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Abstract

We consider the perturbation of elliptic operators of the form P(x,D) by
random, rapidly varying, sufficiently mixing, potentials of the form ¢(%,w). We
analyze the source and spectral problems associated to such operators and show
that the properly renormalized difference between the perturbed and unperturbed
solutions may be written asymptotically as € — 0 as explicit Gaussian processes.
Such results may be seen as central limit corrections to the homogenization (law
of large numbers) process. Similar results are derived for more general elliptic
equations in one dimension of space.

The results are based on the availability of a rapidly converging integral formu-
lation for the perturbed solutions and on the use of classical central limit results
for random processes with appropriate mixing conditions.

keywords: Homogenization, central limit, mixing coefficients, partial differential equa-
tions with random coefficients, random oscillatory integrals.

AMS: 35R60, 35J05, 35P20, 60HO5.

1 Introduction

There are many practical applications of partial differential equations with coefficients
that oscillate at a faster scale than the scale of the domain on which the equation is
solved. In such settings, it is often necessary to model the rapidly oscillatory coefficients
as random processes, whose properties are known only at a statistical level. The nu-
merical simulation of the resulting partial differential equation with random coefficients
becomes a daunting task.

Two simplifications are then typically considered. The first simplification consists
in assuming that the coefficients oscillate very rapidly and replacing the equation with
random coefficients by a homogenized equation with deterministic (effective medium)
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coefficients. The homogenization of many linear and nonlinear partial differential equa-
tions with periodic [7, 40] and random highly oscillatory coefficients has been obtained
to date [11, 16, 30, 35, 37, 38, 43].

The solution to the equation with random equations may also be interpreted as a
functional of an infinite number of random variables and expanded in polynomial chaoses
[17, 48]. A second simplification consists then in discretizing the randomness in the co-
efficients over sufficiently low dimensional subspaces -primarily by Galerkin projection-
so that the partial differential equation with random coefficients may be fully solved
numerically. We refer the reader to e.g. [3, 27, 28, 29, 39, 50| for references on this
active area of research. Such problems, which are posed in domains of dimension d+ @),
where d is spatial dimension and () the dimension of the random space, are computa-
tionally very intensive, although they have the main advantage of providing realistic
statistical fluctuations of the random solution, which are absent in the homogenization
approximation.

The two aforementioned approaches can hardly be reconciled. Homogenization arises
in a limit where the law of large numbers applies and the solution becomes asymptoti-
cally a deterministic quantity. The number of random variables describing the random
coefficients thus tends to infinity, a limit that is difficult to obtain by polynomial chaos-
type expansions.

In several practical settings such as e.g. the analysis of geological basins or the
manufacturing of composite materials, one may be interested in an intermediate sit-
uation. We may observe experimental fluctuations in the random solution which are
not accounted for by the homogenized solution, and yet, may be in the presence of a
sufficiently rich random environment so that full solutions of the equation with random
coefficients may not be feasible. This is the type of settings that motivate the studies
of this paper. Our main objective will be to characterize the statistical structure of
the corrector to the homogenized, deterministic, limit. Whereas the deterministic limit
may be seen as a law of large number effect, we are interested in characterizing the next
order term, which arises as an application of the central limit theory.

In most practical cases of interest, starting with the elliptic operator V - a.(x,w)V,
with x € D C R? and w € Q the space of random realizations, the calculation of
the homogenized tensor is difficult and does not admit analytic expressions except in
very simple cases [30]. The amplitude of the corrector to homogenization, let alone
its statistical description, remains largely open. The best estimates currently available
in spatial dimension d > 2 may be found in [49]; see also [19, 21], [18] for discrete
equations, and [4] for applications of such error estimates. Only in one dimension of
space do we have an explicit characterization of the effective diffusion coefficient and of
the corrector [13]. Unlike the case of periodic media, where the corrector is proportional
to the size of the cell of periodicity €, the random corrector to the homogenized solution
is an explicitly characterized Gaussian process of order y/¢ when the random coefficient
has integrable correlation [13]|. In the case of correlations that are non integrable and
of the form R(t) ~ t~* for some 0 < a < 1, the corrector may be shown to be still an
explicitly characterized Gaussian process, but now of order 2 [5].

The reason why explicit characterizations of the correctors may be obtained in [5, 13]
is that the solution to the heterogeneous elliptic equation may be written explicitly.
Correctors to homogenization have been obtained in more general settings. The analysis



of homogenized solutions and central limit correctors to evolution equations with time
dependent randomly varying coefficients is well known; see e.g. [9, 23, 25, 33, 36, 42]
for reference on the Markov diffusion approximation and the method of the perturbed
test function. In the context of the one-dimensional Helmholtz equation, this would
correspond to solving the equation on an interval (0,a) with initial conditions of the
form u.(0) and u.(0) known. The asymptotic limit of boundary value problems, which
corresponds in our example to prescribing u.(0) and wu.(a), requires somewhat different
mathematical techniques. We refer the reader to [26, 47] for results in the setting
of one-dimensional problems. Note that in the case of a much stronger potential, in
dimension d = 1 of the form 5’%q5 instead of ¢. in the above Helmholtz operator, the
deterministic homogenization limit no longer holds. Somewhat surprisingly, the solution
of a corresponding evolution equation still converges to a well identified limit; see [44].

In spatial dimensions two and higher, a methodology to compute the Gaussian fluctu-
ations for boundary value problems of the form —Au.+F(uc, x, X) = f(x) was developed
in [24]. An explicit expression for the fluctuations was obtained and proved for the linear
equation (—A+ A +¢q(¥))u.(x) = f(x) in dimension d = 3. In this paper, we revisit the
problem and generalize it to linear problems of the form P(x,D)u. + ¢.(x)u. = f(x)
with an unperturbed equation P(x,D)u = f, which admits a Green’s function G(x,y)
that is more than square integrable (see (4) below). The prototypical example of interest
is the operator P(x,D) = —V - a(x)V + ¢o(x) with sufficiently smooth (deterministic)
coefficients a(x) and go(x) posed on a bounded domain with, say, Dirichlet boundary
conditions, for which the Green’s function is more than square integrable in dimensions
1<d< 3.

Under appropriate mixing conditions on the random process ¢.(x,w), we will show
that arbitrary spatial moments of the correctors

Ue — U
d
2

M),
€
where u. and ug are the solutions to perturbed and unperturbed equations, respectively,
and where M is a smooth function, converge in distribution to Gaussian random vari-
ables, which admit a convenient and explicit representation as a stochastic integral with
respect to a standard (multi-parameter) Wiener process. If we denote by u; the weak
limit of wi. = £~ 2(u. — ug), we observe, for 1 < d < 3, that E{v? (x,w)} converges
to E{u?(x,w)}, where v;. is the leading term in w;. up to an error term we prove is
of order O(e?) in L'(Q x D). This shows that the limiting process u; captures all the
fluctuations of the corrector to homogenization. This result is in sharp contract to the
cases d > 4 and to homogenization in periodic media in arbitrary dimension, where the
weak limit of the corrector captures a fraction of the energy of that corrector. We thus
see that corrections to homogenization are somewhat different for 1 < d <3 and d > 4
so that the square integrability of the Green’s function is a natural condition in the
framework of homogenization in random media.

We obtain similar expressions for the spectral elements of the perturbed elliptic
equation. We find that the correctors to the eigenvalues and the spatial moments of
the correctors to the corresponding eigenvectors converge in distribution to Gaussian
variables as the correlation length ¢ vanishes. In the setting d = 1, we obtain similar
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result for more general elliptic operators of the form —@(agﬁ) + qo + q- by appropriate



use of harmonic coordinates [35]. The extension to similar operators in dimension d > 2
remains open.

As was already mentioned, the theory developed here allows us to characterize the
statistical properties of the solutions to equations with random coefficients in the limit
where the correlation length (the scale of the heterogeneities) is small compared to the
overall size of the domain. In many practical problems, it is a good approximation to
the statistical structure of the solution of the equation and possibly be all that one is
interested in.

Asymptotically explicit expressions for the correctors may also find applications in
the testing of numerical algorithms. Several numerical schemes have been developed
to estimate the heterogeneous solution accurately in the regime of validity of homog-
enization by using discretizations with a length scale h that is large compared to the
correlation length: h > &; see e.g. [1, 2, 21, 22, 41]. A possible application of the
explicit expression for the correctors is to see whether these algorithms can capture the
central limit correction to the solutions to the random partial differential equations.

Another application concerns the reconstruction of the constitutive parameters of
a differential equation from various measurements, for instance the reconstruction of
the potential in a Helmholtz equation from spectral measurements [31, 45]. In such
cases, reconstruction algorithms provide lower-variance reconstructions when the cross-
correlations are known and used optimally in the inversion; see e.g. [46]. Provided that
qo is the deterministic quantity that we wish to reconstruct, higher-frequency compo-
nents that we may not hope to reconstruct still influence available data. The correctors
obtained in this paper provide asymptotic estimates for the cross-correlation of the
measured data, which allow us to obtain lower-variance reconstructions for go; see [6].

An outline for the rest of the paper is as follows. Section 2 considers the convergence
of the corrector to the homogenized solution for the Helmholtz equation with source
term in dimensions 1 < d < 3. The proof is based on showing the rapid convergence of
a Lippman-Schwinger-type integral formulation (see (8) below), and on applying central
limit theorems to random oscillatory integrals. The behavior of the oscillatory integrals
is considered in arbitrary dimensions in section 2.4, where a comparison between homog-
enization in random and periodic environments is also considered. The generalization
to a more general one-dimensional elliptic source problem in detailed in section 3. The
results on the correctors obtained for source problems are then extended to correctors
for spectral problems in section 4. The proof is based on adapting classical results [32]
on the convergence of the spectra of operators that converge on average in the uniform
norm. The results obtained for the spectral problems are then briefly applied to the
analysis of evolution equations. Some concluding remarks are presented in section 5.

2 Correctors for Helmholtz equations
Consider an equation of the form:

P(XvD)ua + q.u. = f7 xeD (1)
u; =0 x € 0D,



where P(x,D) is a (deterministic) self-adjoint, elliptic, pseudo-differential operator and
D an open bounded domain in R?. We assume that P(x, D) is invertible with symmetric
and “more than square integrable” Green’s function. More precisely, we assume that
the equation

P(x,D)u = f, xeD
u=20 x € 0D, (2)
admits a unique solution
ux) =07(x) 1= [ Gy )iy, (3

and that the real-valued and non-negative (to simplify notation) symmetric kernel
G(x,y) = G(y,x) has more than square integrable singularities so that

1

X — (/ |G (x, y)dy)m is bounded on D for some 7 > 0. (4)
D

The assumption is typically satisfied for operators of the form P(x, D) = =V -a(x)V +
o(x) for a(x) uniformly bounded and coercive, o(x) > 0, and in dimension d < 3, with
n = 400 when d = 1 (i.e., the Green’s function is bounded), n < oo for d = 2, and
n<1ford=3.

Let G-(x,w) = ¢(%,w) be a mean zero, strictly stationary, process defined on an
abstract probability space (Q, F,[P) [15]. The process §.(x,w) will be modified in the
sequel as the process ¢.(x,w) appearing in (1) to ensure that solutions to the Helmholtz
equation exist. We assume that ¢(x,w) has an integrable correlation function:

R(x) = E{q(y,w)q(y +x,w)}, (5)

where E is mathematical expectation associated to IP. The above expression is indepen-
dent of y by stationarity of the process q(x,w). We also assume that ¢(x,w) is strongly
mixing in the following sense. For two Borel sets A, B C R?, we denote by F4 and Fp
the sub-o algebras of F generated by the field ¢(x,w) for x € A and x € B, respectively.
Then we assume the existence of a (p—) mixing coefficient () such that

)E{(n — E{n})(§ —E{¢}
(E{n*}E{¢?})”
for all (real-valued) random variables 1 on (2, F4,P) and € on (2, Fg,P). Here, d(A, B)

is the Euclidean distance between the Borel sets A and B. The multiplicative factor
2 in (6) is here only for convenience. Moreover, we assume that ¢(r) is bounded and
decreasing. We will impose additional restrictions on the process to ensure that the
equation (1) admits a solution.

We formally recast (1) as

b < p(ada. ) (6)

Ue = g(f - Q6u6)7 (7)
where G = P(x, D)™', and after one more iteration as
u.=6f—Gq¢Gf+GqgGqu.. (8)

This is the integral equation we aim to analyze.
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2.1 Existence and error estimates

In order for the above equation to admit a unique solution, we need to ensure that
(I — Gq.Gq.) is invertible P—a.s. We modify the process ¢.(x,w) defined above on a set
of measure of order €% so that Gq.Gq. has spectral radius bounded by p < 1 P—a.s. To
do so and to estimate the source term Gf — Gg.Gf in (8), we need a few lemmas.

Lemma 2.1 Let q(x,w) be strongly mizing so that (6) holds and such that E{q®} < oco.
Then, we have:

IE{q(x1)a(x2)q(x5)q(x0)}| < sup 02 (ly1 — ya)e2 (ly2 — ya)E{¢®}5. (9)

{Yk}1gkg4:{xk}1§kg4

Here, we use the notation a < b when there is a positive constant C' such that a < Cb.
Proof. Let y; and y, be two points in {x;}1<r<4 such that d(y1,y2) > d(x;,x;) for
all 1 < 14,57 < 4 and such that d(yi,{z3,24}) < d(y2,{23,24}), where {y1,¥y2,23,24} =
{Xk fr<r<a
Let us call y3 a point in {z3,z4} closest to y;. We call y, the remaining point in
{xx}1<k<4. We have, using (6) and E{q} = 0, that:

1

[E{q(x1)a(x2)a(xs)a(xa)}| S @(2ly1 — ys)) (B{q*})? (E{(a(y2)a(vs)a(ys))*})?.

The last two terms are bounded by E{qf}s and E{¢®}z, respectively, using Holder’s
inequality. Because ¢(r) is assumed to be decreasing, we deduce that

[E{ax)a(x)atxs)a(xa)}] S el — ys)E{a}S. (10)
If y4 is (one of) the closest point(s) to ya, then the same arguments show that
[E{a(x1)a(x2)a(xs)a(x4)}]  @(ly> — ya) E{q"}>. (11)

Otherwise, y3 is the closest point to y», and we find that

[E{q(x1)a(x2)a(xs)a(x0)}| < 0 (2ly2 — ys)E{¢"} 5.

However, by construction, |ys — y4| < |y1 — ¥2| < |y1 —y3| + |y3s — y2| < 2|ys — y3], so
(11) is still valid (this is the only place where the factor 2 in (6) is used).

Combining (10) and (11), the result follows from a A b < (ab)2 for a,b > 0, where
aAb=min(a,b). O

Lemma 2.2 Let q. be a stationary process q-(X,w) = q(%,w) with integrable correlation
function in (5). Let f be a deterministic square integrable function on D. Then we have:

E{Hg%ng%?(D)} N 5d||f“?;2(p)- (12)

Let q. satisfy one of the following additional hypotheses:

[H1] There is a constant C' such that |q(x,w)| < C' dx x P-a.s.

[H2] E{q°} < oo and q(x,w) is strongly mizing with mizing coefficient in (6) such that
90%(7“) s bounded and rd_lgoé(r) is integrable on RT.

6



Then we find the following bound for the operator Gq.Gq.:
E{ngagqan%(LQ(D))} Sel. (13)

Remark 2.3 Note the assumption [H2] combined with ¢(r) decreasing together impose
that o(r) = o(r— ) For otherwise, we would have an increasing sequence 7, — 00 as
n — oo such that 32 (rn) > Cr ¢ for some C' > 0, and then, since o2 is also decreasing,

00 L /rn+1 d ld’f’ Tpa1 — T
5 dT‘> _ n+1 n+ n
| > SRP IR TR LD

Now if there is an infinite number of terms n such that r,,1 > 2r,, then there is an
infinite number of terms such that % 2 5 and the above sum is infinite. If there
is a finite number of such terms, then for all n > ng for ng sufficiently large, we have
Tni1 < 21, so that

> 1 Tn+1 — Tn+1 — d.CE
2 (r)dr > = .
/0 : Z Cdrpy Z 2dr - 2d/ x oo

n>ng

Our assumptions then impose that ¢(r) decay faster than r—27.

Proof [Lemma 2.2]. We denote || - || = || - || z2(py and calculate

60.0/(x) = [ ( [ 6 y)av)Gly.2dy) f(z)da
p \Jp
so that by the Cauchy-Schwarz inequality, we have
2
00.60P < 111 [ ([ Goxy)av)Giy.2)dy) o
p NJp
By definition of the correlation function, we thus find that
E{Hg g < 2 y C
-G f17} S IIfI G (x,¥)G(x, Q)R(—— ) Gy, 2)G(C, 2)dxdydCdz.  (14)

Extending G(x,y) by 0 outside D x D, we find in the Fourier domain that

B(190.01) S 151 [ [ 166¢9GTa ) (p)=" lep)dpdxia

p2 JR

Here f(£) = Jra €7 f(x)dx is the Fourier transform of f(x). Since R(x) is integrable,

then R(ep) (which is always non-negative by e.g. Bochner’s theorem) is bounded by a
constant we call Ry so that

B{190.0517) S I71P<"R | G2(x.3)G2(a.y)ixdyda < | 1]P<" o
D3

by the square-integrability assumption on G(x,y). This yields (12). Let us now consider
(13). We denote by [|Gg-Gq:|| the norm [|Gg-Gq:||z(12(py) and calculate that

gqag(Ja¢(X)Z/D(/DG(x,y)qa(y)G(y,z)dy)qg(z)¢(z)dz.
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Therefore,

(00.00.00x)) < [ ([ Glxyn)Gly.maaiy) do [ (ayin

by Cauchy-Schwarz. This shows that

1906213) < [ ([ Glxyny)Gly.2pdy) o (adaix.

When ¢.(z,w) is bounded P—a.s., the above proof leading to (12) applies and we obtain
(13) under hypothesis [H1].
Using Lemma 2.1, we obtain that

B (o))} < ot (YD) ph0) 4ot (M) (22ED)

3

Under hypothesis [H2], we thus obtain that

E{lG¢:Ge:l7} < /D4G(X,y)G(x,C)905(@)G(mz)e(c,z)dydcdmz
([ et (M=) oty may) e

Because r?1p2(r) is integrable, then x — 2 (|x|) is integrable as well and the bound
of the first term above under hypothesis [H2] is done as in (14) by replacing R(x) by
02 (|x|). As for the second term, it is bounded, using the Cauchy-Schwarz inequality,

b
([ @) ([ o2 ar)ins

since x — ¢(|x|) is integrable, D is bounded, and (4) holds. O
Applying the previous result to the process ¢.(x,w) = ¢(¥*,w), we obtain from the
Chebyshev inequality that

~ o112
P(w: 9390l > p) < E{”gq;qu”ﬂ} < (15)

On the set Q. C Q of measure P(€2.) < % where ||GG.Gg-||z > p, we modify the potential
G- and set it to e.g. 0. We thus construct

qE(X, w) — { (q)E(wa) 8{}967 (16)
We have

Lemma 2.4 The results obtained for G.(x,w) = q(%,w) in Lemma 2.2 hold for q.(x,w)
constructed in (16).



Proof. For instance,

E{lG¢-G 111’} = E{xa:(W)[IGe-G fII*} + E{xa\a: (w)[|Ga-G fI|*}
= E{xa\0:(@)IG&:GfII*} <E{IIG@-G I} < IIf1>-

The same proof holds for the second bound (13). O
We need to ensure that the oscillatory integrals studied in subsequent sections are not
significantly modified when ¢(*,w) is replaced by the new ¢.(x,w). Let

%(q(f,@ —qa(x,w)>H (17)

L(w) = |
(w) iU

Then, under [H1| or [H2], we have

iy (1} = g {xor | o (5) [ } =0 a9

Indeed, by Holder’s inequality, boundedness of D and stationarity of ¢, we have

/ 1 _d 1 1_1 1
E{I.} S E{x5(w)}7 e 2E{|ql"}» < e’z (Blql")?,

for % + z% = 1. The result follows when p > 2.

With the modified potential, (8) admits a unique solution P-a.s. and we find that

luell(w) S NIGFI+ 196G f P— as., (19)
where || - || denotes L?(D) norm. Using the first result of Lemma 2.2, we find that
E{[|ucl*} < IIf1I*. (20)
Now we can address the behavior of the correctors. We define
ug = Gf, (21)
the solution of the unperturbed problem. We find that
(I —G¢:G4:)(u: — uo) = —G¢-Gf + G4-G4-G f. (22)

Using the results of Lemma 2.2, we obtain that

Lemma 2.5 Let u. be the solution to the heterogeneous problem (1) and ug the solution
to the corresponding homogenized problem. Then we have that

(B{lu — uol?})? S <31 (23)

Note that if we write u. = A.f and ug = Ao f, with A. and Ay the solution operators of
the heterogeneous and homogeneous equations, respectively, then we have just shown
that

E{]|A: — Aol[*} S & (24)

Now Gq.Gq.(u. — ug) is bounded by €% in L*(Q; L?(D)) by Cauchy-Schwarz:

E(190.50-(uc — )} < (E{IG0.0u12}) (Bl — wol}) S &

We need the following estimate:



Lemma 2.6 Under hypothesis [H2] of Lemma 2.2, we find that
E{1G4:-Ga-Gf|?} < *0If|* < || £, (25)
where 1) is such that y — ( /D G (x, y)dx> 5 s uniformly bounded on D.
Proof. By Cauchy-Schwarz,
0001.67)F < 111 [ ([ 663)av)Gly. 2 (0)Gla, )dyda) .
So we want to estimate
A=Ef /D G, ¥)G 0 Q(3)a-(C) Gy, 2)G(C €)a-(2)a-(6) G, ) GIE, D)y axt]).

We now use (9) to obtain that A < A; + Ay + A3, where

1= [ cyee oot (P )cacic o0 (P28 ol o6ie dalecya)
Ay = /D2 </D2 G(X,y)G(y,z)goé<|y;Z’>G(z,t)dydz> dtdx,
1= [ Gxyee o oot (Y ey a0t () decya

Denote Fx(y,z) = G(x,y)G(y,z)G(z,t). Then in the Fourier domain, we find that

Alw/ / e w (ep) %(sq)lFxt(p q)|*dpdqdxdt.
D2 R2d

—

Her gaé(p) is the Fourier transform of x — ¢z (|x|). Since @2 (ep) is bounded because
1
©2(r) is integrable on R*, we deduce that

~Y

A S 82d/ G*(x,y)G?(y,2)G?(z, t)dxdydzdt < %,
D4
using the integrability condition imposed on G(x,y).

Using 2ab < a® + V? for (a,b) = (G(x,y),G(x,¢)) and (a,b) = (G(&,t),G(z,t))
successively, and integrating in t and x, we find that

as [ Gwacco (P20 (B ayeag

thanks to (4). Now with (a,b) = (G(y,z),G((,€)), we find that

A35/]34G2(y’ 2 ;(Iy €|> (\C \) dyCag] <

€

since gpé is integrable and G is square integrable on the bounded domain D.
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Let us now consider the contribution A;. We write the squared integral as a double
integral over the variables (y, ¢, z, &) and dealing with the integration in x and t using
2ab < a? + b? as in the As contribution, obtain that

105 [ a0t (M= )c et (B2 ) dveag)

Using Holder’s inequality, we obtain that

&0 p i/ 2\ 2 1+n
s ((f w(f)rd—ldr)p( Py 2)dydz)") <5,
0 19 D2

with p = 2+ 7 and p/ = 2 since @2 (r)r?!, whence go%( )ré=1 is integrable. [

The above lemma apphes to the stationary process ¢.(x,w), and using the same proof
as in Lemma 2.4, for the modified process ¢.(x,w) in (16). We have therefore obtained
that
ditn
E{llue —u+Ga.Gf||} <. (26)

For what follows, it is useful to recast the above result as:
Proposition 2.7 Let q(x,w) be constructed so that [H2] holds and let q.(x,w) be as

defined in (16). Let u. be the solution to (8) and uop = Gf. We assume that ug is
continuous on D. Then we have the following strong convergence result:

lim ]E{

e—0

S Lozl =0 g

d
£2

Proof. Thanks to (18), we may replace ¢.(X,w) by ¢.(x,w) = ¢(%,w) in (26) up to a
small error compared to £t Indeed,

1 .
{5900 ) - wt)ul} =Bl ] 00 )]}
< 160 o~ B xe )] | 0 (£ ) |} < 1
E2
0
The rescaled corrector 5_%Qq(é,w)uo does not converge strongly to its limit. Rather,
it should be interpreted as a stochastic oscillatory integral whose limiting distribution

is governed by the central limit theorem [15, 23]. We consider such limits first in the
one-dimensional case and second for arbitrary space dimensions.

2.2 Oscillatory integral in one space dimension
In dimension d = 1, the leading term of the corrector £~z (u. — ug) is thus given by:

ure(z,w) Z/D—G(x,y)%q(g,w)w(y)dy, (28)

where D is an interval (a,b). The convergence is more precise in dimension d = 1 than
in higher space dimensions. For the Helmholtz equation, the Green function in d = 1 is
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Lipschitz continuous and we will assume this regularity for the rest of the section; see
the next section for less regular Green’s functions. Then u;.(x,w) is of class C(D) P-a.s.
and we can seek convergence in that functional class. Since ug = G f, it is continuous
for f € L*(D).

The variance of the random variable uy.(x,w) is given by

E{u? (z,w)} = /D Glz.y)G(a, Z)ER( )uo(y)uo(z)dydz. (29)

Because R(z) is assumed to be integrable, the above integral converges, as ¢ — 0, to
the following limit:

y—=z

3

B(ul(e.w)) = [ o) ROy (30
D

where - -

R(0) = o? := / R(r)dr =2 / E{q(0)q(r)}dr. (31)
—0c0 0
Because (28) is an average of random variables decorrelating sufficiently fast, we
expect a central limit-type result to show that uj.(x,w) converges to a Gaussian random
variable. Combined with the variance (31), we expect the limit to be the following
stochastic integral:

ur(z,w) = —U/DG(:E,y)uo(y)dWy(w), (32)

where dW,(w) is standard white noise on (C(D),B(C(D)),P) [8]. More precisely, we
show the following result:

Theorem 2.8 Let us assume that G(xz,y) is Lipschitz continuous. Then, under the

conditions of Proposition 2.7, the process ui.(x,w) converges weakly and in distribution

in the space of continuous paths C(D) to the limit uy(z,w) in (32). As a consequence,

the corrector to homogenization satisfies that

(x) dist. —a/ G(z,y)uo(y)dW,, ase—0, (33)
D

Us — Ug
NG

in the space of integrable paths L*(D).

Proof. We recall the classical result on the weak convergence of random variables
with values in the space of continuous paths [8]:

Proposition 2.9 Suppose (Z,;1 < n < o0) are random variables with values in the
space of continuous functions C(D). Then Z, converges weakly (in distribution) to Z«
provided that:

(a) any finite-dimensional joint distribution (Z,(x1), ..., Zn(x)) converges to the joint

distribution (Zeo(1), ..., Zoo(Tk)) as m — 00.

(b) (Z,) is a tight sequence of random variables. A sufficient condition for tightness

of (Z,) is the following Kolmogorov criterion: there exist positive constants v, [3,
and 0 such that

(1) supE{|Z,(t)]"} < oo, for somet e D,
n>1
(i1) E{|Zu(s) = Za()|"} S |t — s|'*°,
uniformly inn > 1 and t,s € D.

(34)
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Tightness. Tightness of uj.(z,w) is obtained with v = = 2 and 6 = 1. Indeed, we
easily obtain that
E{juic(z,w)|’} S 1,

in fact uniformly in « € D. Now by assumption on G(x,y) we obtain that
2 Ly 2
E{fure(,0) — wn(§ )P} = E( [ [Gle,y) = G(& )] Sza(D)uo(y)dy )

NG
¥ C—y

= [ Gl = Gle G, 6) = e OL Ryl
Sho=¢P [ HREDluon)uoC)dudc < Jo =&

since the correlation function R(r) is integrable and ug is bounded. This proves tightness

of the sequence uy.(z,w), or equivalently weak convergence of the measures P. generated
by uls(‘ra CU) on (C(D)7 B<C(D)))

Finite dimensional distributions. Now any finite-dimensional distribution (u.(z;,w))1<j<n
has the characteristic function

D (k) = Efe!Ximkime@mwy k= (ko k).

The above characteristic function can be recast as
P, (k) = E{e' o W= Wy ) =37 kG, y)u(y).
j=1

As a consequence, convergence of the finite dimensional distributions will be proved if
we can show convergence of:

dist.

Lpe = /Dm(y)%q(g)dy — I, = /Dm(y)odWy, e—0, (35)

for arbitrary continuous moments m(y). Such integrals have been extensively analyzed
in the literature, see e.g. [9, 33], where the above integral, for D = (a,b) may be
seen as the solution z.(b) of the following ordinary differential equation with random
coefficients:

Since we will use the same methodology in higher space dimensions, we give a short
proof of (35) using the central limit theorem for correlated discrete random variables as
stated e.g. in [10, 14].

Approximation by piecewise constant integrand. Note that if we replace m(y)
by ma(y), then
E{(Ime = Ime)*} < llm — ma 1%, (36)

where || - || is the uniform norm on D. It is therefore sufficient to consider (35) for a
sequence of functions my, converging to m in the uniform sense. Since m is (uniformly)

13



continuous, we can approximate it by piecewise constant functions mh that are constant
on M intervals of size h = M Let mp; be the value of my, on the 5 interval and define
the random variables

"Ly
Me-zmh»/ —q(=)dy.
! ! (jfl)h\/g €

Independence of random variables. We want to show that the variables M,; be-
come independent in the limit ¢ — 0. This is done by showing that

— 0 ase — 0,

M
k) = ‘E{eiszzl e} T E{e? o)

Jj=1

for all k = {k;}1<j<nr € RM. Let k € RM fixed, 0 < 7 < % and define

Jjh—n
Pn.:mh-/ ( )dy, To=M., — PI.
€J J G—1)htn \/— €J =¥ eJ

Now we write
E{ezg]@; KiMej ) — E{[eilegl _ 1]eik1P§1+i2§‘i2 kiMejy 4 E{eik1P§1+iz§i2 B Mej )
Using the strong mixing condition (6), we find that
B{eh AT e ) R b )| < o),
Now we find that E{Q7;} = 0 and E{[Q”]*} < n. The latter result comes from in-
tegrating e ' R(*=2)dsdt over a cube of size O(n®). Since |¢” — 1| < |z|, we deduce

that
[E{[e™@ — 1)eiPA+ZY < E{[e™@ — 1]2}2 <93,

for an arbitrary random variable Z (equal to 0 or to Z;‘iz k;jM,; here). Thus,
E{eik1M51+iZ§\iQ ijEj} _ E{eiklMd}E{eizj‘iQ ijsj} < 90(2?77) + 77;
By induction, we thus find that for all 0 < n < %
S Ms@(%) +172.

This expression tends to 0 say for n = 2. This shows that the random variables M.;
become independent as € — 0. We show below that each M,; converges to a centered
Gaussian variable as ¢ — 0. The sum over j thus yields in the limit a centered Gaussian
variable with variance the sum of the M individual variances.

14



Central Limit Theorem for discrete random variables. By stationarity of the
process ¢(x,w), we are thus led to showing that

hoq N h
/ %q(g)dy et / odW, = oW, = oN (0, h), e—0,
0 0

where N(0, h) is the centered Gaussian variable with variance h. We break up h into
N = h/e (which we assume is an integer) intervals and call

Jje 1 y J _
qj =/ —q(=)dy :/ qly)dy,  jEL.
G- & € -1

The g; are stationary mixing random variables and we are interested in the limit

N \/E N
\@;quﬁ;qj- (37)

Following remark 3 in [10], we introduce 4,, and A™ as the o—algebras generated by
(¢;)j<m and (g;);j>m, respectively. Let then

E{(n - E{n})(& - E{é'})}
(E{P)E{e2)})?

Then provided that ) ., p(n) < oo, we obtain the following central limit theorem

p(n) = sup{ neL*A), €€ L2(.A”}}. (38)

Z Bt VRoN(0,1) = o N (0, h), (39)

ﬂ\a

where N (0, 1) is the standard normal variable, where = is used to mean equality in
distribution, and where 0 = %~ E{qo¢,}. It remains to verify that the two definitions
of o above and in (31) agree and that ) -, p(n) < co. Note that

> 8w} = | [ Blawa itz = [ [ Bawatv+=)aviz = [ Ropy = o),

thanks to (31). Now we observe that p(n) < ¢(n — 1) so that summability of p(n) is
implied by the integrability of ¢(r) on R*. This concludes the proof of the convergence
in distribution of u;. in the space of continuous paths C(D).

It now remains to recall the convergence result (27) to obtain (33) in the space of
integrable paths. [
2.3 Oscillatory integral in arbitrary space dimensions

In dimension 1 < d < 3, the leading term in the corrector 5_%(% — ) is given by:

wa(3, ) = /D _6(x, y)igq (v, Yo (y)dy. (40)
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The variance of uy.(x,w) is given by

— Z

E{ui.(x,w)} = /D2 G(x,y)G(x, z)g—ldR<y >u0(y)u0(z)dydz.

As in the one-dimensional case, it converges as € — 0 to the limit

B(iix) =o' [ Glyiimidy, o= [ Bl@awdy. @)

Because of the singularities of the Green’s function G(x,y) in dimension d > 2, we
prove here less accurate results than those obtained in dimension d = 1 in the preceding
section.

We want to obtain convergence of the above corrector in distribution on (2, F,P)
and weakly in D. More precisely, let My(x) for 1 < k < K be sufficiently smooth
functions such that

mi(y) = — /D M(x)G(x, y)up(y)dx = —GMy(y)un(y), 1<k<K,  (42)

are continuous functions (we thus assume that wug(x) is continuous as well). Let us
introduce the random variables

) = [ muty)ga(¥.)ay. (13)

Because of (18), the accumulation points of the integrals I;.(w) are not modified if
q(¥,w) is replaced by ¢.(y,w). The main result of this section is the following:

Theorem 2.10 Under the above conditions and the hypotheses of Proposition 2.7, the
random variables Iy.(w) converge in distribution to the mean zero Gaussian random
variables Iy(w) as € — 0, where the correlation matriz is given by

S = B{L 1} = o? /D iy (y)ma(y)dy, (44)

where o is given by
7= [ B}y (15)
R

Moreover, we have the stochastic representation

I (w) :/Dmk(y)adWy, (46)

where dWy, is standard multi-parameter Wiener process [34].
As a result, for M(x) sufficiently smooth, we obtain that

Ue — Ug
d
2

M) 2 o [ GMG ), (47)

£
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Proof. The convergence in (47) is a direct consequence of (46) since

M(x)G(x, y)uo(y)dWydx = /D GM(y)Gf(y)dW,.

D2

and of the strong convergence (27) in Proposition 2.7. The equality (46) is directly
deduced from (44) since I(w) is a (multivariate) Gaussian variable. In order to prove
(44), we use a methodology similar to that in the proof of Theorem 2.8.

The characteristic function of the random variables Ix.(w) is given by

®.(k) = E{e!Zkarhilie@ k= (ky, ... ky),

and may be recast as
. —d K
D (k) = E{e! om0 T o) m(y) = 37 Ky ().
j=1

So (44) follows from showing that

Is(w):/Dm(y)gigq(g,w>dyﬁ>/Dm(y)adWy, (48)

for an arbitrary continuous function m(y). As in the one-dimensional case and for the
same reasons, we replace m(y) by my(y), which is constant on small hyper-cubes C; of
size h (and volume h?) and that there are M ~ h~% of them. Because 9D is assumed to
be sufficiently smooth, it can be covered by Mg ~ h=¢! cubes and we set my(x) = 0
on those cubes. The contribution to I.(w) is seen to converge to 0 as h — 0 in the
mean-square sense as in (36).

We define the random variables

1 .
Mej(w) = mng / L way, 1<j<m
cje2 €

where my,; is the value of m; on C; and are interested in the limiting distribution as
¢ — 0 of the random variable

M

Iw) = My(w): (49)

j=1

We show below that these random variables are again independent in the limit ¢ — 0
and each variable converges to a centered Gaussian variable. As a consequence, I"(w)
converges in distribution to a centered Gaussian variable whose variance is the sum of
the variances of the variables M. ;(w) in the limit ¢ — 0.

That the random variables M,; are independent in the limit ¢ — 0 is shown using a
similar method to that of the one-dimensional case. We want to obtain that

M
Ek) = E{eizﬁl RiMej) HE{eikiMSﬂ'} —0 ase—0, foralk={kj}; €R.
j=1
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Let 0 <n < % and D? = {x € C;;d(x,0C;) > n}. We define
" Ly n n
Paj = Mhp; —iq(—,W)dy, ] = Msj — ng.
D €2 €
We write again:
E{¢’ YL kiMei) — B9 — 1]61"611)!1“2;{2 hiMei) 4 E{eihpgﬂz;@ hiMei )
Using the strong mixing condition (6), we find that
E{eikng’1+iZ§iQ k]-ME]-} _ E{eiklpgl}]E{eizﬁz ijgj} < @(25—77)

We find as in the one-dimensional case that E{Q7} = 0 and E{[Q”]*} < nhl™ < q
with a bound independent of €. This comes from integrating e_dR(%)dxdy on a
domain of size O([nh?=1]?). The rest of the proof follows as in the one-dimensional case.

It remains to address the convergence of M.; as ¢ — 0. By invariance of ¢(x), it is
sufficient to consider integrals on the cube [0,h], with h = (h,... k). It now remains

to show that .
/ —dq<z,w) dy 2=t a/ dWy, = aN(0, h%). (50)
[0,h] €2 M€ [0,h]

For a multi-index j € Z?, we define
gi(w) = / q(y, w)dy.
j+[0.1]
Then (50) will follow by homogeneity if we can show that
1 ist.
> g N0, 1), (51)

ON2 c(0,n]

Wl

The latter result is proved in e.g. [10, 20]. The results in these references are stated
in terms of a-mixing coefficients. Since « coefficients are bounded by p coefficients |20,
p.4], we state the results in terms of less optimal p-mixing coefficients; see also [14].

Let A and B be subsets of Z¢ and let A and B be the o algebras generated by ¢; on
A and B, respectively. Then we define

o) :SUP{E{(U—E{U})(f—El{f})}; we LA, €€ IXB), d(AB)> n}
(E{n?}E{&?})"

We then assume that E{¢} < oo as in hypothesis [H2] and that p(n) = o(n~?) and that

an_lp%(n) < 00. (52)
n=0
Then we verify that the hypotheses in [10] (see also [20, p.48]) are satisfied so that (51)

holds with
o? = Z E{qoq;}-
jez?
We verify as in the one-dimensional case that the above o agrees with that in definition
(45). Now we verify that (52) is a consequence of the integrability of r%~22(r). The
decay p(n) = o(n~?) is obtained when ¢(r) decays faster than r=4=" for some 1 > 0; see
Remark 2.3. O

18



2.4 Larger fluctuations, random and periodic homogenization

We now consider several generalizations of the results presented in earlier sections and
compare homogenization in periodic and random media. The results stated in the pre-
ceding sections, corresponding to the case a = 0 below, generalize to larger fluctuations
of the form:

i) = —ga(E). (53)

The corrector —Gq.Gf is now of order £1G=9) for O <a< % The next-order corrector,

given by Gq.Gq.G f in (22), is bounded in L'(Q2 x D) by o —20) according to Lemma
2.6. The order of this term is smaller than the order of the leading corrector gdz=a)
again provided that 0 < a < T;—%n)’ which converges to % for d =1,2 as n — oo and
converges to % ford=3asn— 1.

In dimensions d = 1,2, we can infer from these results that ez~ (u, — )
converges in distribution to the limits obtained in the preceding sections as ¢ — 0
provided that 0 < a < % The proof presented in this paper extends to the val-
ues 0 < a < ;i. Indeed, the proof is based on imposing that the spectral radius of
Gq.Gq. is sufficiently small using (13) in Lemma 2.2, which for (53), translates into

E{Ga-GaellZ12my) ) S £?1=42) " We then verify that all results leading to Proposition

2.7 generalize when 0 < a < 1 to yield (27) with e2 replaced by 2. A proof of
convergence for 0 < a < % would presumably require us to analyze all the terms in the

formal expansion
o0

ue =Y (=Ga.)"GF, (54)

k=0

something we do not address here. In the limiting case o = %, the above theory breaks
down and u. no longer converges to the deterministic solution uy as is shown in the
temporal one-dimensional case in [44].

The results on the corrector u. — ug obtained in the preceding sections, namely
Theorems 2.8 and 2.10 are valid for 1 < d < 3. If we admit that the expansion (54)
involves a first term wp, a second term —Gq.up, and smaller order terms, then the
results obtained in Theorem 2.10 show that u. — uy converges weakly in space and in
distribution to a process of order O(eg). The critical case d = 4 yields a correction of
order £2, whereas 5 would be even smaller for d > 5.

The theory presented in this paper does not allow us to justify (54) when d > 4
because the corresponding Green’s function are no longer square integrable. Another
argument shows that corrections of order e correspond to a transition and that we
should not expect quite the same results for d < 3 and d > 4. Indeed, let us consider
the problem in the periodic case:

— AU+ q(?)“ =5 D (55)
u. =0 oD,

on a smooth open, bounded, domain D C RY, where ¢(y) is [0, 1]%-periodic. Then

following [7], we introduce the fast scale y = * and introduce a function u. = u.(x, %).
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Gradients Vx become 1V + Vy and (55) becomes formally

1 2
( - 5_2Ay — EVX -Vy — Ax + q(y))us(x, y) = f(x).
Plugging the expansion u. = ug + eu; + £2uy into the above equality and equating like
powers of ¢ yields three equations. The first equation shows that uy = ug(x). The
second equation shows that u; = w;(x), which we can choose as u; = 0. The third
equation —Ayus — Axug + q(y)ug = f(x), admits a solution provided that

—Axug + {q)uo = f(x), D

with ug = 0 on D. Here, {q) is the average of ¢ on [0, 1]¢, which we assume is sufficiently
large that the above equation admits a unique solution. We recast the above equation
as ug = Gp f. The corrector uy thus solves

—~Ayuz = ((@) = a(y) o),

and is uniquely defined along with the constraint (us) = 0. We denote the solution
operator of the above cell problem as G4 so that uy = —G4(q — (¢))Gf. Thus formally,
we have obtained that

u(x) = GF(x) = 2G4(q — (@) (Z)G(x) + Lox. (56)

We thus observe that the corrector us.(x) := ug(x, ¥) is of order O(¢?) in the L? sense,

say. In the sense of distributions, however, the corrector may be of order o(¢™) for all

integer m in the sense that [, M (x)us(x)dx < €™ for all m when M (x)uo(x) € C3°(D).
A similar behavior occurs for the random corrector

Vie(X,w) = /D —G(x, Y)qe, w) uo(y)dy- (57)

Theorem 2.10 shows that (vi., M(x)) is of order O(e%) for M(x) and ug(x) sufficiently
smooth and that e~ 2 (vy., M(x)) converges in distribution to a Gaussian random vari-
able. This result, however, does not hold in the L?(D)—sense for d > 4 when G(x,y) is
the fundamental solution of the Helmholtz equation —A + ¢o(x) on D. Indeed, we can
prove that

Proposition 2.11 Provided that uog(x) and R(E) are sufficiently smooth, we obtain
that:

/G2xyu0 )dy 1<d<3

(21)*R(0) ,

E{v} (x,w)} ~ ¢ e*Ing] ud(x) d=4 (58)

R
k etud(x)(2m)? /le ﬁdﬁ d>5.

Here a. ~ b, means a. = b.(1+ o(1)).
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Proof. We calculate:
E{l.(xw)} = | Glxy)Gxz)R(Y
D2

Extending G(x,-) by 0 outside of D, by the Parseval equality this is equal to

) [ 1FelGlx y)unly ) (O Rice) e,

. Z)ug(y)uo(z)dydz. (59)

where Fy_.¢ is the Fourier transform from x to £. In dimension 1 < d < 3, since R(e’:‘ﬁ ) —
R(O) pointwise, the Lebesgue dominated convergence theorem yields the result. In
dimension d > 4, however, the Green function is no longer square integrable and the
integral is larger than £%.

Let us consider the cases d > 4. We first replace G(x,y) by cq|x — y|*~¢ where ¢, is
the measure of the unit sphere S%~!. The difference G(x,y) — cqlx — y|*>~? is a function
bounded by C|x — y|>~%, which yields a smaller contribution to E{vi.}. We leave the
details to the reader. We also replace ug(y) by uo(x), up to an error bounded by |x —y|*
as soon as ug(x) is of class C%*(D). This contribution again provides a lower order term
to E{vi.}. Similarly, we replace ug(z) by uy(x) and thus obtain that

E{v? (x,w)} ~ ud(x) / ! ! R(y ; Z)dydz.

p2 Ca|X — y|2 cq|x — 27|12

Let a > 0 and B(x, «) the ball of center x and radius « so that B(x,«) C D. Because
all singularities occur when y and z are in the vicinity of x, we use the proof of the case
1 < d < 3 to show that up to a term of order £, we can replace D by B(x, ) so that

E{v? (x,w)} ~ 12(x) / L 1 R(Y2) dyda (60)

B2(0,0) Caly|T? calz|?2

Now for d > 5, using the dominated convergence theorem, we can replace B(0,«) by
R? because the Green function is square integrable at infinity, whence

1 1 y— %
E{v? ~ 2 / R(Y=2)dyda.
{Uls(x7w)} uO(X) R2d Cd|Y|d_2 Cd|Z|d_2 c yaz

This, however, by the Parseval equality, is equal to

B(vh.(x )} ~ d)2n)! [ e R = e [ e
ra |€]* ra |€]*
since the Fourier transform of the fundamental solution of the Laplacian is |€|72.
When d = 4, we come back to (60), and replace one of the integrals (in z) on B(0, «)
by an integral on R? using again the dominated convergence theorem and the other
integral by an integration on BS = B(0,a) N B(0,¢), with an error that we can verify
is of order O(e*). This yields the term

1 y —Z B (270462 . e \
/B(O,a) |2R( )dydz - /B s R(§)e' s dédy + O(e7)

xra C3|y |2 € axra C4ly]?|€]?

R(€)dE,

- M 5 i&y 4N D 4 1 4
- 4FXR(1 64’y|2|€‘2R(€)6 dﬁdY+O(A5 ) = R(0)(2me) /BF ci\y\4dY+O(E )
_ RO)(2me)* 17 |y o R(0)(2me)*

- AL [ Xy + 0t = MO el 1 0(cH),
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Here, we have assumed that |R(£) — R(0)| was bounded by C|¢|? for some 3> 0. O

In all dimensions, We thus obtain that 8’%v15(x, w) converges (weakly and in dis-
tribution) to a limit u; (x,w) = — fD X, ¥)uo(y)dWy. In dimensions 1 < d < 3, we
have proved that u; was the limit of the corrector to homogenization 5’%(u5 — Up).
The above calculation shows that the limit u; captures all the energy in the oscillations
of the homogenization corrector vy, in the sense that 5_dE{||v1€H%2(D)} converges to
E{lJu1[IZ2(p) }-

In higher dimensions d > 4, as in the case of homogenization in periodic media, some
energy is lost while passing to the (weak) limit. The corrector ui. = 6’%1)15 converges
weakly and in distribution to the limit u;. However, while the energy of the asymptotic
corrector is 52(E{||u1||L2(D }2, the energy of the true corrector (E{HUIEH%Q(D)}% is of

order O(£2) for d > 5 and of order O(¢2|Ine|z) for d = 4. Most of the energy of the
correctors is lost in passing from uy. to its weak limit u;.

3 Correctors for one-dimensional elliptic problems

In this section, we consider the homogenization of the following one-dimensional elliptic
problems:

—% %ue + (g0 + = (z,w))u. = pe(v,w) f(z), zeD=(0,1), (61)

u:(0) = u.(1) = 0.

a.(z,w)

We consider homogeneous Dirichlet conditions to simplify the presentation. The coef-
ficients a.(z,w) and p.(x,w) are uniformly bounded from above and below: 0 < ay <
a-(z,w), pe(r,w) < ag*. The (deterministic) absorption term qo is assumed to be a
non-negative constant. The generalization to a non-negative smooth function go(x) can
be done.

We assume that a.(7,w) = a(%,w), ¢.(z,w) = ¢(£,w), and p.(z,w) = p(%,w), where
a(z,w), q¢(r,w), and p(x,w) are strictly stationary processes on an abstract probability
space (2, F,P). We will modify the mean-zero process ¢.(z,w) as in the preceding
section and assume here to simplify that ¢(z,w) is bounded P—a.s. We also assume
that the cross-correlations Ry,(x) are integrable for {f, g} € {a,q, p}, where

Ryg(x) = E{f(y,w)g(y +x,w)}. (62)

We also assume that the coefficients are jointly strongly mixing in the sense of (6), where
for two Borel sets A and B in R? we denote by F4 and Fp the o-algebras generated
by the random fields a(x,w), ¢(x,w), and p(x,w). We still assume that the p-mixing
coefficient (r) is integrable and such that 90% is also integrable.

In the case where ¢. = 0 and p. = 0, the corrector to the homogenization limit wu
has been considered in [12]. For general sufficiently mixing coefficients a. with positive
variance o? = 2 [“E{a(0)a(t)}dt > 0, we obtain that u. — ug is of order /& and
converges in distribution to a Gaussian process. This section aims at generalizing the
result to (61) using the results of the preceding section and a change of variables based
on harmonic coordinates [35].
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Let us introduce the change of variables

| dz a* 1
—a dt e = T
w(0)=a / ot T O EaT (63)

and 4. (z) = uc(x). Note that E{z.(z)} = x. Then we find, with x = z(z.) that
—(a*)2d—2ﬁ + a*qotic + a[(1 — ata*)qo + q.]u. = acp-f 0<2z<2z(1)
d22 € GoUe € e qo e |Ue ePel S (64)
u:(0) = u:(2:(1)) = 0.

Let us introduce the following Green’s function

2
G(0,y;L) = G(L,y; L) = 0,

and set G(x,y) = G(x,y;1). Then, defining
G-(v,w) = (1 = aZ ' (z,w)a")qo + g (v, w), (66)

we find that
() a
W2 = [ G D) nf — i) ) ),
u(z) = / Gze(2), 22(9); 2 (1)) (pef — Geue)(y)dy.

We recast the above equation as

1
ug(x,w) = ge(pef - (jeua)a gau(x) = / G(ze<x)> Za(y)§ ze(l))u(y)dy (67)
0
After one more iteration, we obtain the following integral equation:

Ue = gepsf - gsdsgspsf + G.G=G:G:Ue. (68)

Since apa*r < z.(v,w) < a*ay'z P—a.s., the Green’s operator G. is bounded P—a.s.
and the results of Lemma 2.2 generalize to the case where the operator G, replaces G.
As in (15), we thus modify . (i.e. we modify a. and ¢.) on a set of measure ¢ so that
1G4-G-q:||z <r < 1 and obtain that (18) holds.

Let us introduce the notation

pe=p+op., p=E{p}, G.=G+6G., G=E{G.},  uo=Gpf. (69)

We also define

5z€<x>:z5<x)—x:/:b(f)dt, bt,w) = — 1. (70)

We first obtain the
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Lemma 3.1 We have that
E{|oz.(z)0z(y)[} Se, 0<zy<l (71)
The operator G. may be decomposed as

gz—: = g + gle + Rsy (72)

where

G @) = [ (3200 020 4 520 2 )Gy Dy (79
le - 0 € o € ay 3 oL » Y5 y)ay.
We also have the following estimates
E{IGl’} Se,  E{IR|} Se. (74)
Proof. We first use the fact that

E{[02(2)02(n)]} < (B{(02(2)32(1))*}) ",

Denoting by b.(x,w) = b(%,w), we have to show that

//// e(21)be(22)bz (23)be (Z4>d[21222324]}<5

Now using the mixing property of the mean-zero field b, and the integrability of ¢z (1),
we obtain the result using (9) as in the proof of Lemma 2.6.

The integral defining G. is split into two contributions, according as y < x or y > x.
On these two intervals, G(x,y; L) is twice differentiable, and we thus have the expansion

aay 88L>G(x,y; 1) +re,
where the Lagrange remainder r. = r.(z, z:(),y, 2:(y), 2.(1)) is quadratic in the vari-
ables (dz.(x),02-(y), 02z-(1)) and involves second-order derivatives of G(x,y; 1) at points
(&,¢, L) between (z,y;1) and (z.(z), z-(y); ze(1)).

From (71) and the fact that second-order derivatives of G are P—a.s. uniformly
bounded on each interval y < x and y > x (we use here again the fact that apa*z <
z(z,w) < a*ay'z P—a.s.), we thus obtain that E{|r.(.)|} < e. This also shows the
bound for E{||R.||} in (74). The bound for E{||Gi.||*} is obtained similarly. O

Because we have assumed that ¢. and p. were bounded P—a.s., we can replace G. by
G+ G, in (68) up to an error of order € in L*(Q; L*(D)). The case of ¢. and p. bounded
on average would require to address their correlation with r. defined in the proof of the
preceding lemma. This is not considered here.

We recast (68) as

Ue — Uy = (gepa - gﬁ)f - gaqsgspef + gEdEgEQE(UE - UO) + gedege(jagf' (75)

Because G(z(x), z:(y); 2-(1)) and p. are uniformly bounded P—a.s., the proof of Lemma
2.2 generalizes to give us that

E{(|G::-G-e 11"} + E{1G=0:Gepf 11"} + E{l|(Gep- — GR)fII*} S e (76)

So far, since moreover [|G.¢-G-¢: ||z < r < 1, we have thus obtained the following result:

D=

Gl (2) %) 21) = Glarys 1)+ (52 () 5+ 02ul) 5+ 62.(1)
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Lemma 3.2 Let u. be the solution to the heterogeneous problem (61) and ug the solution
to the corresponding homogenized problem. Then we have that

(E{lue — uo]2})? S VANl (77)

The estimate (24) with d = 1 is thus verified in the context of the elliptic equation (61).
As a consequence, we find that E{||u. —ug||*} < € so that by Cauchy-Schwarz and (76),

E{HQ&@&Q&@&(“& - UO)H} 5 €.
It remains to exhibit the term of order /¢ in u. —ug. Let us introduce the decomposition
e =1ty = |G1op + Gop. — Gi.Gp| [ + sz, (78)
Se = ((5g55/)5 + Rgﬁ)f - (gsgsgsps - gdsgﬁ)f + gsqngsqNs(us - UO) + gsqsgsqsgf-
Lemma 3.3 Let f € L*(D). We have
E{l[s:I} S ellf1- (79)

Proof. Because G(z.(x),z:(y);2-(1)) is uniformly bounded P—a.s., the proof of
Lemma 2.6 generalizes to show that E{||G.¢.G-¢-Gf|I*} < &2||f]|>. We already know
that E{||R.||} < e. It remains to address the terms I} = G.0p.f, I = G4.Giep:f,
[3 = glsdsgpsfa and Iy = ggsgépsf

Because p. is uniformly bounded P—a.s., the first three terms are handled in a similar
way. Let us consider E{/?}, which is bounded by the sum of three terms of the form

E{/DS 02z (v1(, y)) H (2, y)0z (va (2, ) H (1, €)0pe (4)0pe () f (y) f (O dwdydCT,

where vg(z,y) is either z, y, or 1 for k = 1,2, and H(z,y) is a uniformly bounded
function. Using the definition of dz., we recast the above integral as

[ [ Etbb a1 0050- O bitadta o) 2. )1 0) 16 oy

Using (9), we see that the above integral is bounded by terms of the form

/DS / / ot (M2 )k (B dtadtal H (o, ) H QUL )Ll oy,

3

where (uy, ug, us, ug) = (uq, us, us, uq)(t1, te,y, () is an arbitrary (fixed) permutation of
(t1,t2,y,(). Because ¢(r) is integrable, the Cauchy-Schwarz inequality shows that the
above term is < &2||f||>. The term E{I?} is given by

B{ | Gla)Gla Q)i (6. 216G, 30050 () (Odlay=ce) .

Since G(x,y) is uniformly bounded on D, we again use (9) as above to obtain a bound
of the form &2||f||*>. O
It remains to analyze the convergence of the contribution [Gi.p + Gop. — GG-.Gpf.
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As in (28), we define

ue(z,w) =

- {glap +Gop. — GiGp| f(x). (80)

We recast the above term as

e’
e (7, w) \/_/ Hb (x,t) +(5p< >H (x,t) — q(g)Hq(:U,t)}dt, (81)
with
Hile.t) = [ [ulgm66 0D + 05 Gl + 5G] ar )iy
H,(z,t) = G(z,t)f(t) (82)

(
Hy(z,t) = G(x,t)/o G(t, z)f(z)d=.

where x,(t) =1 if 0 < t < x and vanishes otherwise. We have the following result.

Theorem 3.4 Let f € L>°(0,1). The process ui-(x,w) converges weakly and in distri-
bution in the space of continuous paths C(D) to the limit uy(z,w) given by

w1 (7, w) = /0 o, )dIW,, (83)

where W, is standard Brownian motion and

o2z t) = 2 /0 T E{F(2,t,0)F (a1, 7)}dr,

(84)
F(z,t,7) = Hy(z,t)b(r) + H,(z,t)0p(1) — Hy(z,1)q(T).
As a consequence, the corrector to homogenization thus satisfies that:
te — to (x) Bt (r,w), ase—0, (85)

Ve
in the space of integrable paths L'(D).

We may recast ui.(z,w) as

ure(x,w) \/_/ pr(=)Hy(x, t)dt, (86)

where the pj are mean-zero processes and the kernels Hy(z,t) are given in (82). The
corrector in (83) may then be rewritten as

() =

£
Il w
—

/ oz, t)dW, (87)

26



with three correlated standard Brownian motions such that
AW} AW} = pjdt, (88)

where we have defined

on(z,t) = Hk(x,t)\/i( / OoE{pkm)pk(T)}de

0

/0 T E{p; (0)pe(7) + pu(0)p; (7)Y (89)
2 [ Bt [ Enon )’

Pik =

That (83) and (87) are equivalent comes from the straightforward calculation that both
processes are mean zero Gaussian processes that have the same correlation function.
The new equation (87) shows more clearly the linearity of the oy, whence u;(x), with
respect to the source term f(x).

Proof. We recast uy.(z,w) as

e (T, w) \/_/ qr (=) Hy(z, t)dt,

with a decomposition similar to but slightly different from (86), where the g; are mean-
zero processes. We verify that we can choose the terms Hy(z,t) in the above decompo-
sition so that all of them are uniformly (in ¢) Lipschitz in z, except for one term, say
Hi(x,t), which is of the form

Hiw) =GOt Lt = [5G

where Lj(x,t) is uniformly (in ¢) Lipschitz in 2. This results from the fact that G(x, y; 1)
is Lipschitz continuous and that its partial derivatives are bounded and piecewise Lips-
chitz continuous; we leave the tedious details to the reader.

Because of the presence of the term H;(x,t) in the above expression, it is not sufficient
to consider second-order moments of uq. as in the proof of Thm. 2.8. Rather, we consider
fourth-order moments as follows:

E(lutee) w6} = 5 Y [ Blan@a G

kl ko,k3,k4
4

H (Hkm (.2?, tm) — Hkm (6, tm>)dt1dt2dt3dt4.

m=1

Using the mixing condition of the processes ¢, and Lemma 2.1 (where each ¢ in (9)
may be replaced by g without any change in the result), we obtain that E{|u.(z,w) —
u1.(&,w)|*} is bounded by a sum of terms of the form

1 1t2—t1 o 1

1 1 t4—t3
(H tm) — H tn))dtidtadtsdty,
£2 D4902( - Tl_Il e (T ko (&, tm) ) dty dtadtzdty

N
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whence is bounded by terms of the form

(l /DQ ¢%(t2 ; t1> f_[(Hkm (T,tm) — Hkm(f,tm))dtldt2)2,

3

When all the kernels Hy, are Lipschitz continuous, then the above term is of order
|z — £]*. The largest contribution is obtained when k; = ky = 1 because H,(x,t) is not
uniformly Lipschitz continuous. We now concentrate on that contribution. We recast

Hy(z,t) = Hi(§, 1) = (Xa(t) = Xe(1)) Lo (2, 1) + Xe (D) (La (2, 1) — La (&, 1)).

Again, the largest contribution to the fourth moment of u;. comes from the term (x,(t)—
Xe(t))Li(z,t) since Ly(x,t) is Lipschitz continuous. Assuming that = > ¢ without loss
of generality, we calculate that

t—

*\dtds
£

1
R

™ | =

] ) = xe®) e ) xels) = (5D (€:5)
[ [ menmes) e
& JE

—)dtds S (- ),

since gpé is integrable. Note that this term is not of order | — z|?. Nonetheless, we have
shown that

E{juie(z,0) — wie(§,w)|*} S 16 — 2,

so that we can apply the Kolmogorov criterion in Prop. 2.9 with v = 2, § = 4, and
9 = 1. This concludes the proof of tightness of ui.(z,w) as a process with values in the
space of continuous functions C(D).

It remains to verify step (a) of Prop. 2.9. The finite-dimensional distributions are
treated as in the proof of Thm. 2.8 and are replaced by the analysis of random integrals

of the form:
\/_/ +6p( ) ()—i—q(t)mq(t)}dt.

The functions m are continuous and can be approximated by m; constant on intervals
of size h so that we end up with M independent (in the limit £ — 0) variables of the

form:
vh i
\/_N Z mbhbj + mphépj + mqth.
=1

It remains to apply the central limit theorem as in the proof of Thm. 2.8. The above
random variable converges in distribution to

N(0,ho?), o?=2 / E{(mpnb + m,n0p + mgnq)(0) (mpnb + mundp + menq) (t) tdt.
0

This concludes our analysis of the convergence in distribution of u. to its limit in the
space of continuous paths C(D). The convergence of u. — ug follows from the bound
(79). O
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4 Correctors for spectral problems

4.1 Abstract convergence result

For w € Q, let A,(w) be a sequence of bounded (uniformly in w P—a.s. and in n > 0),
compact, self-adjoint operators, converging to a deterministic, compact, self-adjoint,
operator A as n — 0 in the sense that the following error estimate holds:

E||A,(w) — Al? < 7", for some 1 < p < o0, (90)

where ||A,(w) — A|| is the L*(D) norm and D is an open subset of R?.

The operators A and P—a.s. A,(w) admit the spectral decompositions (A, u,) and
(AT ul), where the real-valued eigenvalues are ordered in decreasing order of their ab-
solute values and counted m,, times, where m,, is their multiplicity.

For A, let u, be (one of) the closest eigenvalue of A that is different from A,. Let

us then define the distance: A |
n — Hn
d, = Zn el 91
. (o1)
Following [32], we analyze the spectrum of A, in the vicinity of A,,. Let I" be the circle
of center \, and radius d, in the complex plane and let R((, A) = (A — ()~! be the
resolvent of A defined for all complex numbers ¢ ¢ o(A), the spectrum of A. The

projection operator onto the spectral components of B inside the curve I' is defined by

P,|B] = —% i R(¢, B)dC. (92)

Note that for all ¢ € ', we have that R(¢, A)P,[A] = (A, — {)~'. We can then prove
the following result:

Proposition 4.1 Let A, and A be the operators described above and let )\, be fized.
Then, for n sufficiently small with respect to d,,, we can choose m,, eigenvalues X} of A,
in the vicinity of A\, so that the following estimate holds:

np
E{[An = Anl"} + E{[llun — wall”} S 5 AL (93)
for a suitable labeling of the eigenvectors u)! of A" associated to the eigenvalues \!.

Proof. It follows from [32, Theorem IV.3.18] that for those realizations w such that
|A,(w) — A|l < d,, then there are exactly m,, eigenvalues of A, in the d,—vicinity of I'.
Since this also holds for every \,, such that d,, > d,,, we can index the eigenvalues of
A, as the eigenvalues of A. Moreover,

An(@) = An| < ([ Ay (w) — Al

For those realizations w such that || A,(w) —A| > d,,, we choose m,, eigenvalues of A, (w)
arbitrarily among the eigenvalues that have not been chosen in the d,,—vicinity of A,

for |Am| > [Anl.
For all realizations, we thus obtain that
[ 4,() = Al

A w) = An| S
N) = A 5
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It remains to take the pth power and average the above expression to obtain the first
inequality of the proposition.

In order for the eigenvectors u;! and u,, to be close, we need to restrict the size of n
further. To make sure the eigenvectors are sufficiently close, we need to ensure that

PalAs) = PalA] = 5 [ RIGA) = RIG AN = 5= [ R A4, = ARG AN,

 2mi
is sufficiently small. On the circle I" and for ||[A — A, || < d,, we verify that

1
— [ A=Ayl

1
sup R A = - s IR A <

¢er n

by construction of d,, and by using R7'(¢, 4,) = R7*(¢, A) + (A, — A) and the triangle
inequality

IR Al = RS A = (A — All = do — [| A, — Al
Upon integrating the expression for P,[A,] — P,[A] on I', we find that

14, -4l _ 2

p = ||P.[A)] — P.J4]| < S

1Ay = Al <1,

for 2|| A, — Al < d..

For self-adjoint operators A and A,,, the above bound on the distance p between the
eigenspaces is sufficient to characterize the distance between the corresponding eigen-
vectors. We follow [32, [.4.6 & 11.4.2] and construct the unitary operator

U = (1= (PalAy) = P[AD?) 7 (PuAPUA] + (I = PJAD - PJA])).  (94)

n

Let u,x, 1 <k < m,, be all the eigenvectors associated to an eigenvalue \,, n > 1.
Then the eigenspace associated to A7 admits for an orthonormal basis the eigenvectors

defined by [32]

Uy g = Ul g, 1 <k <my. (95)

The relation (94) may be recast as
Ui = (I = B)(I + Po[Ag)(Pa[Ay] = PulA]) + (Pu[Ay] = Po[A]) Pu[A,),

where | R?|| < p?. This shows that
1
Wi =1llsp and  lugy —uasll S p S M4 — Al T<k<my,

whenever d; |4, — A|| < p for p sufficiently small. When d;'||A, — Al > p, we find
that [|u,r — u, |l S 20[|Ay(w) — All/d,, where the vectors u,) , are constructed as an
arbitrary orthonormal basis of the eigenspace associated to A. Upon taking pth power
and ensemble averaging, we obtain (93). [
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4.2 Correctors for eigenvalues and eigenvectors

Let (A, u,) be a solution of Au, = A\,u, and let A7 and u!! be the solution of A,u! =
Alul! defined in Proposition 4.1. We assume that (90) holds with p = 2.
We calculate that

AT — A, ( A, —A
= | Up,

n
The last term, which we denote by r(w) is bounded by O(n) in L'() using the results
of Proposition 4.1 with p = 2 and the Cauchy-Schwarz inequality. Thus, 77 (w) converges
to 0 in probability.

Let us assume that the eigenvectors are defined on a domain D C R? and that for a
smooth function M (x), we have:

1 n __ —_\"7 _
un>+5(un tn, (A, — A1) — (A )\n))un>.

(M(X), Ay = Aun(x)> st M(x)o,(x,y)dWydx as n — 0. (96)

n D2

Using this result, and provided that the eigenvectors u,(x) are sufficiently smooth, we
obtain that

An = A _dist. | / Up (X)o7 (X, y)dWydx = / Ay (y)dWy as n — 0. (97)
n D2 D

The eigenvalue correctors are therefore Gaussian variables, which may conveniently be
written as a stochastic integral that is quadratic in the eigenvectors since 0,(x,y) is a
linear functional of u,,. The correlations between different correctors may also obviously
be obtained as

n
Let us now turn to the corrector for the eigenvectors. Note that

E{ An = An A, ; Am} i /D A (%) A (x)dx. (98)

= |* = 2(1 = (un, u)),

so that (u,,u") is equal to 1 plus an error term of order O(n?) on average. The con-
struction of the eigenvectors in (95) shows that u, — u? is of order O(n?) in the whole
eigenspace associated to the eigenvalue \,. It thus remains to analyze the convergence
properties of (u, — ull, u,,) for all m # n. A straightforward calculation similar to the
one obtained for the eigenvalue corrector shows that

(B, 4 A = (P A=A ) L, )0 ) )

The last term converges to 0 in probability (and is in fact of order O(n) in L'(Q) as
above). We thus find that

u’l — u, dist. 1
- m m n P d d .
( p LU ) S /1:)2u (x)oy,(x,y)dWydx (99)

The Fourier coefficients of the eigenvector correctors converge to Gaussian random
variables. As in the case of eigenvalues, it is straightforward to estimate the cross-
correlations of the Fourier coefficients corresponding to (possibly) different eigenvectors.
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4.3 Applications to some specific problems

The first application pertains to the following problem:
A.=(P(x,D)+¢q.)", A=P(xD)" (100)

Lemma 2.5 and its corollary (24) show that (90) holds with p = 2 and n = £%. The
operators A. and A are also compact and self-adjoint for a large class of operators
P(x, D) which includes the Helmholtz operator P(x, D) = —A + qo(x).

Let (X2, uS) be the solutions of A\* P.u. = u. and (\,, u,) the solutions of APu = .

n» 'n

Then we find that

)\E - )\n ist.
0 o [ G )W dx =X [ ), (o)
£2 D2 D

or equivalently, that for the eigenvalues of P. and P, we have:

A\ -1 _ /\—1 s
() n Ao, 5 / u? (y)dWy. (102)
€ D

vl

The Fourier coefficients of the eigenvectors satisfy similar expressions.
The second example is the one-dimensional elliptic equation (61). Still setting n =

gé, we find that
A.— A

dist.
n n(z, 1) dWr,
NV /Dg(x JaW:

where 0, (z,t) is defined in (84) with the source term f in (82) being replaced by w,(z).
The operators A. and A satisfy (90) with p = 2 thanks to Lemma 3.2 and its corollary
(24). The expressions for the eigenvalue and eigenvector correctors are thus directly
given by (97) and (99), respectively.

4.4 Correctors for time dependent problems

As an application of the preceding theory, let us now consider an evolution problem of
the form

u +€ePu=0, t>0, u(0) = uy, (103)
where € is a constant, typically e = 1 or € = 7, and P is a symmetric pseudodifferential
operator with domain D(P) C L?(D) for some subset D C R? and with a compact

inverse A = P!, which we assume without loss of generality, has positive eigenvalues.
We then consider the randomly perturbed problem

u + ePyu, =0, t>0, u,(0) = up, (104)

where P, (w) verifies the same hypotheses as P with compact inverse A, = P,

We assume that A, and A are sufficiently close so that (90) holds. Following the
notation of the preceding section, we denote by A, and A} the eigenvalues of A and A,
and by u,, and w]! the corresponding eigenvectors.

We then verify that

u(t) = e Mug = Z &M (un, ug) iy 1= Z (1) Un, o (t) = e (uy,, ug).
n

n
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and
ug(t) =D al(tyull,  an(t) = e M(ul u).

We can now compare the Fourier coefficients as follows:

al — « em A _ gmAnt ul —u
n_ = (U, ug) 4 €™M () + 1y, (105)
U y 77 !
where |r,| — 0 strongly in LP(£2) as 7 — 0. This may be recast as
", = n )\n - A} , = n
On =M et 2000 (g ) + e (I ) s, (106)
n n n

where |s,| — 0 strongly in LP(£2) as n — 0.

The above difference thus converges to a mean zero Gaussian random variable whose
variance may easily be estimated from the results obtained in the preceding section.

Since we do not control the convergence of the eigenvectors for arbitrary values of
n (because we do not control in this study the speed of convergence in distribution
of the random correctors), we cannot obtain the law of the full corrector w,(t) — u(t).
We can, however, obtain a corrector for the low frequency parts u}(t) and u™(¢) of
u,(t) and wu(t), respectively, where only the N first terms are kept in the sum in the
index n. We may easily estimate the corrector for (u(t) — un(t), um) using the above
expansion for the Fourier coefficients and the results obtained in the preceding section.
We again obtain that the corrector is a mean zero Gaussian variable whose variance
may be calculated explicitly.

Other time-dependent equations may be treated in a similar way. For instance, the
wave equation

uy + Pu =0, uw(0) = ug, u(0) = go, (107)

where P is a symmetric operator with compact and positive definite inverse, may be

recast as
U 0 1
wy —Aw =0, w(0) = wo, w = (Ut> , A= (P 0) . (108)

We verify that the eigenvalues A, of A are purely imaginary and equal to +iv/Ap, where
Ap are the positive eigenvalues of P. The orthogonal projector onto the nth eigenspace

of A is found to be
Hp )2 0
I = ’
A ( 0 AHP,_AQ) ’

<Z:s) B =2 (pr)_v Angv) (Zj) - (109)

A

so that

A similar expression may be used for the perturbed problem w,(t), where P is replaced by
P,. The results presented earlier in this section easily generalize to provide an estimate
for the low frequency component of u(t) — u,(t). We leave the details to the reader.

When the Green’s function associated to the operator 0; + P is sufficiently regular,
for instance when eP = —A, more refined results may be obtained by considering
expansions similar to the expansion (8) considered for steady-state problems. We do
not consider such developments here.
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5 Conclusions

We have considered the corrector to the homogenization of source and spectral problems
for the Helmholtz equation with highly oscillatory random potential. The method works
because the operator Gg. appearing in (8) may be seen as lower-order, in the sense that
it converges rapidly to 0 with . This requires that the homogenized solution Gf be a
good approximation to the source problem (8). The method was then generalized to
the one-dimensional elliptic problem (61), which after a change of variables to harmonic
coordinates, may also be recast as an integral equation (68) with a term G.g. that may
also be seen as lower-order.

Such expansions are not currently available for more challenging problems of the
form —V - a.(x,w)Vu. = f, augmented with appropriate boundary conditions. The
use of the Green’s function to the homogenized elliptic equation does not allow for a
rapidly converging expansion of the form (8) or (68). The analysis of correctors for such
equations, for which current state of the art estimations are given in [49], remains an
open problem; see [18] for a related discretized elliptic equation.

The correctors were analyzed here in the setting where the random coefficients have
integrable correlation function R(x) in (5) (and additional mixing properties). The ex-
pansions in (8) and (68) may be generalized to random coefficients with correlation func-
tions R(x) which decay as |x|7*? for some 0 < o < 1 as |x| — oo. In such frameworks,
following the expansions obtained in [5], we expect random correctors with Gaussian
statistics and amplitudes of order £%% rather than 5%, at least for dimensions 1 < d < 3
for the Helmholtz problem. These long-range effects will be analyzed elsewhere.
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