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Abstract

We consider the angular averaging of solutions to time-harmonic transport equations. Such quantities
model measurements obtained for instance in optical tomography, a medical imaging technique, with
frequency-modulated sources. Frequency modulated sources are useful to separate ballistic photons from
photons that undergo scattering with the underlying medium. This paper presents a precise asymptotic
description of the angularly averaged transport solutions as the modulation frequency w tends to oo.
Provided that scattering vanishes in the vicinity of measurements, we show that the ballistic contribution
is asymptotically larger than the contribution corresponding to single scattering. Similarly, we show
that singly scattered photons also have a much larger contribution to the measurements than multiply
scattered photons. This decomposition is a necessary step toward the reconstruction of the optical
coefficients from available measurements.

1 Introduction

Transport (linear Boltzmann) equations offer accurate descriptions for the propagation of particles in scat-
tering media such as e.g. photons in human tissues in the application of optical tomography [1]. In the latter
medical imaging modality, optical parameters are reconstructed from available photon density readings at
detectors. Such detectors are typically optical fibers, which collect photons coming from different directions.
The optical sources are also typically optical fibers and photons are thus emitted over a larger range of
directions. When steady state sources are used, the reconstruction of the optical parameters from available
measurements is severely ill-posed; see e.g. [7] as well as [4] for a review of inverse transport theory in several
regimes of interest in optical tomography.

When time dependent sources are being used instead, some optical coefficients can be reconstructed
from stably from angularly averaged measurements as described in [6]. However, because light speed is very
large, measurements in the time domain are typically not available. An intermediate regime consists of
using frequency modulated sources, for instance sources of the form (1 + cos(wt + ¢))S(z,v) where ¢ is a
constant phase shift, x is position and v direction of propagation. Heuristically, large values of w correspond
to good temporal sampling (inversely proportional to w) in the time domain. As w increases, we thus expect
to be able to achieve accurate reconstructions of (some) optical parameters as in the time domain. That
the reconstruction of the optical parameters is greatly improved when w increases was demonstrated in the
numerical simulations performed in e.g. [15, 16]; see also [2] for a similar behavior in the diffusive regime.
See also [10] for an approach to the (time-dependent) inverse problem using highly-oscillatory solutions.

The main objective of this paper is to give a precise description of the asymptotic behavior of the angular
averaging of transport solutions in the limit of large w. The reason why reconstructions are more stable
for large values of w is that scattering is damped, in a sense that will be made precise, as w increases.
We decompose the transport solution into three components: the ballistic component, the single scattering
component, and the multiple scattering component. These contributions exhibit different behaviors for large
values of w. By using stationary phase techniques, we present a precise asymptotic description of these three
components as w — oco. Although we shall not do so here, such a decomposition can then be used to obtain
stable reconstructions of (some) optical coefficients; see also [3].
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That stationary phases appear in the analysis may be understood as follows. As “time harmonic” photons
propagate from the source (located at a point xg) to the detector (located at a point z.), they accumulate a
phase described by e™?, where d is the distance traveled by the photon along its (possibly complicated) path.
For ballistic photons, the distance is fixed and given by the distance between the source and the detector. The
amplitude of ballistic photons is not affected by the modulation frequency w. Scattered photons, however,
may scatter at different locations and thus arrive at the detectors’ location with interfering phases. The
precise averaging of phases is then described by stationary phase. It turns out that the points where the
phase is stationary are precisely the points on the line segment joining the source to the detector. There is
therefore a continuum of stationary points, which is the main mathematical difficulty we overcome in this
paper by a careful estimate of the remainders that appear in standard stationary phase expansions. Multiple
scattering is then handled similarly and shown to have a contribution that is asymptotically negligible
compared to that of the ballistic and single scattering components.

The rest of the paper is structured as follows. Our main results are stated in section 2. The decomposition
of the angularly averaged transport solution (defined in (2.4) below) into ballistic, single scattering, and
multiple scattering contributions is presented in (2.6) below. The asymptotic behavior of these terms for
large values of w is described in Theorems 2.2, 2.5 and 2.6. Section 3 introduces notation on transport theory
and decomposes the transport solution into terms involving increasing orders of scattering. Section 4 gives
a proof of lemma 3.1, which states how the so-called subcriticality conditions in the steady-state regime can
be relaxed in the time-harmonic regime. Finally, sections 5 and 6-7 give proofs for the single and multiple
scattering estimates, respectively, using a careful stationary phase expansion.

2 Statement of the main results

Let X C R",n > 2 be an open convex bounded domain with C! boundary X and diameter A > 0. Denote
the incoming and outgoing boundaries

Iy ={(z,0) €0X xS" " |ve Sg;l ,  where Z:_Ll ={vesS" 4y, -v >0}, (2.1)

where v, is the outer normal to X at x € X. We consider the transport equation in the time-harmonic
regime for the density ¢ (x,v), with isotropic ingoing boundary conditions

v-Vp(x,v) + (o(z,v) + iw)(z,v) = /Sni1 k(z, v, v)¢(z,v') dv', (z,v) € X x S"71, (2.)

w(mau) :g(:v), (.’E,’U) el

where w > 0 and the input function g takes the form g(z) = §(z — x0), (v0,z) € (0X)? (call it g,,). By
d(x — xp) we mean the delta distribution that satisfies for each smooth function ¢ defined at the boundary:

/ 5(z — 20)d(x) du(z) = d(zo), (2.3)
o0X

where du(z) is the standard measure on the boundary. The coeflicient o(x,v) > 0 accounts for particles
that were absorbed by the medium, and k(z,v’,v) > 0 accounts for particles that scattered at point z from
direction v’ to direction v. It is customary to write o(z,v) = o4(z,v) + o,(x,v), where o, is the intrinsic
absorption of the medium, and

op(x,v) :/ k(z,v,v") dv',
Sn—l
represents the loss of particles that have scattered at x from direction v to other directions. An existence

theory for (2.2) is given in the next section.
From the solution ¢ of (2.2), we consider the angularly averaged outgoing measurements:

T (20, xc) :/ ) Yir, (T, v) v - Vg, | do. (2.4)
8ot



Here and below, o € 0X will denote the emitter’s position and z. € 0X, the captor’s position. The
measurement function (2.4) can be seen as the distributional kernel of the operator

ME(f,g) = / / T (20, 20) f(z0)a(ze) dpu(xo) duae),  (f.9) € (L'(OX))?, (2.5)
o0X JoX

defined and studied in [7] in the case w = 0.
Now, as will be justified in the next section, assuming that w is large enough, the measurement operator
defined in (2.4) admits the following decomposition

T¥(xo,xc) = T (w0, xc) + 11 (w0, xc) + T3 (20, xc), (2.6)

where T’ accounts for ballistic particles emitted at z¢ and captured at x., 71 /T%’, accounts for particles that
scattered once/multiple-times inside the domain, respectively. This sort of decomposition was introduced
in [13] in three dimensions and later in arbitrary dimensions for the stationary problem [9], and the time-
dependent problem [8].

For the work that follows, and in order to avoid effects of scattering at the boundary, we formulate the
following crucial hypothesis,

Hypothesis 2.1. Define the spatial support of the scattering function

suppx k:{:lceX7 sup k(x7v7v’)>0},

v,/ €Sn—1
then we make the following assumption:
D := dist (0X, suppx k) > 0.
Let us now give the main results. The ballistic term is given by

e~ Wwlze—zol Bz, x.)

|xc _ xolnfl

T (o, ) = |Vao - €0|Va, - €0ls (2.7)

where we have defined eq := 7, — 7o and where E(xg,x.) is defined by (3.4) given below. Here and below
Z := x/|z| is the unit vector in the direction of # # 0. One can readily see from expression (2.7) that the
magnitude of the ballistic part is unaffected by the frequency w. This is because the ballistic particles are
the first ones to reach the detector, and there is only one ballistic path from zy to x., hence no interference
due to a difference of paths.

The single scattering term admits the following expression

—

TV (20, ) = / e wP(@:20:Te) B ) xo)k(x,x — x0, 2. — x)c(x, 2o, x.) dr, Where
X

. J— J— 2.8
(@, 30,2¢) i= (o — wolle = ol) " vy - 5= Ty, - 0 3, (28)
o(x, xg, xc) == —|xo — | — |2 — (|
where E(zg, z, z.) is defined below by (3.5). We define the following function
f(zo, zc, ) = E(xo,x,xc)k(x,x/—\xo,af—\x)c(x,xo,xc). (2.9)

Due to the fact that there is a continuum of single scattering paths from zy to z., particles having taken
different paths will interfere. As a result, the single scattering becomes an oscillatory integral, the leading
behavior of which, as w — oo, is ruled by the stationary points of the phase function ¢(x,xg,z.) =
—|z —xo| — |x — z¢|. The following theorem gives the leading-order term in the asymptotic expansion of (2.8)
for large w (here and below, we denote by ||, [-] the floor and ceiling functions, respectively):



Theorem 2.2. Assume that the integrand defined in (2.9) satisfies f € LC’O(((?X)z;C["T+3W (X)) and assume
hypothesis 2.1. Then there exists a constant C suc/hﬁat the following decomposition holds for every (zo,x.) €
0X?2, 29 # z. (denote dy = |x. — wo| and eq = x. — o) and for every w > 0

n—1

. 2 2 . ™
T (xg, x.) = e~ @l <d7r) e VR B(w, ) Vay - €ol|Va. - €0
w
0 (2.10)
do ]f(l‘o + Ue€p, €, 60)
X / n—1 du+Rw(‘TO7‘rC)7
o (u(dg—u)) =
where the remainder RY belongs to L>=°(0X x 0X) and satisfies the estimate
c
HRwHoo < EHJC”C["TH] (2~11)
w2

Remark 2.3. A sufficient condition for the integrand f to satisfy the regularity prescribed in theorem 2.2
is to assume that the optical coefficients (o, k) are of class cr=*1

Remark 2.4. Besides increasing the ballistic-scattering separation in the measurements, the leading-order
of (2.10) contains a weighted integral transform of k which will motivate a mildly ill-posed reconstruction
formula for k. This is to be compared with [7], where the same inverse problem was investigated in the
case w = 0 and was shown to be severely ill-posed. This weighted integral transform also appears in the
time-dependent setting [6].

Finally, the multiple scattering part of the measurements is a bounded function and satisfies the following
estimate:

Theorem 2.5. Let (0,k) € CI"= (X x S"1) x "2 (X x S"~! x S"1), and assume hypothesis 2.1.
Then there exists a frequency wg > 2 and a constant C' such that for every w > wy the multiple scattering
Ty, € L>*(0X x 0X) and satisfies the estimate

C wt, n=2,
15 lloe < { Cw™’In(w), n=3, (2.12)
Cw 7, n > 4.

These results are summarized in the following theorem, using the most regularity of the optical coeflicients
that is required for theorems 2.2 and 2.5 to hold:

n+3

Theorem 2.6. Assume that (o, k) € CI"2° (X x S"=1) x C["2°1(X x S"~1 x S"~1), and assume hypothesis
2.1. Then there exists a frequency wg > 2 and a constant C' such that for every w > wqy the measurement
function T admits the following singular decomposition

T (an ch) = Téd (an -rc) + le (3307 xC) + Téd—i- ($0, xc)7 (213)

for a.e. (xg,x.) € 0X X OX, where T is given by (2.8) and has the asymptotic behavior described in (2.10)
and

e WlEe=zol (g, 2,)

Téu(x07xc) = |l‘ — .130|n_1 |l/$0 : eOHVﬂCc . 60" (214)
c
C wt, n=2,
Ty, € L®(0X x 0X) and TS, o <{ Cw?In(w), n=3, (2.15)
C w_%, n>4

3 Forward theory

Let us now return to the forward model (2.2) and present the necessary results that will be useful for the
subsequent sections.



Integral equation: Let us recall some notation. For (z,v) € (X x S" )T UT'-, let 7+ (z,v) be the
distance from x to 0X traveling in the direction of +v, and x4 (x,v) = x &+ 74 (z, v)v be the boundary point
encountered when we travel from x in the direction of £v. We also define 7 =74 + 7_.

As it is done in many settings, we integrate the PDE in (2.2) along the direction v. We obtain that 4 is
a solution of the following integro-differential equation

(I - K:w)¢ = Jug, (3'1)

where we have defined, for ¢ € L*(X x S"~!) and ¢ € L'(0X)

T (zv)
Kod(x,v) = / e “E(x — tv, x) / k(z — tv, v, v)p(z — tv,v")dv'dt, (3.2)
0 sn—t
Juo(z,v) == e =@ E(z_(z,v),2)d(z_(z,v)), and (3.3)
lz—2'] S
E(2',x) == exp (—/ ol +sx—a',x—a) ds) . (3.4)
0

For future reference, we also define iteratively
E(.’Eh N ,CL’iJrl) = E(xl, e ,l’i)E(l'i, l’i+1). (35)

The operators K, and J,, are well-defined and continuous operators in £(L!(X xS"~ 1)) and £(L*(0X), L*(X x
Sn—1)), respectively [11, 14]. Now we must also make sense of .J,, and K, when the inputs are the singular
distributions g, = d(x — x¢) defined in (2.3). One can show that, in the sense of distributions, we have

0s(v —x — xq)

Jng0(1‘7v) = E(xov'r)eiiwlmizouyﬂco : U| (1’,’(}) € X X Snil,

|z — zg|?1
where dg stands for delta distribution on S"~!. Extending naturally the definition (3.2) to distributions
in the angular variable and applying it to the previous equality, we obtain that Ky, J, ¢z, is well-defined in
LY(X x S"~1) and its expression is given by, for a.e. (z,v) € X x S*~1

Kodwa (x,v) = /OT(I,U;_i‘”(”lw_t“_wol)k(x — tv, & — 20, 0) E(x0, x — tv, z) |V;°_ fv__t;}o_n%(l)l dt. (3.6)
Moreover, taking the L' norm of (3.6), we obtain that
4 dt
/XxS"*l IKwdwGao (2,0)] dz dv < ||kl X><S"*1/O [FEr——"T— dx dv (3.7)

< Ikl lS" A%,

and the bound is uniform in zy € X, where we recall that A denotes the diameter of X. We will use this
result later on to prove theorem 2.5.

Subcriticality conditions: Like in the stationary setting for w = 0 (see e.g. [9, 7, 5, 17]), equation (3.1)
is solvable for v if the operator (I — k) is invertible in £! := L(L'(X x S*71)). Such a condition is met
when there exists an integer r > 1 such that the operator (I — K7)) is invertible in £!. Then the solution of
(3.1) admits either one of the following equivalent expressions:

r—1 r—1 N
p=I =KD Kug =Y KII-KL) Mug= > KlJug+ (I - K,) 'KV J,g,  (38)
m=0 m=0 m=0

for any integer V.



In the stationary setting (i.e. w = 0), concrete examples of invertibility of I — Kf;, r = 1, are given by
either one of the following so-called subcriticality conditions [4, 11, 14]

o—op >0, (3.9)
ITopllee < 1. (3.10)

In the present time-harmonic regime, invertibility is still achieved with » = 1 under the above conditions.
However, it can also be obtained with r» = 2 for large enough w, independently of any positivity assumption,
though we require that the optical coefficients have bounded C'-norms and k be supported away from the
spatial boundary 0X (lemma 3.1 and corollary 3.3).

Lemma 3.1. Let (0,k) € C}(X x S"™1) x CH(X x S"1 x §"71) and assume hypothesis 2.1. Then there
exists a constant C' such that for every w > 2 the following estimates hold

2 C (ofler, [kle:) @ Infw), 0 =2,
K2l <3 C (lollers [kller) o™ (n(w))?, =3, (3.11)
C (lolless lkller) o), n >4,

Remark 3.2. The same result holds even if k is supported up to the boundary 0X.

Lemma 3.1 will allow us to assess the decay of multiple scattering terms in further sections. From this
lemma we obtain the following corollary.

Corollary 3.3. Let (0,k) € CH(X x S"1) x C3(X x S"~1 x §"~1). Then there exists wy which depends on
lollcr and ||k||cr, X and n such that I — K, is invertible and ||(I — Ky) ™Y 21 < Co uniformly for w > wy.
Co can be chosen to be 2(1 + A|S" 7 ||k| oo )-

The uniform estimate of the norm of (I — K,)~! at large w given in corollary 3.3 will also be useful to
estimate the decay of multiple scattering terms (see section 6).

Proof of Corollary 3.3. From lemma 3.1, we have that lim,,_, ||K2||z1 = 0, so there exists wy such that
[K2]|z1 < § for w > wy. For such an w, I — K2 is invertible with inverse (I — K2)~' = > K2™ and in

turn, I — K,, is invertible with inverse (I — K,,)™t = (I + Ky, )(I — K2)™' = Y 0°_ K. In this case, and
noting that ||, ||z1 < AIS" ||k s, We get

- 1+ Kyl .
11 = Kuo) e < < 2(1+ A[S"|[klloo)-
1= [IKZ 21
This completes the proof. O

Derivation of decomposition (2.6): Whenever subcriticality conditions are satisfied and the solution u
of (3.1) admits the expressions (3.8), one obtains the following decomposition of the measurement function

N
T (20, 2c) = Z T2 (20, e) + Ryn1(zo, o), (3.12)
m=0
for any integer N > 2 where
Ty (zg,xc) = / (K T gao (e, v)|U - vy, | dv, for m > 0, (3.13)
Sioh

and
R (g, x.) = / [(I — IC)*llCZ’Jwgmo](:cc,vﬂv Vg, | dv, for m > 2.
Spok

From this latter expression (3.13) of the T’s, one can deduce the expressions (2.7), (2.8) and (6.1) of the
ballistic, single and multiple scattering components of the measurement function 7. This can be done by



following the calculations in [7, Section 3.1] with minor modifications. We do not repeat these calculations
here.
Then the decomposition (2.6) follows from (3.12) and the equality

N
T35, (w0, ) Z “ (20, %c) + Ry41(20, xc), for any integer N > 2. (3.14)

m=2

4 Proof of Lemma 3.1

From (3.2) it follows that
IC2 é(x,v) :/ Bz, v, 2", 0" p(2' 0" )da' dv’ (4.1)
X xSn—1
for (x,v) € X x S"! and for ¢ € L*(X x S"~!), where the distributional kernel 3,, of K2 is given by

T_(z,v) roa
Il — —iw(t+|z—z’' —tv|) f(t7 z,v,r,v ) dt h 4.9
Bu(z,v,2",0") /0 e w—to—zp1 o where (4.2)

ft,r,v,2" 0" == E(2', 2 — tv,2)k(x — tv,vy,v)k(2' 0", v1), v =2 —tv—2/,

for a.e. (z,v,2",0") € X x S~ x X x S*~1. Note that f is uniformly bounded by |/k|2.
The goal here is to bound the quantity

sup/ 1B (z,v, 2", 0v")| dx dv.
X xSn—1

x’ v’

Let w > 2. We extend o (resp. k) by 0 to R? x S*~1 (resp. R? x S"~! x S"~1). Then since k is compactly
supported inside X x S*~! x S*~!, f is thus extended smoothly to R x R” x S"~! x R" x S"~!. We now fix
(2',v",v) € X x (S"1)? and study the quantity

I(z' v v,w) :/ 1B (z,v,2',0")| d. (4.3)
X

It is now customary to study the phase function p(t) = —t — | — tv — 2’| (the dependency of ¢ on (x,z’,v)
is made implicit here), especially, for what «’s the function is stationary. We have
dp  Jr—tv—2a'|—v-(z—tv—2) |z — 2’| — ((z — 2') - v)?

= = — . 4.4
ot |z —tv — 2| |z —tv —a'|(Jx —to — 2’| + v - (x —tv — a')) (44)

Hence 0y = 0 whenever z = 2’ + uv,u € [-A, A]. In order to adapt = to the geometry of the problem, we
make the change of variable

z=a2 +uw+p, ue[-AA], pel0,A], §eS " 2({v}"). (4.5)

In these new variables, we have the following facts

N

dx = p" 2 dp df du, le —tv — 2’| = (u—1t)? + p?)
I () R R U A G
Orp p? '

2 —2'|? = ((x =) - 0)* = p?,

The integral (4.3) becomes

A A
I(z' v v,w) = /A/S 2/ |Bu (z(u, p, 0),v,2",0")|p" % dp db du.
—a Jsn-2 Jo



In this set of variables, the phase is non-stationary for p > 0, so we split the above integral into two parts
I := I, + Is by chopping the integral in p: foA dp = foe dp + faA dp, respectively. The small parameter
e < 1/2 will be chosen at the end in terms of w, in order to get the optimal estimate.

Let us estimate I first. Note that using (4.2) we obtain

7— (z'+uv+p0) dt A dt
1B ((u, p, 0), 0,2/, 0')]| < ||k||io/ s2||k|\io/ S
0 (¢ —w? + p2) 0o (21

thus

A e A n—2
he o) <2kl [ o[ ao [ / T —
gn—2 t2—|—p2)T

< 4|k|% AlS™ 2\/ / t2 — dt dp.

Estimating the integral on the above right-hand side7 we write (¢, p) = (rcosa,rsina), with a € [0, 5] and
r € [0,7(a)], where r(a) = - if a < ap:=tan™" X and r(a) = if & > ap. The above double integral
becomes, after simplification:

Qg L3N —2 s B
// T dt dp = A/ 7da+5/ sin™ ada<C{ gllnel, n=2,
t2 cos o .

g, n >3,
whence the bound on I (z/, v, v,w).

[
sin «

1
w0 p ot

Now, let us estimate I>. For p > e, 0;¢ is never zero, so we can write '“¥ = —e™@% and integrate

by parts the right-hand-side of (4.2). Doing so, we write

/Bw = i (ﬂl,w + 62,0.1 + ﬂi},w) 5
1w

where we have defined
e—iw(‘r,(w v)+|z—7_(z, v)v—:v/|)f( (LL’ 7)) z,v il?/,’l}/)
|lx — 17— (z,v)v — 2" 2(|lx — 7—(z,v)v — 2| + T—(x,v) — (x — 2') - v)
e~wle=2l (0, 2,0, 2, v "
|z — /[ 2(|z — 2’| = (x — 2') - v)

T_(z,v)
B3,w(x, v, 2’ v") :/ e*iw(tﬂwftv*w'\)% ( f(t 20,2, v') ) . (4.8)
0

|z —tv— a2/ |"2(Jx —tv — 2|+t — (x — ') - v)

(4.6)

B1w(z,v,2"0") =

ﬁg,w(l‘,’l],I/7U/) = - 5 (47)

The term (1, is identically zero provided that k is supported away from the boundary (hypothesis 2.1).
We now estimate (s ,,. From (4.7) it follows that

L[S

|z —a2'["2(|lz — 2’| = (x - 2') - v)

‘ﬁ2,w(xa v, l‘/7 UI)‘ S

e — 2|+ (x —2) - v

S ——
o= &2~ P~ () -0))
3 2 k|2, 9
Sl (= 2P — (e~ ) 0))
202,

)T



where we expressed the change of variable (4.5) in the last line. We get

A A
/ / / Bo.o((t, p,0), 0,2, ') p"2 dp d du
7A Sn72

< 4)|k|1A,|S™ 2\/ / ~ dp du (4.10)
u2 ) 5
VIA? el n=2,
< A|E[ZIS" S Alln(e)], n=3, (4.11)
TA, n > 4.

Finally we estimate 3 ,,. Plugging the change of variable (4.5) into (4.8) and using the fact that 7_ (2’ +
wv 4 ph,v) = 7_(a' + pb,v) + u, we get

1 T (2" +p0,v)+u )
ﬁ&w(x(uapv 9),1},33’,1}’) = ?/0 ey
d (t—u— t—u)? 2
X = ( . ( U) nj_zp f(t7$(u7p7 9)’0’1,/7,0/)) dt.
dt ((t —u)2 + p2) "=

Hence, we have that

Cllfllex (@' tphv)fu gy 200 fllex 12 di
|63,w(x(u7p7 0)7”793/71/” < LQHC/ n=2 < H 2||C /
N

n—2°

$2 +,02)T
Finally ,

A A
/ / / 1B, (z(u, p, 0),v,2",0")| p" 2 dp d du
—AJsn=2 Je

A —
<40 flles AJS™ / / o Mdpdt<2c||f||c1A|s" 2 2(lne)?, n=3
2|

To sum up, we have the following estimates:

gllnegl, n=2 (we) . n=2
Il<C{ - ’ n;37 , I, <C{ wi(ne)? n=3,
’ =7 wlngl, n>4.

1

Choosing ¢ = w™2 when n = 2 and ¢ = w™! when n > 3 finally gives the estimate (3.11). This completes
the proof.

5 Proof of single scattering asymptotics (theorem 2.2)

In order to prove theorem 2.2, we will use the following

m+d
Lemma 5.1. Let X C R? be an open, bounded set containing 0, m > —d + 1 and f € C[ 1

(X) such that
f(0) # 0. Consider the following oscillatory integral

1:/ lz|™ f(x)e =D dg, (5.1)
]Rd

where p(r) = r?g(r?) with g a smooth nonnegative function such that g(0) # 0, and r = 0 is the only point
satisfying @' (r) = 0. Then the following estimate holds

C
‘I‘ S m+d Hf”cf +d'\
w2



Proof of lemma 5.1. Define f1(r) := [qu_s f(rf) dS(0). Note that f; is an even function of 7 and has compact

support in [0, A), where A denotes the diameter of X. It is also [mT“l] times continuously differentiable and
for every 0 < a < (mT*d] there exist a constant C,, such that

[ filleao.ny < Callf
Applying a polar change of variable to (5.1), we get

Co (X) .

I= /Oo rm+d_1f1(r)e_i”‘”m dr.
0
Now notice that the ratio h(r) =

7 18 a smooth, bounded function and that by means of | mtd=l |
integrations by parts with zero boundary terms, one can write I as

NS o g L
I=(— —o—.
@) L GEw)

- (rm+d_1f1 (r)) e~ () dp,
We now split cases: if m + d is even, then L%‘HJ

= % — 1 and we have that

<;i ° hY)) o ("t () = (),

where f € C!([0,A)) after counting derivatives. Thus we can integrate by parts one more time and get that

1= (i) mgdl;{ﬁ(om(m/m d

— (fah)e ™% d
0 dr (f2 ) € r} ’
in which case we get the bound

C
1< —=l1]

m+4d .
cz

m+4d—1
1 2
the expression

o (rm*4=1f1(r)), and I has

L\
I= (> / fg(r)e*i““"(”)dr.
1w 0

Using Morse lemma, there is an interval [0, 7] where the change of variable v(r) = \/¢(r) is a diffeomorphism.

Now if m + d is odd, then L’”"’g—lj = m+2d—1, We call f3(r) := <% °

T
Let x € C*°(]0,+00)) be identically one on a neighborhood of 0 and x(s) = 0 for s > n. Then I can be split
into two integrals:

v(n) s o .
I= <21)) </o X(T(U))fs(r(v))%eﬂw dv +/0 (1- x(r))fg(r)e“’*"(’")dr> , (5.2)

where we applied the change of variable v = \/¢(r) in the first integral. In the first integral, we integrate
by parts and obtain that

m4d—1

v(n) r . s o0
/o @) fs(r () Lo gy =~ L [ 4

dr
— — — | H d
a 2 [ (o)) #H G0,
where the function H(t) := fot e~ dv is related to the Fresnel integral and is known to be uniformly
bounded on [0,00). For the second integral in (5.2) the integrand is supported away from zero, so we can
write e~we(") = m%e’iw’(”) and integrate by parts. We obtain that

w Jo dr

/oo(l B X(T))fs(r)e—iwsa(r)dr _ 1 > d ((1—){(7‘))]%(7“)) e 1w e(r) gy
0

@' (r)

10



This finally shows that

C c
=~z lfsller <~z 1] g
w w

The proof is complete. O
Note also the following two lemmas, useful to get uniform bounds in theorem 2.2

Lemma 5.2. Under hypothesis 2.1, there exists §1 > 0 such that for all (zo,z.) € (0X)?
|zo — x| < 01 = dist ([xo, xc], suppx k) > d7. (5.3)

Lemma 5.3. Assume hypothesis 2.1 and let 6, > 0 be given by lemma 5.2. Then there exists do > 0
such that for all (z,x¢,z.) € suppxk x (0X)? with |xg — .| > &1, we have (denote ey := x.— xo and
Pz =z + [(x — x0) - egleg the orthogonal projection of x onto the segment [xg,x.])

dist (z, [xo,x.]) < 02 = min(|Pz — x|, | Pz — x.|) > 0. (5.4)

Proof of theorem 2.2. Pick (zg,x.) € (0X)? with zg # x., and define g := To — 7o as well as dg 1= |xo — 2]
The stationary points of ¢ with respect to x solve the equation

o —

—_—
T—T.+x—19 =0,

which characterizes exactly the points located on the segment [zg,z.]. Hence it is convenient to introduce
the notation x(zg,zc,u,v) = x¢ + ueg + v, where u € R and v € egt. Then {v = 0,u € [0,do]} is a
parametrization of the stationary segment. In this new set of variables the phase function is given by

p(u,0) = =(u® + [o]*)7 = ((do — ) + o), (5.5)
and the function f(zg,z,x) (defined in (2.9)) with 2 = x(z¢, 2., u,v) is now supported in
{ue[-AALve eot, v < A, s.t. z(zg, Te,u,v) € suppxk} .

In the sequel, we make the dependency on xg and z. implicit for readability. Let §;, do be given by lemmas
5.2, 5.3 respectively, denote ¢ := min(d1,d2) > 0, and let xy € C*®*(R"71), x > 0, x = 1 on {|v| < g} and
X =0 on {|v| > d}. We then write

T (xo,x.) = I1 (z0, zc) + Ia(xo,z.), where

1(xo, xe) : / / f(xo, e, u,v)x(v )ei””(“’“) dv du
[v|<A

Ir(xg, x.) == [ /|<A flxo, e, u,v)(1 — x(v))e wew0) gy du.

The integral I; contains stationary points whereas Iy does not.

Let us take care of I first. We start by saying that if |z — .| < &1, then lemma 5.2 ensures that
X(0) f(zo, 2, u,v) = 0 everywhere, hence I1(u) = 0 in this case. Now assume |xg — z.| > §;. Then lemma
5.3 ensures that for any (u,v) in the support of x(-) f(zo, x¢, , ), we have that |v| < ¢ < da < min(u,dy — u),
therefore both squareroots in (5.5) are analytic in v, and ¢ can be identically written as

1
p(u,0) = =do + Sa(w)[v]* + o] *g(u, [v]),

where g is a smooth function, —dy = ¢(u,0) and the quadratic term in v comes from the Hessian matrix
with respect to v at v =0



where I,,_1 is the (n—1) x (n— 1) identity matrix. Since u and dy —u are bounded away from zero uniformly
over the support of x(+) f(zo, Z¢, -, ), the Hessian matrix is never degenerate, i.e. the function ¢(u) is bounded
away from zero. Following Hormander’s approach to the stationary phase method [12], for s € [0, 1], we
define the phase

1
s (u,v) = —do + Sa()|v]* + slol*g(u, [v]),

so that ¢o(u,v) = —do + 3q(u)[v]* and ¢, = ¢ for s = 1. We now write a Taylor formula with integral
remainder with respect to the parameter s:

/ X(0) f (u,v0)e 10 dy :/ X () f (u, v)e o) dy
[v]<A

[v]<A

1
+iw / / ol (us [o])x(0) f (, 0) P+ do ds
0 Jjv|<A

= Ill(u) + Ilg(u).
The term I12(u) is dealt with by applying lemma 5.1 with (m,d) = (4,n — 1), so mTer = 253 Therefore we
can bound by the following, everything being continuous with respect to the parameter s:

C
|112(u)| S wn?”f(m(bxm Yy ')”C["T‘*'s] . (56)

For the first integral I11(u), we write for u € [d2,dp — d2] and v € R*~1

x(0)f(u,0) = f(u, 0)x(v) +v- fi(u,v)x(v), fi(u,v) ::/0 Vo f(u, tv) dt,

and I;; becomes

() = £(0,0) [

eiwo () dy f(u,O)/ (1 — x(v))erow) gy
Rn—1

Rn—1
+ / X () - f1(u,v)e#0 ) gy (5.7)
[v]<A

= T11(uw) + Lo (w) + I11s(w).

The first term in (5.7) will give the leading-order term of the asymptotic expansion:

n—1

277) 2 iwdy 6i%(r(Hg,,(u,O))
— &

facc i oys |

I (u) = (

w

with o(H,(u,0)) = —(n — 1) the signature of H,(u,0), |det Hy(u,0)| = dj '[u(dy — u)]*~", and we used
the following formula (see [12, Sections 3.4, 7.6])

d
/ oi3(Bex) g, — pi%5o(B) (2m)>2 -
R | det B|2

where B is a non-degenerate quadratic form.
The second term in (5.7) has rapid decay in w because 1 — x is supported away from v = 0. We see that
by noting the identity

1

gt Ve () = e,

so by means of f%] integrations by parts, I112(u) becomes

) = £00) (ot )(

iwq(u)

n+1 n+1

e (vv_ (H»[ T = ()] do,

12




which we can bound by

C
[T112(u)| < ﬁ”f”CO”X”C["T‘HT

The third term is dealt with by integration by parts with zero boundary term:
7iwd0

—e

-7113(16) = W

/ (Vo - (xf1))e 290 gy,
lvj<a

and we are now in the setting of lemma 5.1 with (m,d) = (0,n — 1), so we can bound

1 C C
[113(u)| < ZEIIVU SOl gy < ﬁ”f(xo,xc,',')ﬂcr#r

Noting that we have

f(zo, 2e,u,0) = E(xo, x)k(x0 + ueq, g, o) V(o) - eol|v(x) - eo|[u(dy — u)]_”'H7

we integrate relation (5.7) together with the estimate (5.6) in u and obtain the estimate

n—1

. 27T 2 —i(n—1)%
mwc)=edeE<xo,xc>|u<xo>-eo|u<x>-eo|(w) Rk

% /do k(IO + Uu€p, €0, 60)
0

du + Ry (zo, zc),

n—1

[dou(do —u)] 2

. C
with |R1(x07$0)| < ntl Hf(ﬁﬁo,l‘c, ')”C["T*?’]'
w2

For the integral I, let us introduce the differential operator L* := WVU@VU such that %L* (ei“’“’) =

e™?¥ (the x exponent denotes the formal adjoint). The function (1 — x(v))f (2o, T¢, u,v) is supported where
lv| > g and =1tz < ‘%2 < oo there, so we can integrate by parts [241] times and get that

[Vopl? =

1 ,a
-1 2 . n+1
B = (5) [ e a0 a0 do

where Lg :=V,, - (g%), from which we deduce the estimate

C
[12(w0, z.)| < ﬁ”f(fo,iﬂcr)

Hc’rngl-‘ .
This completes the proof. O
6 The multiple scattering estimate
For m > 2, the multiple scattering of order m is given by
Tileo,e) = [ R s )
" 6.1)
E I k(xg, vi1, v (
(00 21 o PSR MT U 0) i i,

H;Z_Ol‘xi — T [Py — et

—

where v; = ;41 — 24,1 =0...m —1 and v, = mc/—?m. The following theorem bounds each T} separately.

13



n+1

Theorem 6.1. Let (0, k) € el (X xSy x " (X xS" 1 xS*1), and assume hypothesis 2.1. Then
for any integer m > 2 there exists a constant Cy, such that for any w > 2, T (xo,x.) is uniformly bounded
in 0X x 0X by

Cm w™t, n =2,
T (x0,20)] < Cm w?In(w), n=3, (6.2)
Cm w_nTH, n>4

We relegate the proof of this theorem to the next section. We must now prove that one can control
the remainder Ry of the decomposition (3.12) for N large enough. In order to do that, let us define the
operator K, for ¢ € L'(X x S*71) as

Koo(z) = /S (Kud)r, (x,0)|ve -v| dv, =€ 0X. (6.3)

n—1
x,+
Then the following lemma shows that K, is well-defined in £1:°° := £(L!(X x S"71), L*°(9X)).

Lemma 6.2. Under hypothesis 2.1 and assuming that k is bounded, the operator K, € LY and satisfies
the estimate (independent of w)

1Kol g1 < DK oo (6.4)
Proof. Let ¢ € L'(X x S"71) and z € 0X. Starting from (6.3), we have

T—(z,v) )
Koo(x) = /Sn_l /0 e B (z — tv,:c)/s B k(z —tv, v, v)¢(x — tv,v')|v, - v| dv’ dt dv
z,+

/ efiw\zfz'l k}( I /\,)E( i )¢( / /)| /\/| dz' dv'
= — k(2" — 2 E, 2)o(a V) |y - — 2| d’ dv
s o e |

where we changed variables ¥’ = x—tv,v € S;’:ﬁ,t € [0, 7—(x,v)]. The result is immediate since |E(2’, x)||v, -
x/—\:v’|§1and |/ — x| > D for all x € X and z’ € supp k. O

Proof of Theorem 2.5. Let w > wp, w > 2, where wqy is given in Corollary 3.3. We write the following
decomposition:

2a+1
T3, (w0, x.) = Z T (xo, xc) + Roay2(xo, 2:), where

m=2

R2a+2(x07 xc) = ’Ciwlcia([ - Kw)_lleJwgwo (330>7

(6.5)

and where the integer o will be chosen at the end. For the first finite number of terms in (6.5), we bound
each of them separately using Theorem 6.1 and obtain

2a+1 C wt, n=2,
Z T (zg,z.)|| << Cw?hn(w), n=3, (6.6)
m=2 50 C w_%, n > 4.

For the remainder term Roqn42(xo, x.),

sup |Raat2(x0, Te)| < Kol 2roe [IKR211E (T = Ku) ™l 22 1K w T Ga [l 1 (x xsn-1)-
Tc€

w2 (lnw)®, n=2,

< CODl_n”kHOOHKWJwgzo||L1(X><S"*1) w*(Inw)**, n=3,

w ¥lnw)*, n>4,
where we used lemma 6.2 and corollary 3.3. Choosing o = 3 for n = 2,3 and o = ("74'31 if n > 4 ensures
that the latter decays are faster than those in (6.6). Taking the supremum over zy € 0X satisfies the
same estimate because || Ky, Jugu, ||t (x xsn-1) is uniformly bounded in x¢ as stated in (3.7), and the proof is
complete. O
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7 Proof of theorem 6.1

Changes of variable: Let us put ourselves in the appropriate geometry: denote e := xc/—\ml (always
well-defined and real analytic for z; € suppyk, since |z, — x1| > D), and write the following changes of
variables:

o2(Q - eg) + do((Q - e9) + 1 ovo?+2d
£1(0, ) = 2o + TS 0) 20(( ety 5 (2~ (- co)en), (7.1)
with o € (0,00),Q; € S"7!. Formula (7.1) is an elliptic change of variable, where for given o > 0, x;

describes the ellipsoid of equation |z1 — zo| + |21 — .| = 02 + dy. Moreover we have the following equalities

1 1
‘.1‘1—31‘0‘ 25(02+d0(1+(91~80))), dy := |.731—.Z‘cl25(02+d0(1—(91~60))), (72)
dzy = 220" 2(0% + 2do) T (02 + do)? — d2( - €0)?) do d, (7.3)
where df); denotes the standard measure on the sphere. Now for j = 2,...,m, we write
Tj;=Tj-1+7; (Qj,lel + ZijlW(el)), S [0, OO), Qj = (Qj,h ey Qj,n) € Sn_l, (74)
1=2

where V; € COO(SQ;}F), Il =2...,n such that (v, Va(v),...,V,(v)) is an orthonormal basis of R™ for any
v E SZ;I. (When n = 2 one can choose Va(v) = (—wvq,v1) for v = (vy,v2) € S'.) Note that the vectors V;(e;)
vary when e; varies.

Then at fixed 1(0, 1) € supp xk we have dz; = r;L_l dr; d€);. Here and below, we will use the following
notations r := (ra,...,7m), Q= (Q1,...,Q), and for a given integer 2 < a < m, r* := (ra,...,7r,) and
Qo = (Qh ey Qa)~

In this new set of variables, we have that

| T — Te| = |21 — 26 + er (Qj,lel + ZQNV}(el))

j=2 1=2
2 3 (7.5)
m n m 2
= dl — Z erj,l + Z (ZT]Q]7I>
=2 =2  j=2
Then we define the phase function ¢ on [0, +00)™ x (S"~1)™ by
1 m
p(o.1,Q) = 5 (0% +do(1+ (- e0))) + ; v
2 3 (7.6)
1 ) m n m 2
+ 5 (O' + do(l — (Ql . 60))) — jz_:z’l“ijJ + 2 (j_2 TijJ)

The phase function ¢ is a continuous function on [0, +00)™ x (S*~1)™. In addition from (7.2), (7.5) and
(7.6) it follows that ¢ € C*°(D) where

D= {(o,r,Q) € [0,400)™ x (S""H™) | 21(0, Q) # 2 and z,, (0,1, Q) # .}, (7.7)

and the first derivatives of ¢ are uniformly bounded on D. The multiple scattering integral becomes

T (xg, zc) = / 671'“’“0(”’“9)0”729(0, r,) do dr dQ, (7.8)
(0,00)™ x (Sn—1)

m
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where the integrand g is given by

m

—_— —_— —_—
PR Vo - @1 — ol |va, - @ — @] [ [ Flajo = 250,250 = ))
¢ = Tm ol (7.9)

x 217102 + 2d0) "7 (02 + do)? — d2( - €0)?)

E(xOv‘rlv cee vwm;xc)

9(0-7 r’ Q) =

with 21 = z1(0, Q1) and z; = x;(0,r?, ) for j = 2,...,m defined by (7.1) and (7.4) and z,,41 = ..
n+1

Moreover g € CI*21([0, +00)™ x (S*~1)™) and g is compactly supported in the set

{(G,r, Q) € (0, V2A) x (0, A" x (S"—l)m}.
More precisely,

supp g = {(a,r,ﬂ) € [0,vV2A) x [0, A)™ 1 x ("1™ | z1(0,Q1) € suppyk,
mj(a,rj,ﬂj) € suppyxk, j=2,... ,m}.
The €*31 norm of ¢ is bounded by a constant depending on the ¢/*3*1 norm of o and k.
We now give properties of the phase function in terms of ¢ and r,,. First note that we have

0 o
8£ =o0®, where ®:=1+2,— 21 2.— Xy, for (o,r,2) € D. (7.10)
o

The next lemma shows that the function ® is uniformly bounded away from zero on the set (x1,z,, z.) €
(suppyk)? x 0X.

Lemma 7.1. Assuming hypothesis 2.1, there exists a constant Cp > 0 such that
14 de—21 %o — T > Cp (7.11)
for all (z1,Zm,xc) € (suppxk)? x 0X.

Proof. By contradiction, assume that (7.11) does not hold. Then using compactness of (supp yk)? and 9X,
and the continuity of inner products, one can construct limit points (z7, z%,, #%) € (suppxk)? x 0X satisfying
1+, — &1-%, — &, = 0. This means that z* € [2%, 2%,], which by convexity of X implies 2% ¢ X or z%, ¢ X,
and this is a contradiction. Hence the result. O

Let us introduce the differential operator L, defined by

1o [ f
Lof = % <0¢> . (7.12)

In addition straightforward computations show that the phase function ¢ satisfies the following equality
1
o(o,r, Q) = ¢(0,r, Q) + 502\11(0, r,Q), (o,r,Q) €D, (7.13)

where

\I/(CT r Q) — |17m(0', r, Q) - IC|(I)(Uarvﬂ) + |.i'7n(r,ﬂ) — Icl — (Zim(I‘,Q) — IC) c e (7 14)
) I |Tm (0,0, ) — 26| + | T (1, ) — 2] .

where Z,,(r, Q) = zo + (27'do(1+ Q1 - e0) + X7, 7Q1) €0 + > =2m 195 Vi(eo). We have Zpy(r, ) =
Zm (0,1, Q) when (0,r,Q) € D.

Note that g‘;f € C(D), % € L2 (D) for any a € N. In addition the function VU satisfies the following
estimates.
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Lemma 7.2. Assuming hypothesis 2.1, we have

0< % < ¥U(o,r,Q) <2, for (o,r,) € supp g, (7.15)

where Cp is the constant on the right-hand side of (7.11).

Proof of lemma 7.2. The estimate ¥(o,r,Q) < 2, for (o,r,Q) € supp g, follows from (7.14) and the fact
that ® < 2 uniformly in (o,r,€2). From (7.14) and from Lemma 7.1 it also follows that

Cplzm(o,r, Q) — x|

Q 7.16
Ylor, ) |2 (0,1, Q) — x| + | T (v, Q) — 20|’ (7.16)
for (o,r,§2) € supp g. Then note that
2 2
1 m n m
[T (r, ) = ze = | | 5 (do(1 = (-e0)) =D 7| +) (Zm )
j=2 1=2  j=2
1
m n m 2
< Tt ot ol = (@) = Y0 + %%
2 2 :
Jj=2 =2 j=2
2
< S+ V2w (oyr, Q) — x| <34, (7.17)

for (o,r, Q) € supp g (we use the estimate % < A). The estimate (7.14) follows from (7.16),(7.17) and from
the estimate |x,, — x.| > D for x,, € suppy k. O

For further use, we also rewrite

Ty (zo, xc) :/ Ir™= 1 Qm 1) grm=! dQ™ ! where
(() A)rn 2><(Sn 1)771

o oo 4 (7.18)
I(rm_l,ﬂm_l) = / / / e_“"“’(”’r’mon_2g(a,r,Q) dQ,,, dr,, do.
o Jo Jsn-1
Control of the integral in (r,,,Q,,) Consider the following integral
© .
Lp(o,rm™ QM 1) = / / e “Ph(a,r, Q) dQ, drp,, (7.19)
Sn 1

for given (o, ™1, Q™). which implies that 1, ..., x,, 1 are fixed. The function h is an arbitrary bounded

integrand whose dependency on r,, is compactly supported in [0,A), and h satisfies the following bounds,
uniform in all variables (o, r, Q):

oh
hllsos || =— <
e (H | Orm Hoo> >
For (o,r,Q) € D, the phase function satisfies
090 -
o = =14Q,, Ty —2 ey T = T(o,1,Q), Q= (Qm7161 + ZQmJVj(el)), (7.20)
dp -
o) = = 0 whenever Q,,, = €1 := T, — — Zm_1. This illustrates the fact that |Tm — Tim—1| + |Tm — x| does
Tm

not depend on 7, = [T, — 1| when x,,, € [€,,—1,2.]. This fact motivates the change of variables

Q= cos0 e,y +5in6 wy,, 0 (0,7), wy €S"?(esh_), (7.21)
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with change of volume dQ,,, = sin" 26 df dw,,. In these new variables, we have that

1 dpl(dm —rm +dpn_1c080)  hp(rp,0)

= 7.22
Or, ¢ d?,_, sin? 0 sin® 0 ( )
with h,, a smooth function on the support of h. The integral (7.19) becomes
T A )
Iy(o,x™ 1 QM=) = / / sin”729/ e “Ph(o,r, Q" Q0 (0, W) dry, dO dw,y, (7.23)
sn—2 0

(where [y, f(w)dw := f(=1) + f(1)).

We now split cases according to the dimension n.

Case n = 2: we split the integral in 6 as follows: foﬂ = foa —|—fﬂ_5 +f: o 0<e< 27!, In the second

. ; 0
term, we write e7'“¥ = #—e*“"*" and integrate by parts in r,,,. We get

rm P O,
€ A _ x A -
I = / / / e h dry, df dwy, + / / / e~ Ph dry d dwy,
seJo Jo 50 Jr—e
1 T—E& 1 ] a
_ hpphe” ¢ _ B h e~ WP (g a0 dw,,.
w -/SO /g sin? 6 {[ ¢ }mn:o  Orm (hmh) r } w

Thus

N

|I,| < C'max (||h|oo, HahH > (5 + 1) < C'max <|h||oc,
Orm || o Ew

by choosing ¢ = w™z.

Yo
Orm || o

-

Case n = 3: splitting the integral in a similar way to n = 2, we get

€ A T A
I;p = / / sin 0 / e “Ph dp df dwn, + / / sin 0 / e “Ph dp df dwy,
st Jo 0 St Jr—e 0

0

| ,
o e — —iwe
w /sl /s sin 6 {[hmhe =0 o Orm (hmh) e drm} df dwp,.

o) (2 5 ) < o (i | 5] )5
Orm e/ w

Case n > 4: we integrate by part without splitting the integral, and obtain

_i/ /W‘. 204 e 7] [ S () dr b 08 d s
= fos ), sin mhe ron =0 ; o T Win, SO

oh 1
In| < hloos || 5— —
s |22 )

Thus

|In] < C'max (||h||oo,

by choosing ¢ = w™1.

Summary: To summarize, we have that

Cwz n=2
oh ’
E)?“H ) Cwllnw n=3, (7.24)

L] < max (nhoo,
Cw! n > 4.
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Completion of the proof: For fixed (r™~1, ©™~1) let us study the integral I(r™~1, ©™~1) from expres-
sion (7.18) and study cases according to the dimension n.

Case n even: Using the differential operator L, defined in (7.12), we integrate by parts w.r.t. o with
zero boundary terms "T_z times. One can show that we can write

n—2

Lo* (0" %g) = gi(0,1,9),

and the integral I becomes

Ix™t Qm e we@r Dy (5 ¢, Q) do dQ, dry,. (7.25)
S§n— 1
Then we perform the change of variables
n=0y¥(o,r,Q)=/2(¢(o,r,Q) — 00,1, Q)), (7.26)

for the integral over the o variable where ¥ is defined by (7.13) and satisfies (7.15). We have

O(o,1,Q)

do = dn,
29 (o, r, )

where the function ® is defined by (7.10) and satisfies (7.11) on supp g. And we obtain

2

Ix™ ' am ) - *W“”“)/ e go(n, 1, Q) dn dQ, drp,, (7.27)

where g2 € C([0,00)™ x (S"1)™), max,—01 (‘ %(:7% g;:;g"’ ) < Cllgl|o3+ for some constant C.
|

The function gy is also compactly supported in [0,2v/2A) x [0, A)™~! x (S*~1)™. Then integrating by parts
in the 7 variable on the right hand side of (7.27) we obtain

x 1
I anT) = T o
2 w 2 0 §n—1
1 oo
+—=

| e @20 5.0 dy 49
1
(7.28)

e weOr D) 0 (0,1, Q) dny dQy, dryp,

Sl

where H(s) = f;oo e*igdt, s € [0,+00), is uniformly bounded on [0, +oo) and where o(n,r,Q) is the

unique solution of (7.26) at fixed (r, Q) (we also used the equality [;° e = dn = /e iw 3).
Hence the integral in o in (7.25) is the sum of two terms. To each of these terms, we apply the estimate
(7.24) to the integral in the (ry,,2,,) variables, and obtain

olre Cw! n =2
. 7 7.29
0o 0ry, HOO> { Cw™ "™ n>4,n even. (7:29)

Case n odd: Using again the operator L, defined in (7.12), we integrate by parts w.r.t. o with zero
boundary terms ”T*?’ times. One can show that we can write

I <
] oglaa<xﬂ (HF)‘U“

n—3

Ls? (U"_Qg) =ogs(o,r,Q),
and the integral I becomes

I(rm, 1 Qm, 1 —zwap o,r, 9)0-93(0- r Q) dQ d’fm do.

S§n—1
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Integrating by parts once again, we arrive at

V2A
*wng} / *iwwg (@) d dQ. d
§n—1 { 1®lo=0 + 0 c 0o \id 7 m G-

We then use the estimate (7.24) to treat the integral in the (7, 2y,) variables, and obtain

0%g
|7] < max <H

0<a1 <252 ,0<a< 25t Ooat

I( 1Qm1

(7.30)

H oitazg H ){ Cw?hw n=3,

002 0r,, Cw "z n > 4,n odd.

Finally, integrating (7.30) or (7.29) over (r™~1, Q™~1) € [0,A)™2 x (S"~1)™~! does not change the

estimates. The last precision to make is that the operators % and I satisfiy the following equalities:
o T'm

0 0T,
Y . —Q -
o~ or Vam m - Vaz, , and

6 m ax

B = j~ E vj(0)-V,,, where

=1
o? +d0
Vo2 +2d,

vj(o) =vi(o) + i (Qm,l e — T +Zﬂmz —$1)), J=z2,

m=2

vi(0) = (4 - ep)eg + (1 — (21 - eg)en),

are infinitely smooth on the support of g. This in turn allows us to bound estimates (7.30) and (7.29) by
the suitable C* norms in the initial variables z1, ..., z,,. This concludes the proof of Theorem 6.1.
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