B’, belongs to C*(xo + ¢B’). Using standard elliptic regularity [7] and (3),
we obtain that V € C®(x¢ + ¢B’). When first order expansions are considered, then a
L*>(Q) regularity for V' is sufficient. Existence and uniqueness for (15) uniformly in e
for € small enough will be given in the sequel. When 7 €]0, 2], no additional condition
is required on ¢;. When 1 = 0, we add the following assumption:

(H-2) —1 is not an eigenvalue of the bounded operator T" defined as:

T 1A(B) —~ AB), 9= Tely) = [ aplTx—y)dx

Here, I' is the fundamental solution of the Laplacian given in (6). (H-2) is verified for
instance when ¢; > 0 a.e. in B or when the following Rollnick type [11] norm of ¢; is

less than one,
/B/B (\/|CI1(X)’\/‘Q1(Y)HF(X, y)])pdxdy <1,

for some p > 1, or when ¢; is a Bohm-like potential of the form

Ay/1+ Dy(x)
\/1 —f-Dl(X) ’

for some C?(R?) function D; with support in B such that 1 + D; > 0 in R,
The case d = 2 and n = 0 is particular in the sense that

! q1<x—xo> dx = /Bql(x)dX: O(1),

g2 Jo 3

q(x) =

so that we cannot expect the perturbation caused by the inclusion to be small in the
general case. We thus need to add an additional hypothesis to be able to treat ¢; as a

13



perturbation. It is the case under the following symmetry assumption:
(H-3) When d = 2 and n = 0, we assume that the solution v* to (15) verifies that

/Qq1<x ;XO) V¥ (x)dx = 0.

Note that (H-3) is verified when e.g. ¢o = 0 thanks to (17). We introduce the Green
function N(x,y) € D'(2 x Q) of (16), which for each fixed y in €2, solves:

—AxN(x,y) + o(X)N(x,y) =d(x—y), x€,

19
M =0 on 09. ( )
Ony

When ¢y = 0, N has to be defined as in (5). NV is symmetric in its arguments. Hypothesis
(H-1) is verified e.g. when ¢g > 0, 2 a.e. (with the normalizing condition when gy = 0),
when ¢q is constant and not an eigenvalue of the Laplacian equipped with homogeneous
Neumann conditions, or when the following Rollnick-type norm of ¢q is less than one,

[ [ (VI iav e ) iy < 1,

for some p > 1. We have the following proposition, which allows us to decompose N as
the sum of the whole space Green function I' and a regular function:

Proposition 3.1 We have N(x,y) := I'(x —y) + R(x,y), where R(-,y) € H'(Q) N

W2P(QV) with p < %2 when 3 < d <5 and p < oo when d = 2 for any ' CC Q

uniformly in'y € Q. When gy = 0, then R belongs to C*(€2 x Q). Moreover, N admits
the following asymptotic expansion for x € B, y a.e. in 0S2:

i XN (%0, y) + O, (20)

VxN(xg +ex,y) f

Ilrﬁg~

where O(eY) denotes a term bounded in L*(0Q) by Ce®*t, uniformly in x.

Proof. We consider only the case ¢y # 0 since the case gy = 0 follows from proposition
2.1. Plugging N(x,y) :=T'(x —y) + R(x,y) into (19) leads for any y fixed in Q to the
equation:

—AxR(X,y) + (X R(x,y) = —p(x)'(x—y), x€Q,
IR(x,y)  Odl'(x—y) (21)
oo on. on 0f2.

Pick an y € ' CC Q and for any v € H'(Q), consider the linear form:
al'(x —
l(v) = — / o (x)I'(x — y)v(x)dx —/ Mv(x)da(x).
Q oo Onx
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Then [ is continuous in H!(Q). Indeed, on the one hand, I'(x —y) is uniformly bounded
for (x,y) € 092 x & Which allows us to treat the second integral. On the other hand,
I' e Lf) (R?) with p < 7% when d > 3 and p < co when d = 2 so that the Sobolev

embedding H*(Q2) — Lq(Q), for g < dQTdQ when d > 3 and ¢ < oo when d = 2 implies
L) < CUTN o 8y + Dol

for ¢ > % when d > 3 and ¢’ > 1 when d = 2, where By is a ball of radius R large

enough. Since dig > d2f2 for d < 6, we get the desired result. Note that for d > 7,
the above linear form is not continuous as we may construct functions v € H*(Q) of
the form |x|~* such that I'(x)v(x) is not integrable in the vicinity of 0. Lemma 4.4
then yields a unique R(-,y) € H'(Q) uniformly bounded in y when y € Q' by choosing
ao(u,v) = [(Vu - Vv + uv)dx and ar(u,v) = [o(qo(x) — 1)uvdx. Standard elliptic

regularity [7] gives, for 1 < p < T when d > 3 and p < 00 When d = 2, that:

IRC.y)lwery < C(IRC Y@ + ITlzr5a)

so that R(-,y) € W?P?(Q) uniformly in y € .
To prove (20), we decompose R as R(x,y) := Ry(x,y) + Ra(x,y) with

—AxRi(x,¥) + @(x)R1(x,y) = —q(x)['(x—y), x€Q,

22
—aRl(X’ y) =0, on 09, 22)
ony
_AXRQ(Xay) + QO(X)R2<X7 y) = 07 X € Q?
ORy(x,y) _ l(x—y) on 9O (23)
Ony Oon, '

Consider first (22) for y € 9Q. According to lemma 4.4, R;(-,y) belongs to H*(Q)
and is uniformly bounded with respect to y. Let B’ be a neighborhood of B such that
B CC B'. Since I'(- —y) € C®(x¢ + £B’) uniformly in y € 99Q, and ¢y € C®(xo +eB’),
we obtain from elliptic regularity that Ri(-,y) € C®(xo + €B) uniformly in y € 9.
Now, R, is treated almost exactly as the term R, in proposition 2.1, so we highlight
the differences. According to the previous results on R, the trace N(x,z),, exists in
L?(09) uniformly for z € Q' CC Q. Thus we have the following integral equation:

Ry(z,y) = — /ag %ﬂ:y)]\f(x,z)da(x), (z,y) € Q x Q.

As y goes to 012, the integral converges to

r(x—y) 1
—p.v /m a—nXN(x,z)da(x) + §N(y,z),

where p.v. stands for the Cauchy principal value and the above quantity makes sense
in L2(09Q) uniformly in z € Q' so that Ry(z,-) € L*(99Q) for all z € . Moreover, we
verify that Ry(z,y) satisfies in the distributional sense, for z € Q') y € 99,

—A,Rs(2z,y) + qo(z)R2(2z,y) = 0,
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so that we conclude from elliptic regularity that Ry(-,y) € C*®(xo + ¢B) with values in
L*(092). Classical Taylor expansions then yield (20). O
We come back to (15) and state the following result.

Proposition 3.2 Assume that (H-2) is satisfied when n = 0 and (H-3) is satisfied
when d =2 and n = 0. Then, under assumption (H-1), there exists g > 0, such that
for all 0 < & < &g, the system (15) admits a unique variational solution v* € H'(S).
Moreover, the restriction of v° to the set xo + B wverifies the following decomposition

V(%o +ey) = V(xo +ey) + " (y) + % (y) + O(*?),  y ae in B, (24)

where We(y) := Zﬁ:lo %WV(XO)@?(y) and ¢} is the unique solution in H'(B) to

¢l + TPl = =T, y € B, (25)

and r¢ the unique solution in H*(B), fory € B, to

ré(y) +e"Tré(y) = / @1 (x) v°(xg + £x) (R(x0 + £X, X + €y) — 05 (2m) " loge) dx.
B

The operator T is defined in (H-2) and the function R in proposition 3.1 whereas 03
is the Kronecker symbol. The notation O(e%*?) represents a term bounded in H*(B) by
Ced*2. The remainder r¢ is bounded in L*(B) independently of € when d = 3, by Ce™?,
for any a > 0 when d = 4, by Ce™! when d = 5, and by C|loge| when d = 2. When
d=2andn =0, then r* is of order O(e) thanks to (H-3). When qo = 0, then r< is
bounded in H'(B) independently of € for any d.

We then have the following theorem:

Theorem 3.3 Under the hypotheses of proposition 3.2, the solution to v° to (15) sat-
isfies the following asymptotic expansion, almost everywhere on 0S):

dHl drl _d—24n+il+j]

V(Y)loa = V(¥)lga — Z Z

|71=0 |i|=0
220 £ () + O(),

ily! (Qij +e"Ql;) PV (x0) O'N(x0,¥) |5

where O(£2) is a term bounded in L*(0Q) by Ce* and for (i,j) € N? x N¢,

Qij = [Bql(x)xjxidx, yo= /Bql(x)ﬁ]?(x)xidx,
[fly) = /th(X)TE(X)N(XO—l—&“X,y)dX.

The remainder || f¢||L2a0) is of order: O(|loge|) when d =2; O(1) when d =3; O(e™?)
for any a > 0 when d = 4; and O(e~') when d = 5.

The proofs of the proposition and the theorem are given in section 4.2. When n > 0, qﬁ?
still depends on . We may then expand the operator (Z +¢"T)~! in terms of Neumann
series up to the right order. We include the term f¢ in the formula because we need
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its explicit expression below to make the link between the asymptotic expansion for the
diffusion equation and that for the Helmholtz equation.

In the particular case where gy constant and positive, n = 2, ¢; is constant, and the
inclusion is centered at x¢ so that | 5 Xdx =0, we find for d = 3 that

) = V) = ([ (<) i) Vo)V Gy

—a i 3 ;—j' ( /B xixf'dx> 0N (0, 7)V (x0) + O().

|71=0 [i|-+]5]=2 "

According to (25), ¢2 verifies g2 = —T'1 + O(£?) so that we recover the asymptotic
expansion given in [3].

The tensor @ is clearly symmetric. When ¢, is constant and not identically zero, there
is always a contribution of order €4~2*7 in the expansion, while for spatially varying ¢,
the first order contribution can vanish for instance by choosing ¢; such that [ 5 dx =0.

3.2 Relation between the diffusion and Helmholtz equations

We now compare the asymptotic expansions for the solution u° to the diffusion equation
(1) given in theorem 2.2 and for the solution v° to the Helmholtz equation (15) given in
theorem 3.3. It is well-known that a solution to the diffusion equation

V. DVu =0,

with D € C%(R?) for instance and strictly positive, also satisfies a Helmholtz or Schrédinger
equation of the form
AV + (22 (vBu) — o

VD
Our purpose here is to verify that the polarization tensors obtained in the diffusion
and Helmholtz frameworks are indeed the same for the specific form of the potential
¢1 that allows us to transform one equation into the other. As in section 2, we define
D#(x) = Dy(x)+ Dy (*2*) and to simplify the presentation, assume that Dy is constant
in Q. We assume that D; € C*(Q) with support included in B and that Dy + D is
strictly positive in €2, so that we can define

” (X) — A D() + D1 (X) . (26)

/Doy + Dy(x)
We then consider the function v* which satisfies (15) with ¢o = 0, n = 0 and ¢; defined
as above. With such a choice, the quantity

v*(x)
\/Do + D1 (*7)

solves (1). Since n = 0, we may expect from the expansion given in theorem 3.3 that
the inclusion induces a correction of order €2 whereas the same inclusion induces
a correction of order €? in the diffusion equation. Some simplifications due to the
particular form of the potential ¢; must render the correction of order £¢ in the Helmholtz
framework as well. We state the main result of this section:
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Proposition 3.4 When ¢, has the form (26), then we have

d+1 €|j| -
Z — 0V (x0) (Quj + Qp;) = O™, (27)

= I

Z EZ-_!aZN(Xo, y) (Qio+ Q%) = 0. (28)

Here, the index 0 of the polarization tensors represents the vector of N¢ with components
all equal to zero. We have the following relation between the polarization tensor M in
the context of theorem 2.2 and the polarization tensor M = VDo (Q+ Q) in the context
of the Helmholtz equation:

M;; = Mija |Z| = |]‘ =1, (29)
d+1 d+1 €|i|+|j| ‘ ‘ B 4
DD i O N0, YV (x0) (Mg — My) = O(="*?). (30)
ljl=1lil=1 "

The proof of the proposition is given in section 4.2. Equations (27) and (28) imply
that the two first orders in the expansion of theorem 3.3 vanish so that the correction
is of order €?. Equations (29) and (30) show the equivalence of the tensors M;; and
M;; for [i],]j] < d+1 up to an error of order e**2, which is sufficient to show that the
asymptotic expansions on u° and v° agree up to the order €?¢. The proofs can in fact
be modified to show the equivalence at higher orders as well, e.qg., for any » € N,

r+1 r+1 €M+|j| ' ' 3
Z Z il 3’N(Xo,y)8JV(x0) (MH _ Mz]) — O<€r+2>.

ljl=1li|=1

Furthermore, denoting by (m;;) the modified polarization tensor obtained from ®; at
the end of remark 2.4, we can show in this context the strict equality between the
Helmholtz and diffusion tensors, that is M;; = m,;, for all 7, j.

4 Proofs of the main results

4.1 Asymptotic expansions for the diffusion equation

We now prove theorems 2.2 and 2.6 and proposition 2.8.
Proof of Theorem 2.2. The starting point of the proof is the formulation of (1) as
the following integral equation:

X — Xp

w(y) = Uly)- /D( ) Vi) TN, ¥)

= Uly) —¢&* /B D (x) Vu®(x¢ + €x) - VxN (%0 + X, y)dx. (31)
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The above equation is justified rigorously as in the derivation of (75) in lemma 4.2 of
the appendix. We highlight the main differences. According to proposition 2.1, we have
ViN(x,y) = Dy (x)VI(x — y) + ViRao(x,y), with V,Ro(-,y) € L%(Q) for every y in
Q2 so that the above equation makes sense in L?*(2) and therefore almost everywhere in
Q) thanks to the Young inequality since Vu® € L*(Q) and VI' € L} _(RY). The integral
equation (31) is obtained from the variational formulations of (1) and (4):

/DEVue-VUdX = / guvdo(x /DOVU Vo dx, (32)
Q o0

for all v € H'(Q2). Then, let ¢ € L*(Q) and set v(x) := [, N (y)dy. Thus v is
the unique solution in H'(Q) to =V - DyVv = ¢ equlpped Wlth homogeneous Neumann
conditions and the normalization [, vdo(x)=0. As in the proof of (75) or in the proof
of proposition 2.8, we verify that Fubini’s theorem applies and that

/ﬂ (/ﬂ Dy(x)Vu(x) - ViN(x,y)dx — U(Y)) o(y)dy =0,  Yue H'(Q).

Applying the latter equality to both u® and U, gives (31) together with (32).
To continue the proof of theorem, we write u® = U-+w* as the sum of the unperturbed
solution U and a corrector w®, solution of

V- (Do(x) + Dy (2220)) Vur = =V - Dy (X220) VU, in ©,

aalfl =0, ondQ, /ao w®(x)do(x) = 0.

(33)

Since both u¢ and U belong to H*(f2), then w® € H'(Q) and we deduce from (33) that:
. d
IVws|[r2(0) < Ce2 || Di| ) [IVU | L (80)
for some x4+ 9B C By CC € with g9 > 0 so that, from standard elliptic regularity,
IV (xo + )| r2(8) < C|| Dl VU | Lo (B0) < CllDrllLemllgllzzon), — (34)

for some constant C' > 0. We need an approximation of the corrector w® up to the order
e? and so that we decompose it as w®(xg +ex) = U¢(x) +r°(x), where ¢ is a remainder
of order €% in a sense made precise below. Finding an asymptotic expression for u¢ then

amounts to calculating U#(x) and showing that ¢ is indeed of order ¢?. To this aim,

we use (31) to obtain an integral equation for w*® verified a.e. in
w(y) = —sd/ Dy (x) V[w® 4 U] (x0 4 €x) - VN (%0 + £X, y )dx. (35)
B

We then decompose N(x,y) following (8). Plugging (8) into (35), setting y := xq + €y
for y € B, and using the homogeneity VI'(ex) = ¢! 74VI'(x), we find

we(xo +ey) = —6/ D1 (x) Dyt (x0 4+ ex)V[w® + U] (x0 + £x) - ViI'(x — y)dx
—€ / D (x) V[w® 4+ U] (x0 + £x) - VxRa(x0 + €%, Xo + £y)dx.
B
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We shall prove that the contribution involving Ry above is of order O(e?) and that up to
an error of the same order, we may replace Dy ' (xo+ex) and U(xy-+¢ex) by Dy J(x0+ex)
and Uy(xo + £x), respectively, where for H = D 'and H = U, we have defined the
Taylor expansion to order d:

Hy(xo +ex) = »  — (0™H) (x9) x™". (36)

Note that eVw®(xg +ey) = V¥4(y) + Vre(y). We thus want U¢(y) to solve:
V(y) + ToaV(y) = —¢ /B Dy (x) Dy g(x0 + ex)VUa(xq + £x) - ViI'(x — y)dx, (37)
where we have introduced the notation

Toa¥(y / Dy (x Od (x0 +ex)VV¥(x) - ViI'(x — y)dx. (38)

The above equation is the integral formulation of
AVF 4+ V - (D1(x) Dy g(x0 + x)) VU = =V - (D1 (x) Dy g(x0 + £x)(VUq) (x0 + €X)).

We now thus expand Dj (%o + £x) in the definition of Tp 4 to obtain:

Im|
Toa¥(y) = To¥(y)+ Z gm' (0™Dg) (%o /D1 X"V (x) - Vi I['(x — y)dx,
m|=1
/D1 7 1(x0) VI (x) - Vo I(x — y)dx.

Expanding Uy and Dy g in (37), and setting

d d :
g|]|+|k‘

(0'0) (x0) (9" D5") (x0) Ui (y),

leads to the following equation for W¢;:

clml
(I +To)¥5(y) = — Z (

™Dyt (xo / Dy (x) X"V, (x) - Vi'(x — y)dx,
m|=1
—Dy(x0)~ / Dy (x)xFVx! -V ['(x — y)dx.

Equating like powers of €, we verify that U5, (y) = 27:0 %qﬁék(y), where gzﬁ;k solves the
following integral equation a.e. in every bounded set of R¢:

(I+To)dly(y) = —Z Ne™Dy Jxo) /BDI() X"Vl " (x) - Vil (x — y)dx

R m'l—|m|

—6) Dyt (%) / Dy (x)x"Vx? -V, I'(x — y)dx.
B
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L (RY) N C>(RY\B) to the above equations
follows from lemma 4.2 of the appendix: we first prove the result for ¢9,, then for ¢},
which depends only on qﬁ?k, and finally for all ¢7} iteratively. Moreover, according to the
lemma, (b;k solves the system of differential equations given in (11). The function W¢
thus belongs to the space H._(R?) N C>(R% B) by construction. When Dy is constant
and equal to Dy(xg) in the set x¢ + €B, we do not need to expand D 1. We thus have
Djq = Dy'(xo) and ¢, can be identified with WS,

We then verify that the remainder 7°(y) = w®(x¢ + €y) — V*(y) belongs to H'(B)
by construction and moreover solves the integral equation:

Existence and uniqueness of solutions in H;:

(I 4+ Toa)re(y) = S°(ey) — 5d+2/BD1 (x) [S1(x) Vs (xg + £x) + Sa(x)] - ViI'(x — y)dx

where S is the remainder of the d + 1 order Taylor expansion of Dy’ (xo + €x) (so that
Dyt (x0+ex) = Dy 4(xo+ex)+£47151(x)), S the remainder of Dy (xo+ex) VU (x0+¢xX)
and where we have defined

Se(ey) = —Ed/ Dy (x) Vu(x¢ + €x) - VxRo (X0 + £X, X¢ + €y )dX.
B
We may now decompose ¢ as 7¢(y) := r$(y) + r5(y) + S¢(ey) with:

(I+Toa)rily) = — | Dy (X)D&}i(xo +ex)VSe(ey) - ViI'(x — y)dx,
B

I+ Toa)rs(y) = —gt? ; Dy (x) [Sl (x)Vw(xg +ex) + SQ(X)] -VxI['(x —y)dx.

We know from the hypotheses in (2) that for all y € B, Dy(xq +ey) + D1(x) > Cy > 0,
so that setting 0 < e < g( for €9 small enough, we have 1+D1(X)D0_é(x0+€y) > (Ch >0,
for another constant C independent of e. An application of lemma 4.2 then yields that
75 and 75 are uniquely defined in HL_(R?)NC>®(R?\B). Moreover, following lemma 4.2,
we have the estimates:

Ce|| D13 IV S (&) || (B),
Ce™ || D1 peo(my (| V® (x0 + &) |l z2(m) + |1 Dy 'V U |lcari sy ) -

05d+2||D1||%oo(B) l9llz2 a0,

||vri||L2(Rd)

||V7"§||L2(Rd)

IAINIA

according to (34) and by elliptic regularity, where By is as above (34). It thus remains
to estimate S°. From proposition 2.1, we know that Ry € C*(2 x Q), which yields:

IVS* (&)l < Ce¥l|Dallze(s) (I[Vw (%0 + &)l r2(m) + VU || o (0)) X
X[|VxVy Ra|| Lo (5o x Bo) < eI D11 700 () 91l 22000

Gathering the different estimates for r{, r5 and S°, we obtain that

||VT8||L2(B) S 05d+1||D1||%oo(3)||9||L2(8Q)-
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To conclude the proof, we go back to (31) and take the trace on 0f2. Plugging Vw® (xo_—i—
ex) = e YV (x) + Vre(x)) into (31), it just remains to expand VU (x¢+¢ex) € C*(B)
and VN (xg + ex,y) thanks to (9) since we find, a.e. in 0€2, that:

EY)lon = Uy)lon — & /B Dy (x) (VU (xo + %) + éV\IIE(x)> Ve N(xp + X, ¥)|pg dx
+0(%).

The asymptotic expansion of remark 2.4 is obtained by decomposing w* slightly differ-
ently. We write w®(xg + ex) = ¥*(x) + r°(x), where U¢ is now given by

U (y) + T°0(y) = —8/D1 Dy (%0 + ex)VUa(xo + £x) - VoI (x — y)dx,
/ Dy (%) Dy (x0 + ex) VU (x) - ViT(x — y)dx.

We then verify that the remainder r° is of order €% and that expanding U, and setting
Ve (x) = Za:l % (07U (x0) ¥§, leads to the desired result. O

Proof of Theorem 2.6. Let D; be a non-regular perturbation and let x” be the
cut-off function with support in B defined as
X"(x) =1, for x € B such that dist(x,0B) > 7, (39)
X"(x) =0, otherwise.

The parameter 1 will be adjusted according to . Let now p"(x) := n~%p(n71x) be a
standard mollifier and let D} := p" % (x"D;). We verify that D] € C>*(R?) and that
its support is included in B with a vanishing and continuous trace at the boundary.
We can then apply theorem 2.2 to obtain an asymptotic expansion for the solution ug
associated to DY. Since the error term of order €2 depends only on || DY|| gy - which
is bounded by || D1 || (ray - it suffices to look at the limit of the different polarization
tensors to find the limiting asymptotic expansion.

Since Dy(x) + D, (x;xo) is bounded from below by Cj, this property is still verified
by the regularized diffusion coefficient so that, according to (74) of lemma 4.2 of the
appendix, the function ¢>§,’j associated to D7 satisfy by induction the estimates, for
[=0,---,d:

IVl 2may < CIDYIIE 1657l z20a) < CIIDYNIE

Loo(R4)? Loo(R4)?

for any bounded set A. This yields that qué,? is bounded in L*(R¢) independently of n
and so is ég in H'(A). Defining the set F := {(j, k) € N*1 [ € N, 0 < ||, |k|,] < d}
with cardinal |E|, we may thus see {¢§,Z}E as bounded in (H'(A))*l and extract a
subsequence as 1 — 0 converging strongly in (L?*(A))¥l and with gradient converging
weakly in (L2(R%))l to a limit {¢)r}e. We obtain that ¢, € Hy (R?) and V¢,

L*(R%). To find the equation solved by qu 1., we consider the weak formulation Verlﬁed

by gbék, which is, for all functions ¢ € H\ (R?) such that Vi € L*(R?), R™%(|¢|| 11(sy)

loc
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0 as R — oo, where Sk denotes the sphere of radius R,

[, (Dutoa) + DY) V- Vipiix = =80 [ D160 xx0 - Vo

! ! -
—Dy(x0) Y 1 ("0 G0 /D” ) X"V " (x) - Vip dx.

The above formulation is justified in lemma 4.2 below; see (77). Since D] converges
strongly in any LP(R?) for 1 < p < oo, we can pass to the limit in the non-linear terms
above and obtain the following limiting equation:

/ (Do(x0)+D1(x))v¢§k-wdx=—5?/Dl (x) x"Vx’ - Vo dx
Rd
1 Il
— Dy (x0) E:m(amz) (%0 /D1 ) X"V " (x) - Vg dx.

[m[=1

(40)

To obtain the behavior of gblk at infinity, we use the integral formulation given in (75)

of lemma 4.2 for the subsequence gbj / and obtain, a.e. in every bounded set Q' C R%:

(I+TO) _ Z 110mDy* /Dn mv¢l Imln( ) - Vil(x — y)dx

ml(l — ]m\
Im|=1
—6) Dy (%) / D] (x) x"Vx! - V,I['(x — y)dx.
B

The above equation makes sense in L?*()') and therefore almost everywhere in ' since
ngﬁé-’,? € L*Q), 1 = 0,---,d, and VI € Li_(RY) so that the right hand side is fi-
nite thanks to the Young inequality. Consider now a compact set K C R? such that
dist(K, B) > C' > 0. The above equation is then verified uniformly in K and moreover
¢§,’j € C°(K). Since V(bé’,? converges weakly to V¢l for 0 <1 < d and DY converges
strongly, it follows from the above equation that gbé,? is a Cauchy sequence in C°(K) so
that it converges uniformly to the solution, for all x € K, to

_ 1o Dy ! gl
(I+To)¢) = —||Zl il — \m] / Dy (x) X"V, (x) - ViI'(x — y)dx
—6) Dy (%o / Dy (x) x"Vx7 - V, I'(x — y)dx. (41)

The fact that ViI'(x —y) = O(|y|'™%) for x € B and y € K yields that ¢} (y) =
O(ly|*=?) for such values of y. It is then not difficult to see that (40) is the weak
formulation of the problem given in the theorem. Notice that equation (41) is also valid
a.e. in A since ¢'; € L*(A) for any bounded set A. Uniqueness follows from (40)
and the behavior at infinity: the right hand side of (40) vanishes when we consider the
difference of two possible solutions. Since those solutions are sufficiently regular, taking
that difference as a test function implies the difference is a constant which must be equal
to zero according to the vanishing limit at infinity.
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Now that we have the expression of the limiting ¢§- .» it suffices to pass to the limit in
the polarization tensors using the weak convergence of ng?’g and the strong convergence
of D] and to choose n small enough such that all the errors terms coming from the
different passages to the limit are smaller than Ce?¢. 0O

Proof of Proposition 2.8. When Dy is constant on the set xy + B, only the sum
involving the polarization tensor M remains in theorem 2.2 as we have mentioned in
remark 2.5. We thus start from the expression of M given in theorem 2.6 and define
[ = gb?o —¢;. A proof of the existence and uniqueness for ¢; can be found in [2]. Owing
the definitions of ¢% and ¢;, we find that f; € HL (RY) N C>®(R?/B) by construction
and is the unique weak solution to

V- (Do + ]IB(X)Dl)ij = —]IB(X)DlAXj, X € Rd,

loc

equipped with the condition at infinity:

£(y) + T(y)Dy ' Dy / n- Vido(x) = O(y|').

0B

Here, 15 is the characteristic function of the set B. When |j| = 1, we obtain f; = 0.
When |[j| > 2, we need to sum over j to show that f; is small in an appropriate sense. To
this aim, we derive an integral equation for f; from that of gb?o and ¢;. As we mentioned
in the proof of theorem 2.6, (41) is verified a.e. by qb?o so that we have

DDy ¢0(y) / Vi (x) - Vil'(x — y)dx — / Vx! -V, I(x — y)dx. (42)
B

Since ¢; is harmonic in BUR?\ B, we deduce from elliptic regularity in Lipschitz domains
(see e.g. [2]) that ¢; € H 2(B) so that its inner normal derivative at the boundary 8B
belongs to L*(0B). This allows us to express ¢; in terms of single layer potential, using
the jump of its normal derivative at the boundary given in proposition 2.8, as

Do) == [ (52| 04nvx) rix yaot (13)

The latter equation is verified in L'(A) for any bounded set A C R¢, and thus a.e. since
|T'(x — -)||£1(a) is uniformly bounded in x € B. Moreover, since ¢; is harmonic in B,
we have for any ¢ € H'(B):

B 0¢;
/BVQﬁj V(pdx_/aB on|

Let ¢ € C2(A) and set p(x) = [, ¥( —y)dy. Using the Young inequality and the
fact that I' and VI belong to Lloc(Rd) we Verify that ¢ € H'(B) so that it can be used
as a test function. Moreover, to be able to use the Fubini theorem, we apply as in the
proof of lemma 4.2 the Sobolev inequality 4.3 to conclude that V¢;(x) - VI'(x — y)¥(y)

) (x)T'(x —y)¥(y) belongs to L'(0B x A)

pdo(x).

belongs to L'(B x A). In the same way, %er

since

acb
- Tl B[4 ]] oo ()

I'(x — y)w(Y)‘ do(x)dy < C H 99,
L2(8B)

0B
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for a ball of radius a large enough. We may thus write:

/A(/Bvcbj(x)-vmx_y)dx_/% % _

Plugging (43) into the latter equation yields:

wx—wddm)wWMyzu

/A <D0D1_1¢j(Y) + /B Vo,(x) - VI (x — y)dx + /aB n-Vx'I'(x—y) da(x)> Y(y)dy = 0.

Integrating (42) against v, subtracting the equation above and performing an integration
by parts, we find:

/A < iy / Vfix)-VI(x—y)dx — /BAXJ I'(x — )dx) Y(y)dy = 0.

The quantity under parentheses belongs to L?*(A). Thus, we deduce by density that
the above relation holds also for any ¢ € L*(A) so that f; solves the following integral
equation, a.e. in every bounded set ' C R¢,

DoDi ' fi(y /ij -VaI'(x — y)dx+/ijF(x—y)da(x). (44)

We now show that an appropriate linear combination of the f;’s is of order e*™. First,
since Dy is constant in x¢ + B, AU(xo + ex) = 0 for x € B according to (4), so that,
using the notation in (36), we get that AUy(x) = A(Ug(x) — U(xg + ex)) = O(gd?)
uniformly in B. As a consequence, we have

RE(x) = AUy(x) = Z i_'an(xo)AxJ = O(e™).
lj1=1

Thus, defining

it follows:

1 i .
Z g—'an (x0)M;; = Dy Z 8—09U (%o / V(x? + ¢j(x) + f;(x)) - Vxldx,
gi=1 7 Pl B

dZil : A ,
=D Z _—'ajU(xo)/ V(x! + ¢j(x)) - Vx'dx + Dl/ VF¢(x) - Vx'dx.

l71=1

According to the definition of f;, F* € H}

loc

(R?) N C>(R?/B) solves:
V - (Do(x0) + Mp(x)D,)VF* = —1p(x)D; R, x¢cRY (45)

equipped with the condition at infinity:
F(y) + T3)D: [ Redx = Oy, (46)
B
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Following (44), I thus solves the integral equation, a.e. in every bounded set ' C R%:

Fé(y) = —DiDy'(x0) / [VFE(x) Vil'(x—y) — RF(x)['(x — y)}dx, (47)
B
so that Young’s inequality gives
1F N z2m) < CUINVFE |2y + ClE [|r2(m) < CIIVE [lr2m) + O™). (48)

Let Bgr be the ball of radius R with B CC Bpg and denote by Sg its boundary. Inte-
grating (45) on By against F* leads to

OF*
Sk 811

/ (Dy(x0) + T Dy)|VF[2dx = —D, / REFedx + Fdo(x),  (49)
Br B

where o is the surface measure on Si. We may recast condition (46) using the integral
equation (47) for F* and its derivative as

O“F<(y) —i—&"T(y)Dl/ Redx = O ((|[VF||p2my + |1 B || 2m) [y~ (50)
B

for a multi-index o with |a| < 1. Consider first d > 3. Then VF* € L*(R?) and the
boundary integral in (49) goes to zero as R tends to infinity so that

/ (Dy(x0) + T Dy)|VF*2dx = —Dy / R Fedx. (51)
Ré B
This yields, together with (48):

IVF|[Faray < OEHY) + | B 2 IV F | 12,

so that ||[VF?||2ray = O(e?"!). Consider now the case d = 2. We cannot use the same
approach since F*© does not vanish at infinity. Using (50) for y € Sk, we have

@)l < ((logR+ ) IR + 1||VF€HLQB))
Ty < (504 5)IRlew + I VEem).

so that, since | R%[|12(5) = O(e*),

IN

oFs i C .
’/S Fedo(x ‘ < CE2UY 4 Cpe™Y | VEF 23 + ﬁHVF 1Z2(5):
R

Since, according to hypothesis 2, Dy(xo) + gD > Cy > 0 a.e. in R? it follows from
(48), (49) and the above inequality that:

€ C g
Coll V[ < C0 (5 4+0) IVE o,

for any n > 0. It suffices finally to set n small enough and R large enough so that
% +n < Cy to obtain

IVF 2y < IVF 2 = OE*).
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We end the proof with the following integration by parts:

gl d il . ,
Z gf'ﬁjU(xo)Mij = D Z 8flajU(xo) /8B n-V(x! + ¢;(x))x'do(x)

ljl=1

—Dl/ R*(x) XidX—l—Dl/ VFe(x) - Vx'dx,
B

i | |
= DY St [ ne V6ol + O,

which shows that the error terms generated by M and M agree up to an order O(g%*!).
a

4.2 Asymptotic expansions for the Helmholtz equation

We now prove proposition 3.2, theorem 3.3, and proposition 3.4.
Proof of proposition 3.2. We write v* := V + w® so that the corrector w® satisfies:

a0+ (w60 + g (FT) ) w0 = - (ST Voo xen,

£
a €
;:1 =0, on JN.

(52)
We need to show the existence of w®. We first show the existence and uniqueness of a
solution to the integral formulation of (52), which formally reads, y a.e. in :

w® +Tw® = —T°V,

Teoly) = /X o (X - XO) H(x)N(x, y)dx.

€

We consider first the case d > 3. Using the decomposition of N given in proposition 3.1
and denoting by w* the restriction of w®(x¢+¢€y) to B (we do not write the dependence
on ¢ to simplify), we recast the above system as

w* + e"Tw* + TR = TV (%0 + ey), y € B,

70 (y) = [ 00w (0 Gx - y)ax, 53)
Rw*(y) = /Bq1 (x) w*(x)R(xg + £x,Xg + €y )dx.

We have used the homogeneity I'(ex) = £279I'(x) when d > 3. Since T and R* are
compact operators in L*(B), they have discrete spectra. Indeed, since T', VI' € LL (R?),
we have, using the Young inequality for any ¢ € L*(B),

1Tellzm) < laellezm IV s < llallzem el 1T s,
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where B, is a ball of radius a large enough. Thus, proceeding analogously for VT,

|7\l 2y < llaillzoe ) IT L (Ba), IVT | 22y < llanllze )| VT L1 (Ba),

and compactness stems from the Rellich theorem. The same holds for R since it is
Hilbert-Schmidt as R(xqg + &-,%¢ + &) belongs to L*(B x B) (though not necessarily
uniformly in €; see below) according to proposition 3.1. In the same way, we obtain that

TV (%0 + &)l 3y < CIIV (%0 + &)l 22(m),

where C' is independent of €. It remains to show that the operator I + "7 + 42+ R¢
is injective and to use the Fredholm alternative to obtain the existence of a unique
w* € H'(B) verifying (53). Injectivity is obvious when 1 €]0, 2] since he operator norm
of T + e'™R? in L(L?*(B)) is of order O(e") < 1 for € < &y small enough.

When n = 0, we need to use assumption (H-2). Since —1 is not an eigenvalue
of T, it suffices to fix g9 small enough such that the distance between —1 and the
nearest eigenvalue of T is larger than 22| R?| c(2(B))- To do so, we remark, following
proposition 3.1, that uniformly in 'y € B, R(-,y) € W??(B) with p < -4 when 3 <
d <5 and p < oo when d = 2. The Sobolev embedding then yields that R(-,y) € C°(B)
when d < 3 and R(-,y) € LY(B) with ¢ < oo when d =4 and ¢ = 5 when d = 5. Hence,

1B eez2emy) < CllR(x%0 + &+ %0 + )| 2,

which is O(1) for d < 3, O(7*) for any a > 0 when d = 4, and O(¢™') for d = 5. For
the particular case ¢y = 0, proposition 3.1 gives R € C*(B x B) so that || R°||z(r2(s)) is
bounded independently of ¢ for any d. In any event, i 2| R%||z(r2(s)) = o(€o) so that
the Fredholm alternative yields again a unique w* € L?(B) solution to (53) for &g small
enough. In addition, w* satisfies the estimate:

[w[r2(m) < Ce™|V (%0 + &)l 22(B)- (54)

Then w® is given, for y € €2, by:

—x
w(y) = w* (y . 0), y € Xg + B,

w(y) = (—5”Tw* - 5d_2+7’R6w*) (_y

) —TV(y), otherwise,
£

so that w® € H'(Q2). We verify that w® is then a solution to the variational formulation
of (52). To prove uniqueness, we show that, for a given u € H'(), the assertion

1 .
/VU'VUdX—i—/ (qo—i— — Q1( X0)> uvdx = 0, Yo € H(Q), (55)
Q Q e €

implies u = 0. Indeed, for ¢ € L*(Q), consider the weak solution v € H'(Q) of

—Av+qov =, x €,

augmented with homogeneous Neumann conditions on 9€2. Thus, v is given by v(y) =
Jo N(x,¥)p(x)dx. Plugging v into (55) leads to

/(u + T u)pdx = 0, Y € L*(Q),
Q
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so that v + T°u = 0, which implies that « = 0. This ends the proof of existence of a
unique solution of the variational formulation of (52) when d > 3.

We treat now the case d = 2. When n > 0, existence and uniqueness can be
established in the same manner as above. When 7 = 0, we use assumption (H-3). We
first notice that for d = 2, we have

log e
27

T*w (xo + e) = /B g1 (%) w* (x)0(x — y)dy — / 0 (%) w* (x)dx + Rew' (y).

In the same way, proposition 3.1 gives, uniformly in y € B, R(-,y) € W*?(B) c C*(B)
with p < oo, so that we can recast R°w* as

Rw*(y) = R(x0,%0+€y) /B ¢ (x) w*(x)dx + Rw*(y)
E‘Ew*(y) = /Bql (x) w*(x) (R(xo + %, X9 + €y) — R(xq,X¢ + €y)) dx.

The system (53) can then be reformulated as:

- ~ 1
Wt Tw* + B = —TV — BV — (—;gg + R(xo, %o + s-)) Ce.
s

where the constant C¢ is equal to
C° = / ¢ (x) (V(xo + ex) + w*(x)) dx = / ¢ (x) v° (%9 + £x)dx.
B B

Under assumption (H-3), we have C* = 0 so that we just need to show that

| R[22y = o(1)

to apply the Fredholm alternative. Since R(:,y) € C!(B), uniformly in y, we have,
for all (x,y) € B x B, that |R(x¢ + x,x0 + €y) — R(x0,Xo + €y)| < Ce, which gives
| Rl 2By = O(e) and ends the proof of existence when d = 2.

We now prove decomposition (24), which is the corner stone of the proof of theorem
3.3. Since w(xg + £x) = w*(x) when x € B, it suffices to obtain an expression for w*.
We consider first the case d > 3. Defining V¢(x) := V(x( + £x), we recast (53) as:

w* 4 e"Tw* = —"TVE — 2R (VE +w*).

We expand V¢ in the first term of the right hand side and set w* = e"W& 442419 4 &
so as to obtain:

st ]
c c £ .
VT = T ) X0V (x0),
jl=0
re 4T = —R°(VE+uwb), i +e"Try, = —TRY,
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where R is the remainder of the Taylor expansion of V¢ € C®(B) of order d + 2.
o el . elil nj :
Writing W& (x) := Z‘Cﬁ:lo -0V (x0) 9] (x), with

¢j(x) + "7} (x) = —Tx’,

and following the preceding proof of existence when d > 3, we verify that r{, € H'(B)
with a norm bounded by Ce%*? and that r* and ¢} are uniquely defined in H'(B). Also,
examining || R¥||z(z2(p)) as in the proof of existence, we find that ¢ is bounded in L*(B)
independently of ¢ when d = 3, is O(¢™%) for any o > 0 when d = 4 and O(¢™!) when
d =5. When ¢y = 0, r° is bounded in H'(B) independently of € since ||R*||zm1(py) is
uniformly bounded. We thus obtain the expression (24) announced in the proposition
for d > 3. When d = 2, the equation for ¢ has to be replaced by

1
r¢+e"Tre = —R(VE4+w*) + % ¢ (x) v°(x0 + ex)dx,
T JB
~ 1
- _R(VEtw) - (Zi; + R(x0, %o + 5-)) Ce,

where C¢ is the same constant as before. When 7 > 0, we verify that r* € H'(B) with
a norm of order loge. When 7 = 0, assumption (H-3) implies C¢ = 0. Since R* is O(c)
in £(L*(B), H'(B)), we deduce that r¢ is O(g) in H'(B) since V is uniformly bounded
in B and w* is bounded in L?(B) according to (54). O

Proof of Theorem 3.3. We express v° in terms of V and the Green function N, to
obtain, a.e. in

v (y) = Vi(y) — g2t /B ¢1(x) (V(xo + ex) + w®(xg + £x)) N(xo + ex,y)dx. (56)

Taking the trace of (56) on 952, which is well defined in L?(9€) and thus almost every-
where, replacing w®(xg + £x) by the expression in (24) and Taylor expanding both V'
and NN according to (20), lead to the result. O

Proof of Proposition 3.4. The outline of the proof is as follows: starting from the
asymptotic expansion for v* in theorem 3.3, our aim is to recover that of ©* in theorem
2.2 and the expression of the polarization tensor M. This is done in several steps. First,
we verify that assumptions (H-1), (H-2) and (H-3) are satisfied for the particular form
(26) of the potential ¢;. In a second step, we show that the term f in the expansion of
v¢ is of order O(s%) so that 2142 £ is O(??) and can be treated as a remainder. Then,
we show in (27)—(28) that the two first-order terms in the expansion of v° are actually
of order O(£2?) so that they can be neglected and the expansions for v* and u® have
the same leading order O(¢?). Finally, using the particular form of the potential q;, we
perform some transformations in the polarization tensors ) and Q" for n = 0 leading
to the expression of the polarization tensor M in theorem 2.2.

We will need the following lemma, which is one of the main ingredients to show the
equivalence of the tensors:
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Lemma 4.1 Assume v € H'(B) verifies in the distribution sense,

A DO + D1 (X)

~Av+qu=nh inD(B), X) = ,
o (B) @(x) Do + D1(x)

heL*B). (57

Then, for all ¢ € HY(B) and harmonic in B, we have:

[ ) oixplxiax = / D07 (= f)D N e )) Viplx)dx — [ hpax.

Proof. Define D(x) := Dgy + D;(x). Note that d,D; = 0 on dB since D; € C*(Q)
and D; is supported in B. Hence, two successive integrations by parts yield:

A\/_” )(p(x)dx:—/BV\/E‘V(U—\/%)dX:/B<\/E—\/D_O)A(U—\/%>dx

The above expression makes sense since ¢ is harmonic and Av € L*(B) because of (57).
Starting from (57), we verify after some algebra that v solves

v oy
V- Dv(ﬁ) —Dh, inTD(B), (58)
which, since D > 0 in RY, is equivalent to:
v v
2VVD - v(\/—ﬁ) + \/DA(\/—E) — h.

Since D = Dy on 0B and is constant, it follows from the above equation and another
integration by parts that:

2[93 —gpda—/\/_A <de—2/B\/5V(%> .wdx:/Bmpdx. (59)

Here, o is the surface measure on 9B and the boundary term above has to be understood
as the H—2(8B)-Hz(8B) duality product since d,v € H™2(dB) because v € H'(B)
and Av € L?(B) thanks to (57). Using the fact that ¢ is harmonic in B, that D = D,
on 0B, and using equation (59), we find:

(P vm)s(L)en
S LR NCE Ry <f ONCARES
= _/B\/HOA 75 godx—Q/\/HOV —D wdx+2/ @da—/Bhsodx,
= —/B\/FOV<\/%> Vgpdx+/aB goda—/Bhgodx.

To conclude, we just need to remark that, thanks to (58),

@ D@(v
\/ B an\/_
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U
Coming back to the proof of proposition 3.4, we first verify that assumptions (H-1),
(H-2) and (H-3) are satisfied. Since g9 = 0, (H-1) trivially holds because of the
compatibility conditions (17). The same is true for (H-3). Regarding (H-2), we have
to show that if

p+Tp =0, Vo € L*(B), (60)

then ¢ = 0. To this aim, we first remark that T maps L*(B) to H'(B), so that
every o verifying (60) belongs to H'(B). Now, ¢ can be extended to R to a function
¢* € HL (RY) by the relation:

loc
' (y)=¢(y). ye€B,
O (y) = —Te(y), otherwise.

Moreover, when (60) holds, then so does the following in the distributional sense:
—Ap*+q* =0, inD(Q), (61)

for any bounded set ' C RY. Consider y € R¥\B. Then I'(x — y) is harmonic for
x € B. We then apply lemma 4.1 with h = 0 to find, uniformly in y:

oly) = - / L (%) " (OD(x — y)dy,

= " (x) . X — X
_ /D1 ( N )) VI(x — y)dx.

We thus deduce from the above equation for d > 2 the following behavior at infinity:

o' (y) =0(yl'"™),  Ve'(y) =0(y[™). (62)

Besides, equation (61) can be reformulated as:

V- (Dy+ D)V (%) —0, inD(Q). (63)

After multiplication by ¢*(Dy + D1)~ 2 in H . (RY), and an integration on the sphere

Br DD B of radius R and boundary Sg, we find:

2
©* Dp* —
Do+ D)V [—t—_ )| ¢ —/ *do = 0.
/BR( ’ 2 (VDO+D1)' * Sk on

Letting R — oo leads, together with (62), to ¢ = 0 so that assumption (H-2) is satisfied.

We now show the equivalence of the tensors. First, the term f¢ given in the expansion
of theorem 3.3 is of order O(e*), which is not obvious at first sight. Consequently,
£24=2) £ (¢) is of order O(2?) and can treated as a remainder in the expansion. To prove
this, we apply lemma 4.1 to f° and need to estimate r°. Let us recall the equation
verified by 7¢ € H'(B) given in proposition 3.2:

r¥(y) + Tre(y) = /Bq1 (x) v°(x0 + ex)R(x0 + €%, X0 + €y )dx. (64)
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When d = 2, we use the fact that assumption (H-3) is satisfied since gy = 0 so that the
term involving loge in the equation of proposition 3.2 vanishes. Since v° verifies (57)
with h = 0, and R verifies (21) with gy = 0 so that we have Ay R(x,y) = AyR(y,x) =0

since R is symmetric in its arguments and is thus harmonic, we apply lemma 4.1 to find:

/ ¢ (x) v°(x0 + ex)R(x0 + €x, X + €y )dx
B

v (X + €X)
Di(x - VxR(x¢ + £x, X + £y )dx.
/ ( VDo + Di(x) ))

Moreover, we show that

= 0(6)7 (65)

L*(B)

()

Do+ D,
so that the left hand side of (64) is of order O(¢?). This is obtained by proving that
the leading term in the above expression vanishes. That is to say, thanks to the de-
composition given theorem 3.3, v°(xg + cy) = V(x¢ + €y) + Zﬁio %WV(XO)QSJ- (y) +
g2 re(y) + O(e?*?), y a.e. in B, that

V(x0)(1 + o(x))
v D0++D1(x) ) =0

(66)

The argument is very similar to that in the verification of assumption (H-2) and so we
just sketch the proof. Since ¢ verifies ¢g + T'¢y = —T'1, it can be extended to R? to
oy € HL_(R?) which admits the behavior at infinity given in (62). We also have, for any
bounded set ' C R,

—A(gy+1) +q(ey+1) =0, inD'(Q), (67)

so that, still denoting by Bpr the sphere of radius R,

Sending R to infinity then gives the result thanks to the decay of V¢j at infinity. Owing
to this result, the decomposition (24), the fact that ¢; and ¢ belong to H'(B), and r*
is at least an O(¢) when d = 2 as mentioned in theorem (3.3), we get that (65) holds.
Furthermore, using again the fact that R is harmonic, we verify from (64) that r© solves
in the distribution sense:

2

067 —
S+ 1)do = 0.
SRan(SOO—i_ )0

—Ar* 4+ q@r®* =0, inD'(B).
We cannot apply lemma 4.1 directly to (64) since for (x,y) € B x B, we have

—AJ'(x—y)=6d(x—y), inD(B),
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and I' is not harmonic. Nevertheless, the lemma can easily be adapted to this special
case so that, y a.e. in B, we have

[t eare=yyix = —= [ Dux () o) Vi

D0+D1( )
_\/D0+D1 —\/_org( )
Do + D1(y) v

Plugging the above expression into (64), we finally find the following equation for r° €
HY(B),y a.c. in B:

r(y) 1 re(x)
At Db () T

2 v (x)
= — | Di(xX)V|———=——) - VxR(xg + &x, Xg + €y )dX.
DO/B 1(x) ( D0+D1(x)> (%o 0+ Y)

Identifying the right hand side of the latter equation with S¢(ex) and (Do—l—Dl)’%r6 with
r<(x) + 5% (ex) in the proof of theorem 2.2, we see that (Dy+ D;)~27< and 75 (x) + S¢(ex)
satisfy similar equations so that the same technique yield

< Ce?

IVxVy R oo (5,5,
L*(B)

L*(B) :

MEr=" (o)

From proposition 3.1, R € C®(Q x Q). Together with (65), this finally gives that:

o

We conclude by applying once again lemma 4.1 to obtain

/BCh (x)r°(x)N(xo + €x, -)dx

1/l 200 =
12(00)

/BDI(X)V(QZT—XI))I(X)) Vi N(xo + ex, -)dx

€

. =0

L2(9Q)

thanks to (68).
We now prove (27) and (28) so that the leading order in the expansion of theorem
2.2 is O(g?) as in the case of the diffusion equation. We remark that, for n = 0,

elil o .
Zo—é?”V(xO)(Qoﬁon) = 25V /B 0.60) (1) + ')

= [ a6 (W6 + V(o -+ =) = Ry ) )

where ¢ is given in the theorem and Rj, is the remainder of the Taylor expansion of
V(xo + €x) at the order d + 2 and is thus of order O(£?*?). In order to apply lemma
4.1, we verify from (25) that V¢ € H'(B) solves,

—AWE 4 0 = =g (V(xo +ex) — By (x)) in D(B).
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Setting v(x) = V&(x) + V(xo + ¢x), h = @ R, and ¢ = 1 in lemma 4.1 yields (27).
Regarding (28), we write, for y € 052,

d+1 H

X%%Ww%m%ﬁ@@=Lm®@+%mNMm+mw—ﬁ@mm&

i=0
where R, is the remainder of the d + 2 order Taylor expansion of N(xq + €x,y) with

respect to x and is thus of order O(g?+2). Since N(xq + €x,y) is harmonic when x € B
and y € 0f2, we apply lemma 4.1 thanks to (67) to find:

d+1 ||

;—8’]\7@(0, )<QiO+Q?°> - J%T BDlv(\/(%lg}:)()@>'VxN(xO+ex,y)dx

+O(6d+2) — O(€d+2),
since the above integral vanishes thanks to (66).
At this point of the proof, we have thus shown that v° satisfies, a.e. on 9, that

Al dHl cd—2+il+j]

’U‘S(Y)|aQ = V(Y)|GQ - Z Z

ljl=1li|=1

(Qij + Q?j) &V (x0) &' N (xo, Y)Lm +0(*).

il

Setting v*(y) = us(y)\/Do—FDl(y;xo), V = VDyU, we verify that v and U are

solutions to (1) and (4), respectively, with the boundary term g multiplied by v/Dy. It
thus remains to show that (29) and (30) hold to recover the asymptotic expansion for
uf of theorem 2.2. Since x? + ¢; satisfies (57) when [j| = 1 and x* is harmonic when
li| = 1, we have, for |i| = |j| = 1

@+ = [ a0+ 6,00 xix

N Xj+¢y()
- \/_/ VDo + D1 (x)

We introduce the following extension to ¢; on R%:

{ Pi(y) = ¢j<Y>, y € B,

¢;(y) = —T9;(y) — T, otherwise,

)) . Vxidx. (69)

which thus satisfies the conditions at infinity in (62). We recall that gboo, the function
introduced in theorem 2.2 to define the polarization tensor M, is the unique weak
solution in the space HL_(R%) N C>(R¥\ B) to the following system posed in R%:

loc
v (DO + D, (x)) Vel = -V (Dl(x)ij>, (70)
o(x) = O(x["™) as |x| — oo. (71)

When |j| = 1, notice that qb(;»o is given by

b0 = (VDD )y, YOI D

jo\X) = \/D_O \/D_O (b;(x)a
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so that (29) is proved using (69). To prove (30), we need to sum over ¢ and j to be able
to use lemma 4.1 since X' is not harmonic for |i| > 2 and x7 + ¢;(x) satisfies (57) with
a negligible left- hand side h of order O(¢%+?) only after summation. We thus write,
using the same arguments as for the proof of (27) and (28), for y € 9€:

dtl dtl jij4j|

>

— £ ilj!
=1 [i|=1
drl d+l jil 4]

=2

l7l=1]i]=1

_ /ql(x) (v<x0 +ex) — B (x) + U5(x)) (N (%0 + ex, y) — Ry (x, y))dx + O(e72),

(@i + Q20N (x0, V)V (x0)

azN(Xm Y)a V(Xo) /

B

¢ (x) (xj + ¢; (x)> x"dx,

V(%o + ex) + V¢(x) d+2
DV - VN (xg + ex,y)dx + O(e"1?),
— [ v ) Ve ey O

diidii clil+il

=1 ]il=1

| i+ o, |
— 0N (x0, )V (0 / Di(x v(%gx()x)) Vxidx + O(e4?),
0 1

It remains to relate the latter sum to M. For that, let f; be defined as:

) = (LR = 1)+ X2 P (y) — i),

Then f; belongs to HL_(R%) N C>(R%\ B) by construction and solves:

loc

V- (Do+ Di(x))Vf; = —1Lp(x)\/Dy+ Di(x)Ax?, xR (72)
fily) = O(y['™) as |y| — oo. (73)

Here, 1 is the characteristic function of the set B and ¢j is the extension of ¢; to R,
Note that f; = 0 when |j| = 1 so that we recover the preceding relationship between oy

and ¢9. To conclude the proof, it suffices to show that an appropriate linear combination
of the terms f; is of order O(¢%+?). Let:

d+1 m d+1 €|j| '
To(x) =) 7aJV(xO)AxJ Fo(x) =) ?aJV(XO) £i(x),
lj1=1 li1=1

50 that since AV (xq +¢ex) = 0, for all x € B, we have T3 (x) = O(¢*+?) uniformly in B
and F© € HL_(R?) NC>®(R?\ B) solves

loc

V. (Dy+ Di(x))VEF* = —1p(x)v/Dy+ Di(x)TE, x€RY

Fely) = O(lyl'"™)  as |yl — o0
The above equation is very similar to (45) at the end of proof of proposition 2.8 and a

similar analysis yields
IVF®|| L2 (ray = O(e™?).
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We conclude the proof by calculating that

dtl dtl jil+li| j . ,
—0'N (x0,y)PV (x0) / Di(x (L@(X)) . Vxidx,
! D0+D1<X)

d+1 d+1 ‘ |+m

=X

l|=1 [i|=1
dtl dtl i+

rz

l7l=1li[=1

Xo, 8 V XO / D1 X —+ ’l/}j —+ f]> . Vxldx,

] 81N<X07Y)a V(X(])MZJ + O( d+2)

4.3 Appendix

This appendix states several lemmas that were needed in the preceding analyses.

Lemma 4.2 Let F € (L*(R%))? and D; € WH*(R?) compactly supported in a bounded
domain B, and Dy a strictly positive constant. Assume moreover that Dy + Dy(x) >
Co > 0 a.e. in R, Then, the following problem (P):

V- (Dy+Di(x))Vé = V- -F in D' (RY),

o(x) = O(x["™) as [x|]— oo,

admits unique solution in H}
any bounded set A C RY,

(R NC>®(RUN\B). Moreover, ¢ satisfies the estimates, for

loc

IVl emay < Co ' IIF ey 0lr2ay < ClIF ey (1+ | Dillpogay) . (74)

and is the unique solution, a.e. on every bounded set of RY, to the integral equation

Dooy) = — /B Dy (x) Vo(x) - ViI'(x — y)dx + / F(x) - Vi['(x —y)dx. (75)

B

Proof. We show that (P) is equivalent to a problem posed on a bounded domain
that can be solved with the Lax-Milgram lemma. To do so, let Bg be the sphere of
radius R with B CC Bpg and denote by Sg its boundary. Consider the solution ¢ to (P)
with the announced regularity. Since both D; and F are supported in B, the function ¢
is harmonic in R“\ B and in particular in R\ Bg. Denoting by A : H2(Sg) — H~2(Sg)
the exterior Dirichlet-Neumann operator on the sphere Sg, we then have the standard
relation

99

an A ¢|SR 9
9%

where 7= is the outer normal derivative of ¢ on Sg and | s, 1ts outer trace. Since ¢ is
harmonic in R¥\ B and is thus of class C* on this set, —n and ¢[g are continuous across
Sg. Using this fact and integrating (P) against a test function v € C*(Bg), we find

/ (D0+D1)V¢-Vvdx—DU<A¢\SR,U\SR>:/F-Vvdx,
Br B
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where (-, -) denotes the Hz(Sg) — H2(Sg) duality product. The restriction of ¢ to Bg
is therefore a solution to the following variational problem (P2): Find u € H'(Bg) such
that

a(u,v) = l(v), Vv € H'(Bg),

with obvious notation for the bilinear form a and the linear form /. Let us assume for
the moment the existence of a unique solution u to (P2). That solution can be extended
to a function u* solution to (P). Let indeed u* be defined as:

ut = u, in Bp,
u* =U, in R\ Bg,

where U is the solution to

AU = 0 in D'(RN\Bp),

Ulg, = ulg,, Ux)—0 as |x|— oc.

By construction, the trace of u* is continuous across Sg. Since U is harmonic in R%\ Bg
and vanishes at infinity, it also verifies: 9% = A U] s, = Mulg, . Tt then suffices to
integrate the equation solved by U against a test function v € C°(R%) and to consider

(P2) to find

/ (Do + Dy)Vu* -VvdX:/ F - Vudx, Vo € C°(RY),
Rd B

so that u* solves (P). The above equation also implies that u* is harmonic in R\ B
and is thus of class C*> on this set. It remains to verify the behavior at the infinity,
which stems from the fact that F has compact support in Bg. Setting v = 1 in (P2)
yields (A u|g_,1) = 0. Getting back to U, since its trace and its normal derivative are
known and given by u| s, and A ul s, Tespectively, it admits the following representation
formula, for x € R%\ Bp:

Jor'(x

o doty) = (A ulg, T(x =),

U(x) = / ulg, (y)

where I' is the fundamental solution of the Laplacian in (6) and o is the surface measure
on Si. We conclude by noticing that, as |x| — oo:

(Aulg, , D(x =) = (Aulg, . T(x =) = T(x)) = O(|x|'™).

It remains to show the existence of a unique solution to (P2). This is a consequence
of the Lax-Milgram lemma: a and [ are both continuous in H'(Bgr) and the coercivity
follows from the Poincaré-type inequality:

ull 2 < C (IVUull 2 + lullizsy) . Yu e H' (Bg),
and the relation

Cllullfasy < —(Aulg, s uls,),  Vu € HH(Sp).
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We now prove the first estimate in (74). Let v € C§°(R?) such that

1
ﬁHvHLl(SR) — 0 as R — oo. (76)

Integrating (P) against v yields

/ (Do + D1)V¢ - Vudx — Dy %vda: / F - Voudx.
Br Sk on B

Since Vp(x) = O(|x|79) as x tends to infinity, it belongs to LP(R?\B,) for some p > 1
and a ball of radius p with B CC B,. The above equality also holds by density for all v €
V,, the space of functions v such that v € H} (R?), v verifies (76) and Vv € L” (R¥\ B,)
for z%—k% = 1. Since g—ﬁ = O(R™%), sending R to infinity implies, together with (76), that
the boundary term goes to zero. On the other hand, the function V¢ - Vv is integrable
on R? for v € V,, which allows us to use the Lebesgue dominated convergence theorem

and obtain as R — oo:
/ (Do—i-Dl)ng-VvdX:/ F - Vvdx, (77)
R4 B

for all v € V,,. Since ¢ € V,, for any d > 2, we obtain the left estimate of (74).

Let us now consider the integral equation (75) and show that the solution to (P)
verifies (75). For ¢ € L?(Bg), let v(x) = fBR I'(x —y)y(y)dy for a given ball Bg. Since
I € Wh!(RY), it follows from the Young inequality that v € H. _(R%). Set x € R\ Bg

loc loc
with By CC Bg. Then VI(- —y) € LP(R\Bp) for p > ;4 and y € Bg. Such
a function v also satisfies (76) for d > 2 since I'(x — y) grows at worst as log |x| for
(x,y) € R\ Bp x Bg. We can thus use v as a test function in (77). In order to use the
Fubini theorem, we notice that the function Vu(x) - VI'(x — y)¢(y) 1z, (y) belongs to
LY (R x R?) thanks to the Sobolev inequality [11] recalled in lemma 4.3 in the appendix
since Vv € L?(R?) and ¢ € L*(Bg). Indeed, since R < oo, we bound the L?(R?) norm
of ¥(y)Ip,(y) by the L?*(Bg) norm of ¢ for ¢ = % < 2. Then choose p = 2 and
A =d—11in lemma 4.3.
The same conclusion holds for F(x) - VI'(x — y)¥(y)15,(y) so that we obtain from
(77):

Do [ ([, Vo) Ireey)ix)utyay

_ /B ( /R Dix)Vo(x) - VI(x—y) ~F(x) - VI(x = y) Ji(y)dy.  (78)

It thus only remains to show that [, Vo(x) - VI'(x —y)dx = ¢(y) a.e. on Bg to
conclude. To this aim, consider a sequence ¢" of C°(RY) functions such that V¢ — V¢
in L*(R%) and ¢" — ¢ in L?*(A) for any bounded set A. Since —AN(x—y) =d(x—y)
in the distribution sense, we have, for any y € R%:

lim I'(x —y)A¢"(x)dx = —¢"(y).

=0 x—y|>e
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The Lebesgue dominated convergence theorem yields consequently:

lim 5 ( /X " I'(x— y)A(;S"(X)dX) V(y)dy =— | ¢"(y)¢(y)dy.

e—0 Br

An integration by parts then gives:

o 06" ) e i
[ reevaeeoas = [ SRR y)dol

_/|— | VI(x —y)- - V¢"(x)dx

The boundary integral goes to zero with €. For the other term, we remark that the
function Mx_y» L5, VI (x —y) - Vo™ (x)(y) converges a.e. in R x R to 1, VI'(x —
y)-V¢™(x)1(y) which belongs to L' (R?xR?) thanks to the Sobolev inequality. Applying
again the Lebesgue dominated convergence theorem yields

[ ([ vere0- vrx=yiix) utiay = [ oty

and it suffices to pass to the limit in the sequence ¢™ to conclude. This proves that the
solution to (P) satisfies (75). Conversely, considering a solution of (75) in H} (R%) N
C>(R?\ B), we verify using the same techniques as above that this solution also satisfies
(P), which we know admits a unique solution. Therefore, the integral equation (75) also
admits a unique solution. The second estimate of (74) follows from (75), the Young
inequality and the first estimate of (74). O

Lemma 4.3 Sobolev inequality (see e.g. [11]). Let f € LP(R?), g € LY(RY), 1 < p,q <
00, 0 < A < d with the relation > + 1 + % = 2. Then:

/ / A d dy < C|f[lLo@a)l|gl| La(a)-
Rd JRE |

The following lemma, which is a standard variational formulation of the Fredholm al-
ternative, is used several times in the paper.

Lemma 4.4 Let H be a Hilbert space and let a(-,-) be a bilinear form on a H x H
such that a(-,-) = ao(+,-) + a1(+,-), where both ay and ay are continuous in H and aq is
H-coercive. Assume moreover, that for two sequences u, and v, weakly converging in
H to u and v, we have

ay (Up, v,) — aq(u,v).

Then, if the following assertion is verified
(a(u,v) =0, Yve H)= u=0,
for all f in H', there exists a unique u € H which satisfies
a(u,v) = (f,v), Vv e H.

Here, (-,-) denotes the H'-H duality product. Moreover, u verifies the estimate, for
some positive constant C':

[ullz < Cllf |-
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Proof. We sketch a proof for completeness. Since aq is coercive, we know from the
Lax-Milgram theory the existence of a bounded and boundedly invertible operator S
on H such that ag(u,v) = (S7'u,v), where (-,-) is the inner product on H. By the
Riesz representation theorem, we similarly know the existence of a bounded operator
A;p such that aq(u,v) = (Aju,v). The hypotheses on a; imply that A; is compact on
H. Indeed, choose u, — u and define v, = Aju,, — Aju. We verify that v, — 0 and
that || Ayu, — Ayu|* = (Arun, v,) — (Ayu, v,) converges to 0 by the above hypothesis on
ay so that A; maps weakly converging sequences to strongly converging sequences and
is thus compact.

Now by the Riesz representation theorem, there exists f € H such that (f,v) =
(f,v), for all v € H, so that a(u,v) = (f,v) is equivalent to (S™! + Aj)u = f and
thus equivalent to (I + SA;)u = Sf, which admits a unique solution if and only if —1
is not an eigenvalue of the compact operator SA;, which is equivalent to the fact that
a(u,v) =0 for all v € H implies that uw = 0. O
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